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NOTES 


I, GENERAL 

1. Submission of a paper to the Yournal of 
the Physics and Chemistry of Solids will be taken 
to imply that it represents original research 
not previously published (except in the form of 
an abstract or preliminary report), that it is not 
being considered for publication elsewhere, and 
that if accepted, it will not be published else- 
where in the same form, in any language, without 
the consent of the editor-in-chief. It should deal 
with original research work in the field of the 
physics and chemistry of solids. 

2. Papers should be submitted to the appro- 
priate regional editor (all English-language papers 
to be sent to the U.S. editor). 

3. Papers will be published as quickly as possi- 
ble after acceptance, and, subject to space being 
available, should appear in the following issue, 
if this is due for publication not earlier than three 
months after the Short 


munications under the heading of ‘‘Letters to the 


acceptance date. com- 


Editors” will receive priority for publication, and 
following receipt, 
the 


will be published in the issue 
if accepted not later than the beginning of 
month preceding publication. 

4. Fifty free reprints of each paper are sup- 
plied. Additional copies can be obtained at a 
reasonable cost if ordered when proofs are 
returned. A reprint order form will accompany 


first proots. 


SCRIPT REQUIREMENTS 


] 


submitted should be concise and 
dil 


en in a readily understandable style. Scripts 

uld be typed and double spaced and submitted 
refereeing. 

be appreciated if authors clearly indicate 

not 


provided in 


ial characters used. An abstract, 


200 words, should be 


the paper. German 


French and 
| 


ipers should be submitted with English abstract 
if this is not possible the abstract 
will be translate the publishers. ‘To conserve 


space, authors are requested to mark less important 
in ia 
per, such as details of experimental 


methods, 


parts of the paper, 
mathematical derivations, 


l 
The 


technique, 


etc. for printing in small type. technical 


FOR CONTRIBUTORS 


description of methods should be given in detail 
only when such methods are new. Authors will 
receive proofs for correction when their papers are 
first set; page proofs will be sent only when the 
amount of alteration makes it advisable. 

2. Illustrations should not be included in the 
typescript of the paper, and legends should be 
typed on a separate sheet. Line drawings which 
require redrawing should include all relevant 
details and clear instructions for the draughtsman. 
If figures are already well drawn it may be possible 
to reproduce them direct from the originals, or 
from good photo-prints if these can be provided. 
It is not possible to reproduce from prints with 
weak lines. Illustrations for reproduction should 
normally be about twice the final size required. 
Photographs should only be included where they 
are essential. 

Tables and figures should be so constructed as 
to be intelligible without reference to the text. 
Every table and column should be provided with 
an explanatory heading. Units of measure must 
always be clearly indicated. ‘The same data should 
not be published in both tables and figures. The 
following standard symbols should be used on line 
drawings since they are easily available to the 
printers: O, @,+, <,(], B.A, A> Ov >. V, Ve 

4. References indicated in the text by 
superior numbers in parentheses, and the full 
reference should be given in a list at the end of 


are 


the paper in the following form: 

R., 7. Iron St. Inst. 158, 177 (1948). 

IN C., The Extrusion of Metals, Chapman and 
(1944). 


1. Hii 
2. PEARS 


Hall, 


London 


Abbreviations of journal titles should follow 
those given for Physics Abstracts. It is particularly 
requested that authors’ initials, and appropriate 
volume and page numbers, should be given in 
every case. 

Footnotes, as distinct from literature references 
should be indicated by the following symbols—*, f, 

, commencing anew on each page; they should 
not be included in the numbered reference system. 

5. Due to the international character of the 
journal no rigid rules concerning notation and 
spelling will be observed, but each paper should 
be consistent within itself as to symbols and units. 
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SCATTERING ON 


THE ELECTRICAL PROPERTIES OF SEMICONDUCTORS 


ROBERT W. KEYES 


Westinghouse Research Laboratories, Pittsburgh 35, Pennsylvania 


(Received 4 September 1957) 


Abstract—lIn an attempt to account for some discrepancies between the predictions of the ordinary 
relaxation-time theories and experiment, a term which represents the effect of electron—electron 
collisions is added to the Boltzmann equation. The modified equation is solved, and results for the 
spherical and germanium band structures are given. Some effects are produced in the germanium 
band structure which are qualitatively similar to those actually observed in the impurity-scattering 
region. The new effects in the theory are neither a complete nor a unique explanation of the effects, 


however. 


1. INTRODUCTION 
In the theory of the transport properties of elec- 
trons in a semiconductor, the effect of electron— 
electron (e-e) collisions is ordinarily neglected. It 
has been pointed out, however, by DeBYE and 
CONWELL") that the e-e collisions might be ex- 
pected to have an appreciable effect on the elec- 
trical properties in the impurity-scattering region. 
HERRING (see ref. (1)) has shown how the limiting 
value of the conductivity in the case of infinitely 
strong e-e interaction can be found. 

FROHLICH and PARANJAPE®) have used the in- 
finitely strong e-e scattering approximation in 
treating the problem of breakdown in very strong 
electric fields, and FROHLICH et al.“) have in- 
troduced the effects of e-e scattering into the theory 
of surface effects in electrical conductivity. Neither 
of these works bears directly on the problem of the 
effect of e-e scattering on the more commonly 
studied transport properties, however. 

In view of the fact that the electrical properties 
of semiconductors, especially the multivalley 
semiconductors, in the impurity-scattering régime 
are in many cases not adequately accounted for by 
the current relaxation time theories,“:°) it is 
desirable to extend these theories to include the 
effect of e-e scattering. SPITZER and HARM‘®) have 
developed a method for the inclusion of e-e scatter- 
ing in the theory of the electrical conductivity of a 
gas of electrons scattered by heavy ions. Their 


A 


method, however, involves considerable numerical 
work, and is not easily extended to include the 
more complex problems involving magnetic fields 
and anisotropic effective masses which are of im- 
portance in semiconductor physics. 

In order to study the effect of e-e collisions in 
these more complicated cases, in this paper we will 
introduce a term into the Boltzmann equation 
which gives a simple, phenomenological represent- 
ation of the effect of e-e collisions. This modified 
Boltzmann equation can be solved easily. Examples 
of the solution for some cases of interest will be 
presented. Non-degenerate statistics will be 
assumed. 


2. THE RELAXATION TIME APPROXIMATION 
The Boltzmann equation for f, the distribution 
function of the electrons in p space, is 
df 
/ f+ (1) 
dt scattering 
where p is the force on an electron due to applied 
fields. Success in solving equation (1) has been ob- 
tained principally when the scattering term is 
written in the approximate form 
df f—fo 


dt seattering a 


(2) 


where f, is the equilibrium distribution function, 
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and 7,, is the momentum relaxation time. Usually 7, 
is considered to be a function of the energy of an 
electron. 

Although, in some cases, the approximation (2) 
can be justified by consideration of the scattering 
mechanisms, ‘’) this is usually not the case. Never- 
theless, equation (2) can be used with a phenomeno- 
logical justification to represent the scattering. 
If the external fields were suddenly removed, 
the meaning of equation (2) is that the distribution 
function, f, would decay to its equilibrium value 
with a time constant 7, 

To include the effects of e-e scattering in equa- 
tion (1), we consider what would happen to f if the 
external fields and the momentum loss mechanism, 
described by equation (2), were removed. The e-e 
collisions would cause f eventually to attain an 
equilibrium value f,*. Since no momentum can be 
lost from the electron gas by the e-e collisions, the 
momentum of f,* must be the same as the mo- 
mentum of f. The equilibrium distribution func- 
tion of such a moving gas is a Boltzmann distribu- 
tion in the center of Thus, the 
phenomenological representation of e-e scattering 


mass Sj stem. 


analogues to equation (2) is 
df f—fo* 
dt e—e scattering TI 


where 7, is a constant with the dimensions of time, 
and f,* is a Boltzmann distribution in a system 
moving with velocity V, the center of mass velocity 
of the distribution function /. 

The restriction on 7, in equation (3), namely 
that 7, is a constant, is necessary in order that the 
e-e scattering terms introduce no momentum loss 
into the Boltzmann equation. The rate of change of 
momentum of the electron system due to the e-e 
collisions is 


d®p 


dt\, —e scattering 


f fo* 
p— —p—| 4p. 
771 1 


7 


However, f,* has been defined to : ave the property 


[ pfo* dp =| pf ap. 
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Thus P. , vanishes for arbitrary f if, and only if, 
T, 1S a constant. 

The velocity V is proportional to the electric 
field strength, so that the ohmic effects are found 
by expanding /,* to first-order terms in V: 


fo* . fo-—v -m*- ye (4) 


CE 
When equations (2), (3), and (4) and the expres- 
sion for p in terms of the fields are substituted in 
equation (1), the Boltzmann equation to first- 
order terms in @ is 

1 Cfo 

0 —(e&+ V-m*} -v— 

71 Cc 
1 


7 


1 
7 
1 


Equation (5) is the same as the ordinary Boltz- 
mann equation, except that & is replaced by 
& +(1/er,)m* - V and 7, by (7,-!+7,71)-1. Thus 
it can be solved to find the current in the usual way. 
The current, j, is obtained as a function of both & 
and V, but, since j neV, the conductivity is 
easily found. 

We have solved equation (5) to find the effect of 
the e-e scattering term on the transport properties 
of the simple, spherical energy band and the cubic 
multivalley semiconductor models.‘*) In the next 
sections the most interesting features of the results 
will be described. 


3. THE SIMPLE MODEL 
From equation (5), with H = 0, we find for the 
electrical conductivity of the simple model 


where we have used angular brackets to indicate 
the Maxwellian average: 


ry — JPM 
Sf fod3p 


In the limit 7, — 00, this formula reduces to the 
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usual one for o. In the opposite extreme, 7, —> 0, it 
is equivalent to the result of HERRING. (7) 

The detailed nature of the solutions of equation 
(5) naturally depends on the form assumed for 7,. 
In the situations in which e-e scattering is likely 
to be most important 7, is determined by scatter- 
ing by charged impurity centers. We have there- 
fore evaluated equation (6) for forms of 7, which 
are applicable to this case. In presenting the re- 
sults, the strength of the e-e scattering will be 
measured by a parameter 


(7) 


We have introduced 7, as a phenomenological 
parameter, which may take on arbitrary values. In 
order to estimate an appropriate value of A in an 
actual case, we have compared our results with 
those of Spitzer and HArm.") Their model cor- 
responds to the case 7, ~ £%/2. They find that the 
ratio of o, including the effect of e-e scattering to 
dy, the conductivity with neglect of e-e scattering is 
0-582. In our method, if 7, ~ E£%/?, this value of 


a/o, is obtained for A = 2:2. This value of A also 


corresponds approximately to SPITZER’s estimate 


of the ratio of the relaxation times for the pro- 
cesses described by 7, and 7,.'%) The distribution 
function calculated by the relaxation-time method 
for A = 2:2 is a reasonable approximation to that 
tabulated by Spitzer and Harm.) The value 2-2 
represents the maximum value to be expected for 
A, since in actual semiconductors other scattering 
mechanisms will often contribute to T,. 

The work of BLatr® and ScLar“) has shown 
that +, ~ E%/? is too extreme a variation for many 
semiconductor problems. Therefore, in evaluating 
results for the simple model, we have used 
primarily 7, ~ E, a form which simplifies the cal- 
culations. The results of the solution of equation 
(5) including the magnetic field to second-order 
terms in H for the case 7, ~ E are summarized in 
Fig. 1. The conductivity, Hall constant, and low- 
field transversé magnetoresistance coefficient are 
shown as functions of 4. 

The approach of the weak-field Hall constant, 
Ry, to the value (1/mec) and the vanishing of the 
magnetoresistance for large values of A are general 
results, not dependent on the form of 7, or on the 
band structure. The most striking feature of the 


curves is the rapidity of the disappearance of the 
magnetoresistance; for A= 1-5, Ap/(Hy,,)? is 
smaller by a factor ten than for A = 0. 





14 


2 











Fic. 1. The dependence of electrical conductivity, Hall 
constant, and low-field magnetoresistance of the simple 
model on the e-e scattering parameter, A, defined by 
equation (7), for the case Tp proportional to E. The 
abscissae are proportional to \(A+1)~. 


4. THE CUBIC MULTIVALLEY MODEL 

We have solved equation (5) for a semiconductor 
with the germanium band structure. The formulas 
will not be reproduced here, but the important 
features of the results will be described. Our chief 
interest is in the qualitative character of the effects. 
Therefore, in order to simplify the calculations in 
some of the examples, the case K = 10, 7, = con- 
stant has been considered. 

The addition of anisotropy to the problem leads 
to an enhancement of the effect of the e-e scatter- 
ing term on the electrical conductivity. For in- 
stance, in the case 7, ~ E with a mass ratio 
K = 20, the effect on o in the limit A> © is a 
factor 8, rather than 0-6, as in the simple model. 
On the other hand, the effects of the anisotropy and 
of the dispersion of the relaxation time on Ry tend 
to cancel one another and leave the dependence of 
the Hall constant on 4 less strong than in the simple 
model. 

The low-field magnetoresistance constants, 5 
and d in the notation of PEARSON and SUHL,"”? are 
plotted as functions of A in Fig. 2a. Two constants 
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are adequate to describe the low-field magneto- 
resistance of germanium, since, for the german- 
ium band structure, the simple relaxation time 
theories ‘7:!3-14) show that c, the third constant of 

















ee 
Q 
d 


Fic.’ 2. The germanium band structure. (a) The low- 
field magnetoresistance constants 5 and d as 
\ for K 10, 7 (b) the dependence of the 
storesistance constant on 


t ~E 


functions of 
constant; 


large ela \ for the case K 20, 


PEARSON and SUHL, is related to 6 through the con- 
0. We find that this condition is not 


altered by the inclusion of the e-e scattering term 


dition b+-« 


The most inte resting results are those associated 
with the strong-field magnetoconductivity. With 
the magnetic field in the (001) direction, the con- 


ductivity tensor has the form 
(3) 


In the relaxation-time theories, “* it is shown 


hat 
2(K—1)? 
(2K+1)(K+2) 


Ac33 
Ao 


o(0)—o33(H) 
o(0)—01;(A) 


for all field strengths. This result holds even if 7, 


is generalized to have a tensor character in the way 
described by HERRING and Voct‘?) and DuMKE,"® 
although the value of K must be modified to in- 
clude the anisotropy of the relaxation time. 

We find that the inclusion of the e-e scattering 
term in the Boltzmann equation introduces a 
field-dependence into the expression for Ag,./Ao},, 
and changes its value from that given by equation 
(9). To illustrate this effect, values of Ao,,/Ao,, 
10, r, constant, are 
- 0 and H + 2 


calculated for the case K 


plotted in Fig. 3a for the limits H 


- 





20 























Fic. 3. The germanium band structure. (a) Dependence 
of Aoz3/Ao,, on A in the limits H ~0 and H > o. 
(b) Magnetic field-dependence of Ag,,/Ac,, for ) = 0°5. 
Both figures calculated for K 10, tp constant. 
as functions of A. The curves converge at A = 0 
to the value given by (9). Values of K calculated 
according to equation (9) are indicated at the right 
of the figure. The low-field values could also be 
obtained from the low-field constants, b and d, 
Fig. 2a. In Fig. 3b the way in which Ao,./Ao,, 
depends on magnetic field when A = 0-5 is shown. 

In samples in which ionized impurity scattering 
is important GOLDBERG") and GLICKSMAN®) have 
found that the K values derived from equation (9) 


are considerably less than those which are obtained 
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in the lattice-scattering region, and less than the 
mass ratio found by the cyclotron-resonance 
method. In addition, an increase in the ratio 
Ao,,/Ao,,; with increasing magnetic field has been 
observed.7) It is seen from Fig. 3 that these effects 
resemble those which are produced in the theo- 
retical result by the e-e scattering term. 

It cannot be concluded, however, that all of these 
effects should be attributed to e-e scattering. A 
decrease in K in the impurity-scattering region is 
also to be expected because of a change in the re- 
laxation time anisotropy, according to Ham.“8) 
Also, in samples in the range of impurity content 
for which a low value of K and a field-dependent 
Ao,,/Ao,, are observed, it is often found, in addi- 
tion, that the symmetry condition on the low-field 
magnetoresistance coefficients, b+c— 0, is not 
valid.) This is an effect which is not accounted for 
by the inclusion of e-e scattering in the approxima- 
tion (3). 

The dependence of the large elastoresistance 
constant on the strength of the e-e scattering is 
shown in Fig. 2b. The effect is not as large as that 
found for most of the other properties, but it is 
appreciable. 

The piezoresistance effect in germanium has 
been measured by Morin et al.) at low tempera- 
tures, in the impurity-scattering region. They find 
that, even when the impurity scattering is twice as 
strong as the lattice scattering, the elastoresistance 
constant has a value within a few per cent of its 
value in the lattice-scattering region. This result 


indicates that A in our theory is no greater than 0-3 
in this case. 
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Abstract—The optical absorption edge of a number of germanium-silicon alloys has been measured 
at room temperature as a function of hydrostatic pressure from 1 to 7000 kg/cm*. The pressure 


variation of the energy corresponding to the edge (dE/dP)7 varies continuously with composition 
from pure germanium to pure silicon. A break in this curve is found between 10 and 20 per cent 
silicon, consistent with an interpretation in which the (100) conduction-band minimum becomes 


1. INTRODUCTION 
IN two previous papers, ™) data have been presented 
on the shift with pressure of the optical absorption 
edges in silicon and germanium. In this paper 
corresponding data for a number of alloys of the 
two elements will be discussed 

The band structure of germanium is shown in 
Fig. 1, and that of silicon in Fig. 2. The lowest 
conduction-band minimum in each of these 
materials does not lie at the center of the Brillouin 
zone, whereas, in each case, the valence-band 
maximum does. The onset of the optical absorption 
edge in both of these materials is therefore thought 
to be from the 
valence-band maximum to the conduction-band 


due to an indirect transition 
minimum, with a conduction-band minimum at 
(000) in both cases as a possible virtual state. 
Pau and Brooks”? interpreted their measure- 
ments of the resistivity of germanium as a function 
of pressure in terms of an increase of the forbidden- 
gap width due to movement of the (111) conduc- 


*The research in this document was supported 


jointly by the Office of Naval Research under contract 
with Harvard University and by the United States 
Army, United States Navy, and United States Air Force 
with the Massachusetts Institute of 


under contract 


Technol« gy 


lower than the (111) minimum as silicon content is increased. 
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Fic. 1. Band structure of germanium. 


tion-band minimum upward§ with increasing 
pressure. Similar measurements on silicon®) in- 
dicated a decrease in energy gap with increasing 
pressure, presumably because of the downward 
motion of the (100) minimum. This decrease 


§ ““Upward’’ and ‘‘downward’’ in this paper will 
always mean relative to the valence-band maximum. 
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occurs at a much slower rate than that of the in- 
crease in germanium. On the basis of these mea- 
surements, the optical-pressure experiments al- 
ready reported on germanium and silicon were 


271 0,0 
KGS ) 





IK =11-65 x10" cm"! 
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Fic. 2. Band structure of silicon. Adapted from an article 

by Harvey Brooks in Advances in Electronics and 

Electron Physics, Vol. 7. Academic Press, New York 
(1955). 


undertaken. These measurements of the pressure 
change of the energy gap are consistent with the 
interpretation just given. 

JOHNSON and CHRISTIAN,“ and independently 
Levitas et al.,©) measured the energy gap of 
germanium-silicon alloys as a function of com- 
position. The latter workers determined the for- 
bidden gap from measurement of intrinsic re- 
sistivity versus temperature, while the former used 
an optical method. The two results differ consider- 
ably, but there is reason to believe that the optical 
determination is the more reliable. 

JOHNSON and CHRISTIAN’s curve of the energy- 
gap variation with concentration rises sharply with 
increasing silicon content to about 15 per cent, at 
which point a straight line of much smaller slope 
takes over. This measurement can be interpreted 
as a rapid upward motion of the (111) minimum as 
silicon is added to germanium. At about 15 per 


_ 


cent silicon both (111) and (100) minima occur at 
the same energy, while at higher concentrations 
the (100) minimum is lower and moves more 
slowly away from the valence band. The argu- 
ments for this view were summarized by Her- 
MAN. ®) 

More recent experiments on the optical gap 
width as a function of alloying indicate that neither 
region of the energy gap is linear'?:8) with respect to 
composition. This conclusion is derived from a fit 
of a one-phonon model to the alloy absorption- 
edge data, in the manner of MACFARLANE and 
Roserts.®) The break occurs at roughly the same 
concentration as in the graph of JOHNSON and 
CHRISTIAN, but both regions are roughly parabolic 
in shape. The average phonon energy obtained on 
this basis, however, shows a rapid change only in 
the region of approximately equal concentration. 

As will be seen, some conclusions can be drawn 
from measurements of the transmission as a func- 
tion of pressure, using only the band model 
derived to date. Reasons will be given for our 
avoidance of using some particular theoretical 
model for the optical transitions. 


2. METHOD 

The samples used in these experiments were 
supplied through the generosity of RCA and 
Sylvania Products, Inc. No alloy above 18 per cent 
silicon was measured, with the exception of the 
pure silicon previously reported. ‘The composition 
of the RCA alloy samples was deduced from spec- 
trographic measurements* on nearby portions of 
the same alloy ingot.“ This composition can be 
checked by determining the half transmission 
wavelength, using a curve of the sort first found by 
JOHNSON and CurisTIAN. We verified the com- 
position of the RCA samples, and determined that 
of the Sylvania samples in this fashion. 

The samples supplied by RCA had been selected 
on the basis of high long-wavelength transmission, 
whereas none of the material supplied by Sylvania 
exhibited a transmission higher than a few per 
cent. The magnitude of the transmission was taken 
as a criterion of the degree of perfection of the alloy 
crystals. On this basis, most of the Sylvania alloys, 
which were among the first to be produced, were 

* We are grateful to the RCA Laboratories for making 
this determination. 
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Relative transmission of 3 per cent silicon in germanium 


alloy versus photon energy, at several pressures. Adapted from an 


article by 


Harvey Brooks in Advances in Electronics and Electron 


Physics, Vol. 7. Academic Press, New York (1955). 


not used. One of the Sylvania samples which was 
used, also of low transmission, showed anomalous 
results, as will be discussed later. 

The question of transmission also affected the 
decision regarding the method of measurement to 
be used. In the work previously reported on ger- 
manium,") the absorption constant of the material 
was obtained as a function of wavelength at each 
pressure. The absorption constants so derived were 
necessary for a discussion of the validity of theories 
pertaining to the shape of the absorption edge. 

In the paper on silicon,’ the discussion was 
based on the transmissivity of the samples, rather 
than the absorption constant, on the basis that 
none of the pertinent theories was well-enough 
established to recommend its application, and 
because no change of shape of the edge was ob- 
servable. 

Similar considerations pertain to the alloys. 
Furthermore, as mentioned earlier, the transmis- 
sivity of alloy samples can vary widely, for reasons 


which have not as yet been established. Selection of 
suitable samples depends on the assumption that 
the higher the transmission for a given composi- 
tion, the better the samples. Thus, the samples 
examined should have a transmission approaching, 
but not necessarily equal to, the theoretical maxi- 
mum. 

Summarizing these arguments, we think there is 
sufficient doubt about the details of the alloy band 
structure, about the model to be used for the optical 
transitions, and about the quantitative significance 
of the absorption coefficients, so that all of the 
useful information about the pressure changes can 
be obtained from an examination of the results for 
the transmission. 

The relative transmission of each sample was 
measured as a function of pressure at room tem- 


perature, in a manner similar to that used in the 
silicon experiments. A Perkin-Elmer spectrometer 
with a 300-line/mm grating was used for most of 
the experiments. A cooled lead sulfide cell served as 
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$175 x1 


Fic. 4. 

germanium alloy. Average initial slope 

eV/dyne—cm~*. Average final slope 
eV/dyne —cm~”. 


detector. Sample transmission was measured at 
hydrostatic pressures up to 7000 kg/cm?. 


3. RESULTS 

The transmissions were normalized to an arbi- 
trary value and plotted as a function of photon 
energy. From these graphs, isotransmission values 
of photon energy were determined as a function of 
pressure. Data for the various samples are shown 
in Figs. 3-15. Corresponding curves for germanium 
and silicon are presented for comparison in Figs. 
16 and 17. The slope of the isotransmission plots is 
shown as a function of composition in Fig. 18. It is 
to be noted that, with the exception of the sample 
of 3 per cent silicon in germanium, all of the 
samples below about 18 per cent silicon in ger- 
manium exhibit a germanium-like slope, whereas 
at 18 per cent silicon no measurable slope was ob- 
served. At the silicon end, a negative slope is found. 


4. DISCUSSION 
As mentioned in the silicon paper," the slope of 
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hv (eV) 
Fic. 5. Relative transmission of 9 per cent silicon in 
germanium alloy (RCA D106R) versus photon energy, 
at several pressures. 


the isotransmission curves can be interpreted in 
terms of the change of forbidden-gap width with 
pressure, particularly if no indication of change of 
shape of the absorption edge exists. 

Thus, the graph of Fig. 18 indicates an increase 
of the forbidden gap with pressure up to a con- 
centration somewhere around 18 per cent silicon. 
Beyond this percentage the gap appears to decrease 
with pressure. 

This change-over is consistent with the ab- 
sorption measurements of JOHNSON and CHRIST- 
IAN“) and BRAUNSTEIN.'?:8) We interpret the ap- 


plication of pressure and the addition of silicon as 
causing an upward movement of the (111) mini- 
mum. On the other hand, above the 18 per cent 
range, addition of silicon apparently causes a 
slower upward movement of the (100) band, while 
pressure causes the band to move at a slow rate 
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Isotransmission plot of 9 per cent silicon in 
alloy (RCA D106R). Average slope 
4-31 x 10-7" eV /dyne 


Fic. 6. 
germanium 
cm-*. 


toward decreasing gap width. The difference be- 
tween the gap change caused by decreasing the 
interatomic spacing through pressure and that 
caused by decreasing it through alloying stems 
from the change in potential caused by the sub- 
stitution of silicon atoms for germanium ones. 

When a hydrostatic pressure sufficient to de- 
crease the interatomic spacing by 0-1 per cent is 
applied to germanium, the energy gap increases by 
0-01 eV, while in silicon the same compression de- 
creases the gap by 0-004 eV. If the germanium 
interatomic distance is altered 0-1 per cent by 
alloying with silicon, a gap change of 0-03 eV is 
calculated in the germanium-rich region. At the 
silicon end a 0-1 per cent change in interatomic 
spacing increases the energy gap by 0-01 eV. 

The interpretation of the position of the ab- 


sorption edge as a function of composition is that 
the observed edge for any intermediate composi- 
tion is a suitable average of the indirect transitions 
to both (100) and (111) minima. In like manner, 
the dependence of the pressure derivative of the 
forbidden gap depends on the relative importance 
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Fic. 7. Relative transmission of 11 per cent silicon in 
germanium alloy (RCA D106T) versus photon energy, 
at several pressures. 


of transitions to each minimum. Below the 15-20 
per cent silicon range, the (111) minimum char- 
acteristic of germanium dominates the slope, while 
above this range the (100) behavior predominates. 

A discrepancy will be noted in the data for the 3 
per cent silicon sample. The long-wavelength 
transmission of the sample reached a maximum of 
only a few per cent. Consequently, we tend to re- 
ject the validity of the data from this sample. The 
results are presented for completeness, however, 
and to indicate that optical measurements on an 
alloy can be affected by the nature of the crystal. It 
is tempting to spéculate that the discrepancies be- 
tween the conclusions of Levitas et al.®) and 
JOHNSON and CuHrRIsTIAN®) and those of later 
workers arise from some such effect as large 
fluctuations of one component. The possibilities 
have not been investigated to date. 
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(Right) 

Fic: 9. Relative transmission of 11-5 per cent silicon in 

germanium alloy (RCA D106N) versus photon energy, 
at several pressures. 
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Fic. 8. Isotransmission plot of 11 per cent silicon in 
germanium alloy (RCA D106T). Average slope 
4-42 x 10-}2 eV/dyne —cm~?. 


(Right) 

Fic. 10. Isotransmission plot of 11-5 per cent silicon in 

germanium alloy (RCA D106N). Average slope 
3-41 x 10-12 eV/dyne —cm~. 
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(Right) 

Fic. 12. Isotransmission plot of 12 per cent silicon in 

germanium alloy (RCA D102C). Average slope 
2:97 x 10-?* eV/dyne —cm~*. 


ey 


Fic. 11. Relative transmission of 12 per cent silicon in 
germanium alloy (RCA D102C) versus photon energy, 


at several pressures 


(Right 


Fic. 13. Relative transmission of 13 per cent silicon in 


germanium alloy versus photon energy, at several 
pressures. 
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Fic. 14. Isotransmission plot of 13 per cent silicon in Fic. 15. Relative transmission of 18 per cent silicon in 
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germanium alloy. Average slope = 2:08x10-' eV germanium alloy versus photon energy, at several 
dyne —cm~*. pressures. 
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Fic. 16. Germanium isoabsorption data. See reference (1) for interpretation of slope. 
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Another problem arises in connection with the 
curvature of the isotransmission plots. A linear 





isotransmission plot implies a linear shift in energy 
of the edge with pressure, while parallelism of the 
curves indicates that no change is occurring in the 
shape of the edge. 

The isotransmission curves for germanium are 
not parallel, whereas those for silicon are. The 
curves for intermediate compositions are approx!- 
mately parallel. The non-parallelism in the case of 
germanium was ascribed to a change in the shape of 
the absorption edge with pressure, resulting from 
the change in separation of the (111)—(000) minima, 
which occurs as an energy denominator in the ex- 
pression for indirect absorption. This separation is 
very large in silicon, so that changes in it would not 
be noticed. If this view is correct, only the alloys of 
low silicon content will show nonparallelism, and 
then only slightly. It is not advisable to check this 
with the isotransmission curve for the 3 per cent 
silicon sample for the reasons mentioned earlier. It 
is quite possible that, had a good 1-3 per cent 
silicon alloy sample been available, a shape change 


isotransmission data. Average slope is similar to that in germanium would have shown 
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Fic. 18. Pressure variation of the energy gap as a function of composition. 
(Data for germanium-3 per cent silicon sample omitted.) 
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The isotransmission curves for silicon and ger- 
manium are linear, but those for the intermediate 
compositions are not all so. If the picture of the 
movement of the minima with pressure and alloy- 
ing is correct, a bending over of the curves of hu 
versus P would be expected at the high-pressure 
end for samples in which transitions into both types 
of minima decide the character of the absorption 
edge. 

A definite trend towards quadratic béhavior in 
our curves as a function of composition would 
therefore be understandable. The curves, however, 
seem to show curvature in a way which is not 
simply related to composition. On the other hand, 
our measurements of hu and of pressure are quite 
accurate, and it is consequently difficult to ascribe 
this phenomenon to experimental error. 

For the reasons given in the earlier papers, and 
also for the reasons just cited, no attempt was made 
to fit the data to a one-phonon process of indirect 
optical transitions. On the other hand, more recent 
experiments indicate the possibility that the in- 
direct transitions can 
phonons"!) for germanium, or any of four for 
silicon. However, as shown in our discussion of 
germanium, it is possible to fit the absorption to a 
one-phonon process without much difficulty. A 
two-phonon process supplies even more leeway in 
matching theory and experiment, unless some 
means is available to detect the effect of each 
phonon individually. Even if warranted, such 
detail would be lacking here because of our in- 
ability to secure a large optical aperture for high- 
resolution work in a high-pressure system, and 
secondly, because of the difficulties inherent in 
making high-pressure measurements over a wide 
temperature range. Thus, we do not attempt to fit 
our data with a two-phonon model. 


involve either of two 


In summary, measurements have been made of 
the change with pressure of the energy gap in 
germanium-silicon alloys. These measurements 
are consistent with the properties of germanium 
and silicon and with the behavior of their alloys as 
a function of composition reported by other 
workers. 


Acknowledgements—We gratefully acknowledge the help 
of RCA Laboratories and Sylvania Products, Inc., in 
supplying us with alloy samples and data on them. The 
exchange of information with the personnel of RCA and 
especially with Dr. R. BRAUNSTEIN was appreciated. 
Professor Harvey Brooks, Mr. M. G. HoLianp, Mr. 
MARSHALL I. NATHAN, and Mr. ArTHuR C. SMITH spent 
considerable time in discussing the results of this work. 
Again we wish to thank Professor P. W. BRIDGMAN for 
allowing us to use much of his high-pressure equipment. 


REFERENCES 


. PauL W. and WarscHavurer D. M. 7. Phys. Chem. 
Solids 4, 89 (1958). 

PauL W. and WARSCHAUER D. M. 7. Phys. Chem. 
Solids 4, 102 (1958). 

. Paut W. and Brooks H. Phys. Rev. 94, 1128 (1954). 

. Paut W. and Pearson G. L. Phys. Rev. 98, 
(1955). 

. JOHNSON E. R. and CurisTIAN S. M. Phys. Rev. 95, 
560 (1954). 

. Leviras A., Wanc C. C., and ALEXANDER B. H. 
Phys. Rev. 95, 846 (1954). 

. HERMAN F. Phys. Rev. 95, 847 (1954). 

. BRAUNSTEIN R. Bull. Amer. Phys. Soc. 1, 126 (1956). 

. BRAUNSTEIN R., Moore A. R., and HERMAN F. Phys. 
Rev. To be published. 

. MACFARLANE G. G. and Roserts V. Phys. Rev. 79, 
1714 (1955); 98, 1865 (1955); see also Part I of this 
series. 

. GaRDELS M. C. and WHITAKER H. H. Analyt. Chem. 
to be published. 

11. MacraRLANE G. G.et al. Phys. Rev. to be published. 








FJ. Phys. Chem. Solids 


CONSTITUTION 





THE iron—aluminum system has been the object of 
several investigations, 
work having been carried out prior to 1933. 
Stimulated by the electrical-resistivity measure- 


solutions, which indicated that for alloys in the 
quenched condition the resistivity was higher than 
when annealed, BRADLEY and JAy“®11) undertook 
their classical X-ray diffraction study of iron 

aluminum 
centered 

which ranges from 0 to 
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Abstract—The constitution of high-purity iron—aluminum alloys over the composition range 
0-62 atomic per cent aluminum has been investigated, primarily by X-ray diffraction methods. New 
lattice-parameter data were obtained which differ significantly from the classical results obtained 
by BrapLey and Jay nearly 25 years ago. Diffraction patterns taken at elevated temperatures have 
shown that the phase diagram needs correction in the region of Fe,Al, along with the further 
addition of a sloping transformation boundary beyond 18 per cent aluminum. According to the 
results of this investigation, alloys in the composition range 18-33 per cent aluminum undergo a 
classical phase change and, on heating, pass successively from the Fe,Al type of atomic ordering to 
the FeAl type. As the temperature is still further raised, anti-phase nuclei form, and finally the 
atomic arrangement becomes either a random one or one possessing short-range order. Alloys con- 
taining more than 37-5 atomic per cent aluminum retain the FeAl type of order all the way up 
to the melting point. Anomalies in the lattice parameters, magnetic behavior, and thermal ex- 
pansion of alloys in the region of Fe,Al can be interpreted in the light of these structural changes. 

It has been found that cold working alloys containing aluminum in excess of 20 atomic per cent 
increases the magnetic saturation moment and also the lattice parameter. In the region of Fe,Al, 
the resulting increase in volume on cold working approaches 3 per cent, and FeAl, which is virtually 
non-magnetic at absolute zero, becomes appreciably ferromagnetic after severe grinding. 

A ferromagnetic face-centered cubic phase structure, probably based on Fe,AIC, is found 
associated with alloys lying in the approximate composition range 10-33 atomic per cent aluminum. 
Lattice-parameter measurements indicate the possibility of an epitaxial relationship between the 
body-centered cubic matrix and the face-centered structure. There are indications that this ‘‘extra’’ 
phase structure undergoes an order-disorder transformation. The high-temperature Fe,Al, e-phase 


which exists above 1103°C was found to be orthorhombic 





1. INTRODUCTION 
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FesAl, and with which could be associated the 
electrical-resistivity and specific-heat changes sub- 
sequently published by Sykes and Evans.) 
Apart from a cursory examination of the system 
by BrapLey and Tay.or,“%) which was mainly 
undertaken to verify the existence of certain inter- 
mediate phases in the system Fe—Ni-—Al, very few 
new X-ray data were obtained subsequent to 1933. 
The phase diagrams of the iron—aluminum system 
as published today are usually based on that of 
AGEEW and VHER®) with the modifications to the 
primary iron solid-solution range introduced by 
BraDLeEy and Tayor.“3:14) Such a diagram has 


inum 
the lattice-parameter composition curve which 
r 


They discovered certain discontinuities in 


apparently could be associated with atomic re- 


arrangements, or ordering effects, in the region of 





16 


recently been published by H. W. L. Pxurtutps, 9) 
but this is itself in need of revision with respect to 
the extent of the Feg3Al ordered region. 

The lattice-parameter values as a function of 
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composition, obtained by BRADLEY and Jay, are 
replotted in Fig. 1 in terms of atomic per cent 
aluminum and with the parameters converted from 
kX to absolute Angstrom units by multiplying by 
the factor 1-00202. The curve shows some remark- 
able anomalies. For the “annealed” alloys (actually 
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iron—aluminum 


Lattice-parameter versus composition curve for 
alloys. (After BRADLEY and Jay.) 
cooled from 700°C to room temperature at 30°/hr), 
the curve is absolutely horizontal from 18-75 to 31 
atomic per cent aluminum, a feature normally 
ascribed to the existence of a two-phase field, but 
here attributed by BRADLEY and Jay to the forma- 
tion of the FegAl ordered structure. The lattice 
parameters for alloys quenched from 700° and 
600°C reveal a sharp change in slope at 18-75 per 
cent aluminum and an abrupt discontinuity at 
FesAl. The precipitous drop in spacing which 
occurs at FesAl is difficult to interpret, as is the 
secondary maximum at 28 atomic per cent alum- 
inum. 

In addition to the spacing anomalies, the diffrac- 
tion patterns revealed that ordering processes 
occurred in the crystal structure of certain of the 
a-phase alloys. In their early work, BRADLEY and 
Jay showed that below 500°C the «-phase field 
could be subdivided into three distinct zones. ‘The 
first of these ranges from pure iron to approxi- 
mately 18-75 atomic per cent aluminum and con- 
sists essentially of the body-centered cubic «-iron 


B 


structure with substituting aluminum atoms 
distributed at random. Beyond 18-75 per cent 
aluminum, there is a growing tendency for iron 
atoms to segregate to preferred positions at cube 
centers, while the remaining iron and aluminum 
atoms distribute themselves alternately at cube 
corners, the most ordered arrangement of this 
type occurring at the stoichiometric composition 
FegAl (cf. Fig. 3c). This ordering phenomenon re- 
veals itself by the appearance of extra “‘superlattice 
reflexions” in the Debye—Scherrer powder diagram. 
The extra reflexions correspond to a cubic lattice 
of face-centered symmetry and with a cell edge ob- 
tained by doubling the size of the elemental body- 
centered cube in each of its axial directions. (The 
structure of FegAl shown in Fig. 3c is drawn with 
its origin at a center of symmetry, which is not the 
case in BRADLEY and JAy’s presentation.) 

FegAl-type ordering, as shown by BRADLEY and 
JAY, persisted in slowly cooled alloys to approxi- 
mately 34 atomic per cent aluminum, beyond 
which the structure merged into the FeAl B2 
CsCl-type, that is, a structure in which the ele- 
mental body-centered cubic unit cell has an 
aluminum atom at the center with iron atoms at 
the corners. 

According to the tentative diagram given by 
BRADLEY and Jay, alloys with less than 25 atomic 
per cent aluminum have a completely random 
atomic arrangement when quenched from 600°C, 
and are sharply differentiated from alloys contain- 
ing more than 25 atomic per cent, which retain the 
FeAl type of structure when quenched from the 
same temperature or above. 

Although the individual lattice-parameter deter- 
minations of BRADLEY and Jay are probably correct 
to one part in 30,000 as a result of the use of a 
cos?@ extrapolation technique,“® it would no 
longer be considered, from a metallurgical point of 
view, that either the alloys themselves or the heat- 
treatment techniques used were satisfactory for 
equilibrium-diagram investigations. In the first 
place, the specimens were obtained from materials 
of commercial purity and contained up to 0-06 
weight per cent carbon and 0-45 weight per cent 
silicon. Secondly, the methods of specimen pre- 
paration were not consistent, since commercially 
drawn wires were used for specimens containing 
from 0 to 18 atomic per cent aluminum, while 
filings sieved through a screen with 250 meshes to 
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the linear inch were used for alloys containing from 
20 per cent aluminum upwards. 

Quenching of wires or powders was effected by 
the Rosenhain method, whereby water is injected 
into the evacuated heat-treatment furnace, thus 
making direct contact with the specimens which 
lie in small open silica boats.4” Such a procedure 
could lead to the iImpov erishment of one or other 
constituent by volatilization and cause appreciable 
oxidation to occur on the large effective surface of 
the 
‘annealing’ to produce conditions simulating low- 


fine filings. Finally, what is described as 
temperature equilibrium is actually a relatively 
fast rate of cooling, namely 50°C/hr for wires and 
30°C hr for powder specimens. It follows, there- 
fore, that results obtained with such specimens 
cannot readily be correlated with a_ specific 
equilibrium temperature. 

In their investigation of the Fe—-Ni—Al system, 
BRADLEY TAYLOR*) the sporadic 


occurrence of small traces of a face-centered cubic 


and noted 
phase which coexisted with the body-centered 
cubic ordered structure in the region of the com- 
position FegAl. This new structure, which had 
apparently been overlooked by BRADLEY and Jay, 
seemed to have a structure analogous to Fe,N or to 
FegAIC, a high-temperature carbide of this com- 
position having been observed by Morrar®) 
Al-C 
Complex carbides similar to that reported by 
Morrav have also been observed by LOHBERG and 
ScumipT,“9 VoGE! MApER, 9) KEIL 
JUNGWIRTH,@!) and JANECKE,®@*) but the equili- 
brium diagrams drawn by these workers are com- 
pletely at variance. Since BRADLEY and ‘TAYLOR em- 
ployed alloying elements of extremely high purity 


during his studies of the Fe ternary system. 


and and 


and melting was carried out in an induction furnace 
using a low-pressure hydrogen atmosphere and 
sillimanite crucibles lined with pure alumina, tne 


presence of a carbide or nitride was difficult to 


explain The same phase structure seems to have 
been present in iron-aluminum alloys recently 
investigated by BENNETT. ©) 


2. EXPERIMENTAL 
(a) Alloy preparation and heat-treatment 
In general, the alloys used in the present in- 
vestigation were made from high-purity electro- 
lytic iron and 99-99 per cent aluminum and were 
of much higher purity than the materials used by 
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BRADLEY and Jay. In certain cases it was decided 
to employ alloying elements of even higher purity, 
and a large batch of the electrolytic iron was sub- 
jected to a very careful anneal in hydrogen to re- 
move any residual traces of carbon and then de- 
gassed in a vacuum of 10-5 mm Hg. A fresh batch 
of aluminum was also employed, having a purity 
stated to be 99-995. Detailed analyses of the alloy- 
ing elements are given in Table 1. 


Table 1. Analysis of alloying elements 


Electrolytic iron* Aluminum* 


Alcoa 
99-995 
ingot 


Alcoa 
99-99 
rod 
(wt. 
per 
cent) 


After 
refine- 
ment 
(wt. 
per 


Before 
refinement 
(wt. per 
cent) 


Element 


cent) 
0-001 
‘0015 0-001 
‘0120 0-001 
‘001 - 
‘002 
‘001 
‘001 
‘001 
‘005 
001 
‘0005 
Ti 001 
Co 001 
Ni ; ‘001 
Ca 005 
Mn < ‘001 
Cr . ‘001 
Fe Balance 


0-0143 
0-0030 
0-0000 
balance 
0-01 
0-005 
001 
‘001 
‘001 
‘001 
‘0005 
‘001 
‘001 
‘001 
‘005 
‘001 
‘001 
‘0030 


0-000 
0-000 
0-000 
balance 
0-000 
0-002 
0-000 
0-000 
0-000 
0-000 
0-002 
0-000 
0-000 
0-000 
0-000 
0-000 
0-000 
0-001 


‘0109 


Balance 


* Elements not detected in Fe or Al: Cd, Sb, B, Bi, 
Ge, Be, Nb, Zn, Cr 


Alloys were made in 50-100-g lots in a high- 
frequency induction furnace, using high-purity 
sintered alumina crucibles and a low-pressure 
hydrogen atmosphere. After complete mixing was 
achieved, the hydrogen was pumped off and the 
alloys were permitted to solidify and cool down in 
a vacuum of approximately 5. A second group was 
melted in a Kroll-type arc furnace fitted with a 
water-cooled copper hearth and tungsten electrode, 
the atmosphere employed being purified argon or 
helium. A third group of alloys, made from the 
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ultra-high-purity material mentioned above, was 
melted in a vacuum of 10-5-10-6 mm in an induc- 
tion furnace, using sintered RR alumina crucibles. 
In all cases, chemical and spectrographic analyses 
of the alloys were carried out, along with gas 
analyses in certain cases to determine the oxygen, 
nitrogen, and hydrogen content. The X-ray re- 
sults obtained from all batches were in close 
agreement. 

All «-phase specimens were annealed in lump 
form at temperatures ranging from 1200 to 
1300°C for 3-5 days and examined micrographic- 
ally for homogeneity. If satisfactory, they were 
lump-annealed for a further 24 hr at 1000°C and 
water-quenched. This heat-treatment was adopted 
to ensure that filings which were subsequently pre- 
pared were substantially in the 1000°C equilibrium 
condition, so that the heat-treatment period for a 
powder specimen prior to quenching it at 1000°C 
could be reduced to a minimum. In earlier work, 
the lump-annealing was carried out im vacuo, using 
a mechanical pump. Since it was feared that this 
might result in carbon pick-up, however, small, 
the annealing of later alloys and those of extra-high 
purity was carried out in an atmosphere of purified 
helium. 

In the early stages of the research, alloy powders 
for heat-treatment and subsequent X-ray and mag- 
netic examination were prepared by filing the 
quenched lump with a clean, sharp jeweler’s file, 
the first portion, corresponding to the outer skin 
of the specimen, being discarded. Since certain 
specimens prepared in this manner showed the 
presence of the anomalous face-centered cubic 
phase in varying amounts, it was thought that the 
act of filing had contaminated the specimen. ‘This 
could have occurred in a number of ways. Small 
particles of file could adhere to particles of alloy 
and introduce carbon into the specimen during the 
subsequent heat-treatment, or particles of speci- 
men could modify the composition of the carbon- 
rich file fragments—either process leading to the 
formation of FegAIC. Alternatively, even though 
great precautions were taken during filing, suffi- 
cient local heat might have been generated to 
enable atmospheric nitrogen to react with the 
specimen and form traces of Fe4N. 

In an attempt to obviate any possibility of file 
contamination, a number of files were chromium 
plated, Although the plating was extremely hard 


and tenacious, this did not prevent a surprisingly 
large amount of free chromium erosion product 
from contaminating the specimens. This tech- 
nique of powder preparation was accordingly 
abandoned. 

To overcome the difficulties described above, a 
special machine was constructed for grinding the 
specimen with a fine, diamond-cut, tungsten- 
carbide burr in a vacuum approaching 10-5 mm. In 
this machine, the small particles of ground material 
dropped through a fine wire screen and then via a 
funnel into a thin-walled silica capsule which was 
flame-sealed without the specimen having been 
exposed to the atmosphere. However, although 
this method proved successful with alloys of low 
aluminum content, it was found that appreciable 
wear of the tool occurred with the tougher speci- 
mens containing over 18 atomic per cent alum- 
inum, and traces of tungsten carbide could be 
quite clearly seen in the X-ray diffraction patterns. 
In addition, spectrographic analysis of the powders 
revealed appreciable cobalt pick-up from the 
matrix of the carbide tool. As a result, this method 
of powder-specimen preparation had also to be 
discontinued. 

It was singularly fortunate that the alloys con- 
taining more than 18 atomic per cent aluminum 
were found to undergo a ductile-to-brittle transi- 
tion at subzero temperatures. It was therefore 
possible to cool them down in liquid nitrogen and 
then crush them to fine powder while in the brittle 
state. By this means, specimens free from im- 
purities introduced during preparation could be 
obtained. Finally, for the more ductile alloys, a 
miniature vitreous-bonded pure-alumina grind- 
stone was used in place of the tungsten-carbide 
burr in the vacuum grinding machine, and a 
separation of the alloy powder effected magnetic- 
ally. This removed most of the alumina, and the 
small trace remaining, being inert, did not react 
with the powder specimen during subsequent heat- 
treatments. 

The powders were then sealed in pure silica 
capsules and subjected to the following heat- 
treatments: 

(i) Rapid heat to 1000°C, maintain 10 min and 
quench in iced brine. 

(ii) Rapid heat to 750°C, slow cool to 600°C 

over 2-3 days, maintain at 600°C for 5-6 
days, and quench. 
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(iii) Rapid heat to 750°C, slow cool to 400°C 
over 5-7 days, maintain at temperature for 
7 days, and quench. 

(iv) Heat to 750°C, slow cool to 250°C over 2 
weeks, 2—3 weeks at 250°C, and quench. 


(b) X-ray diffraction techniques 
Debye-Scherrer powder patterns were taken 
h filtered CoKa radiation, A(x) 1-78892, 
(x2) 1-79278, A(x) 1-79021 A, using an im- 
proved demountable high-intensity rotating-anode 
crystallographic X-ray tube.4) Room-temperature 


patterns at 25°C were obtained, mainly with 9- 


and 19-cm-diameter Debye—Scherrer cameras of 


the Bradley type, although a few were also taken 


with a Philips 11-46-cm-diameter camera. High- 


temperature patterns were taken in a commercially 


available 19-cm-diameter Debye—Scherrer camera 
GOLDSCHMIDT.) Lattice 


based on a design by 


parameters, in absolute Angstrom units, were ob- 


+ 


tained to a reproducible accuracy of 1 part in 


50,000 by extrapolating measured values against 
9 


the function (cos?6/6+-cos?@/sin@)/2, as described 


by TayLor and Sinciair®@® and by NELSON and 


Ritey,”) a small correction of approximately 1 


part in 50,000 being added for refractivity. 


[he thermocouple of high-temperature 
Camera Was checked in 
Bureau of Standards 10 per cent rhodium Pt/Rh 


a Leeds and Northrup K2 


the 


situ against a calibrated 


thermocouple, using 
Potentiometer, and also against the thermal ex- 
The latter 


proved somewhat more satisfactory, since speci- 


pansion of pure iron. (8-29) method 


men and thermocouple do not occupy precisely 
identical positions in the furnace. In any event, an 
absolute accuracy greater than 5°C is not 
The 


evacuated silica tubes 


thin-walled 
Ex- 


claimed specimens were in 


/—} mm in diameter. 
posure periods were relatively short for a camera 
of this size, being from 30 to 45 min with filtered 
CoK-z The 
during the exposure period could be kept well 
5°C at 1000°C by hand-controlling the 


radiation fluctuations 


temperature 
below 
input to the camera furnaces and keeping the 
camera evacuated 

In general, there was insufficient powder avail- 
able for making satisfactory X-ray intensity and 
line-shape measurements with a counter diffracto- 
meter. Consequently, film techniques were used, 
and for this purpose a highly sensitive, manually 
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operated split-beam microdensitometer construc- 
ted by one of the authors was employed.@®) 


3. ROOM-TEMPERATURE LATTICE PARAMETERS 
OF QUENCHED POWDER SAMPLES 

Table 2 summarizes the chemical compositions 
of the alloys and the corresponding lattice para- 
meters for the different heat-treatments and 
quenching temperatures, while Fig. 2 illustrates 
the general trends of the room-temperature lattice 
parameters for the extreme cases of specimens 
quenched from 1000 and 250°C, respectively. 

As may readily be seen from Table 2 and Fig. 2, 
the lattice parameters of alloys in the range 18-33 
atomic per cent aluminum, quenched from 
1000°C, lie substantially above the parameter 
values for alloys quenched from 250°C and from 
intermediate temperatures. This trend is in con- 
formity with the results of BRADLEY and Jay, but 
differs significantly with respect to details. In both 
cases, the lattice parameters for the alloys quenched 
from high temperatures begin to deviate from those 
for alloys quenched from 400 and 250°C or from 
the parameters for alloys cooled at 30°/min at 18 
atomic per cent aluminum (i.e. at Fe;3Alg approxi- 
mately). However, while BRADLEY and Jay’s slow- 
cooled alloys yield perfectly constant lattice para- 
meters beyond this point, the results for alloys 
quenched from 250°C obtained in this investiga- 
tion reveal a distinct maximum at 21 atomic per 
cent aluminum, a shallow minimum at 24 atomic 
per cent aluminum, a second maximum at about 
27 atomic per cent aluminum, and a minimum at 
33 atomic per cent (Fe2Al). 

The quenched results also differ from those of 
BRADLEY and Jay, partly because in the present in- 
vestigation higher quenching temperatures were 
used. The earlier work indicated a sharp dis- 
continuity in the lattice parameters at the stoichio- 
metric ratio Fe3Al, while the present work indicates 
a well-defined maximum at 22 atomic per cent 
aluminum for specimens quenched from 1000°C, 
along with a single minimum at FegAl, although 
there may be a slight tendency to form an in- 
flexion near FesAl. 

BRADLEY and Jay attributed the constancy of 
lattice parameters of their “slowly” cooled ailoys in 
the 18-33 atomic per cent aluminum range to the 
formation of an ordered lattice, while the sharp 
discontinuity found in the quenched alloys near 
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Table 2. Lattice parameters of quenched «-phase 
iron—aluminum alloys 


Lattice parameters (A) 


Alloy 


Q.1000° Q.600° Q.400° Q.250 


2°8664 | 2:8664 


2:8664 





2°8733 
2°8787 
2:8780 
2°8828 
2:8826 
2°8844 
2:8865 
2:°8903 
2:8914 
2:8910 
2°8944  2-8944 
2:8970  2-8961 
— 2°8969 
2°8990 — 
2:8987 — 
2:9011  2-9006 
2:9013 | 2:9014 | 2°8977 
— 2:8977 2:8964 
2:8994 — - 
2-9004 2-9002 
2-8993 2°8984 
2-9002 


” 


“Wi 
- 


* 


8896 


2°8945 
2°8968 
2-8972 
2-8972 


8943 
8959 
‘8971 
‘8971 


NM MK DY bo 


*8965 
‘8971 
‘8965 


2:8972 


NM dN bdo 


‘8964 
‘8959 


NR bdo 


*8962 


‘8965 
‘$966 
‘8969 
‘$966 
-$953 
8947 


‘8969 
‘8965 
-8968 
‘8962 


2°8991 
2:8972 
2:8974 
2-8964 
2:°8965 
2°8948 


2:8984 
2-8977 
2°8975 
2:8960 
2:8952 
2°8956 
2:8957 
2°8951 
2-8959 
2:8961 
2-8986 
2:9010 
2:9014 


4 
a 
5 
7 
8 
5 
8 
5 
1 
3 
5-5 
7 
8 
4 
3 
18 
4 
4 
3 +1 
3-3 
3:7 
3 
3 
4 
4 
2 
3 
5 
5 


NM NM DH KW WNW bo 


8944 
2°8955 8941 

8948 
$943 
8953 
‘8966 
‘8977 


-$943 
$950 
-$964 
2-8978 


2°8945 
2-8953 
2:8966 
2:8978 


NM NM WH DN bo 


-9017 


2:9014 | 2:9014 


2-9092 


NM bo 


Phase 60-6 2:9113 -9118 


* Nominal atomic per cent aluminum. 

Note—Aluminum contents given in the above table 
are average values based on independent iron and alum- 
inum analyses. Carbon analyses on powder samples gave 
< 0-002 weight per cent C. 


FegsAl was attributed to a transformation from the 

disordered to the ordered state at 550°C. This ex- 

planation fails to account for the behavior of their 
Aluminum Weight Per Cent 
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Fic. 2. Lattice parameters of iron—aluminum alloys. 
alloy containing 27 atomic per cent aluminum, 
which had identical parameter values in the 
quenched and slowly cooled conditions. 

We shall discuss these parameter changes and 
show how they can be attributed to the magnetic 
properties of the alloys as well as to ordering effects 
looked on from the standpoint of a classical phase 
change. 


4. SUPERLATTICE FORMATION IN THE «-PHASE 
FIELD 

As may be seen from the lattice-parameter 
measurements, the solubility limit of the body- 
centered cubic «-phase lies at 52 atomic per cent 
aluminum at 250 and at 1000°C. 

Between pure iron and FeAl there are quite a 
number of atomic ratios which could lend them- 
selves to the formation of an ordered structure. By 
doubling the cell edge of iron, as shown in Fig. 3, 
we obtain a multi-primitive unit cell containing 16 
atoms formed by the interpenetration of four large 
face-centered cubic unit cells. We could then be- 
gin to substitute aluminum for iron atoms on 
favored atomic sites in these interpenetrating 
lattices and thus build up a series of ordered struc- 
tures, some of which would be more or less stable 
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than others on account of nearest- and next- 
nearest-neighbor interactions. @)) 

Favored compositions for a highly ordered struc- 
ture would be: Fej5Al, in which a single aluminum 
atom replaces iron at the center of the large unit 
cell; Fe,4Alo, in which the center and corner atoms 
are occupied by aluminum; Fej3Al3 (Fig. 3b) in 
which the iron atoms at the face centers are re- 
placed; FegAl (FejzgAlg, Fig. 3c), in which iron 
atoms remain at elemental cube centers while iron 
and aluminum alternate among the other positions; 
and Fe,,;Als, in which iron atoms remain at the 
centers of the elemental cubes while an aluminum 
atom lies at the corners, center, and face centers of 
the large cell. Replacement of iron atoms continues 
in this manner, always keeping iron atoms at the 
centers of the small cubes, until ultimately the 
composition FeAl is attained. If the sequence of 
structures a, b, c shown in Fig. 3 were followed toa 
logical conclusion, FeAl would have an atomic 
arrangement analogous to the NaTl-type B32 
structure, which consists, in effect, of two inter- 
penetrating diamond structures, as shown in Fig, 
3d. However, the sequence changes in the region 
of FeAl and ultimately, at the stoichiometric ratio 
FeAl, we have the CsCl B2 type of atomic arrange- 
ment shown in Fig. 3g. 

We cannot observe any superlattice lines corres- 
ponding to a fully ordered arrangement in Fe 5Al 
and Fe,4Alo. Such lines would, in any event, be 
extremely weak. However, the equality of lattice 
parameters for alloys quenched from 250 and 
1000°C would seem to rule out superlattice forma- 
tion for these compositions. We first observe super- 
lattice lines corresponding to the enlarged unit cell 
at FejgAlg (18-75 atomic per cent aluminum). At 
this composition, the spacing for the alloy 
quenched from 250°C, corresponding to the or- 
dered structure, falls appreciably below the straight 
line for disordered alloys quenched from 1000°C. 

After passing through a well-defined maximum 
in the region of 20 atomic per cent aluminum, the 
lattice parameter falls to a minimum in the region 
of 24 atomic per cent aluminum. In this region of 
the diagram, the superlattice lines are strong for 
alloys quenched from 250°C and correspond to the 
large ordered unit shown in Fig. 3c. As shown by 
high-temperature-camera studies, heating Fe3Al 
above 800°C completely destroys all long-range 
order, though quenching fails to retain the dis- 
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ordered state. Instead, partial ordering sets in 
during the course of the quench, leaving a struc- 
ture similar to the one illustrated in Fig. 3f; that is, 
a structure in which cube centers are filled with 
iron atoms, while the corners and edges are 
occupied at random by iron and aluminum. As a 
result of this, the effective unit cell is reduced to 
one of the elemental body-centered cubes, and 
since the cube corners and cube center are not 
equivalent, the diffraction pattern yields super- 
lattice lines corresponding to the FeAl structure of 
Fig. 3g, but much weaker. 

From the spacing minimum at FesAl to FeAl, 
in alloys quenched from 250°C, one set of iron 
atoms remains in preferred locations, namely at the 
body centers of the elemental cubes. The majority 
of the remaining lattice sites are now filled with 
aluminum atoms until at FeAl all cube corners are 
occupied in manner. High-temperature- 
camera studies, to be described below, indicate 
that certain of these alloys can be disordered at 
elevated temperatures, but that quenching is not 
sufficiently rapid to retain the disordered state. 
Consequently, the differences in lattice parameters 
between alloys quenched from 1000°C and alloys 
quenched from 250°C are very small. 


this 


5. HIGH-TEMPERATURE CAMERA STUDIES 

A number of «-phase alloys were photographed 
in the high-temperature camera at temperatures 
ranging from 25 to 1000°C, and, in some cases, at 
1250°C. The powder specimens were those which 
had initially been given a slow cool to 250°C 
followed by an equilibrating anneal and quench. 
Parameter values were taken on heating and cool- 
ing cycles, time being allowed for near-equilibrium 
conditions to be obtained as far as possible. ‘The 
parameter values are presented in Fig. 4, along 
with data for pure iron obtained by HuME- 
ROTHERY et al. (29) 

The interpolated 
position curves derived from the data presented in 


isothermal parameter/com- 
Fig. 4 are illustrated in Fig. 5. 

As may be seen from Fig. 5, the parameter iso- 
therms for 100-—300°C closely follow the 25°C para- 
meter curve. As the temperature is progressively 
raised, the maxima and minima come closer to- 
gether, until, at 530°C approximately, they coin- 
cide. From 550°C upwards, the almost linear 


parameter/composition curves exhibit a single 
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well-defined discontinuous change in slope. The 
loci of these discontinuities and of the maxima and 
the positions of phase 
which 


in effect, 
temperatures at 


minima trace out, 


the order 


boundaries or 


and R. M. 


JONES 


alloys to the left of it are fully disordered, while 
alloys on the right and lying within the aon phase 
field are ordered and have the FeAl type of super- 
lattice shown in Fig. 3g. Quenching alloys from 
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4. Lattice parameters of «-phase alloys at elevated temperatures. 


disorder transformations occur. When transferred 
from the parameter isothermals to the more ortho- 
dox form of equilibrium diagram, the run of the 
boundaries appear as shown in Fig. 6. 

We shall first of all discuss the upper trans- 
formation 5 and 6). All iron-rich 


line bc (Figs. 


above bc can never be made rapid enough to sup- 
press the disorder — order transformation com- 
pletely, although it may depress the temperature at 
which ordering sets in. As we shall see later, this 
has an important consequence with respect to the 
Curie points of alloys in the region of FegAl. 
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The behavior of fully ordered alloys in the region 
of bc is very interesting, that of alloy F30, con- 
taining 33-4 atomic per cent aluminum, being 
typical. As the immediate vicinity of the trans- 
formation line bc is approached on heating, the 


peared. ‘Throughout all this, the main lattice lines 
all remain sharp and well resolved. 
High-temperature patterns indicate that FeAl 
is fully ordered at 1250°C, and, judging from the 
run of bc, alloys containing more than about 37-5 
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superlattice lines broaden quite appreciably and 
then suddenly disappear. It would seem as though 
the onset of disorder is accompanied by a break- 
down of the ordered lattice into small antiphase 
domains which are, of course, in dynamic equili- 
brium with each other. The superlattice lines then 
disappear as the boundary is crossed, indicating 
that all long-range order has effectively disap- 


- Atomic per cent 


Lattice parameter composition isotherms for b.c.c. iron—aluminum alloys. 


atomic per cent aluminum retain long-range order 
all the way up to the solidus. 

We are now in a position to discuss the complex 
region bounded by the curve ebah in Fig. 5 and in 
Fig. 6. We first note that, as far as the 25°C lattice- 
parameter isotherm is concerned, there is a general 
fall in parameter between e and h which we shall 
subsequently relate to the magnetic properties of 
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the materials. Superimposed upon this are two 
small maxima and minima. We can interpret these 
as follows. The first maximum corresponds, in 
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boundaries of the single- and two-phase fields. 
They imply that the process of ordering from the 
non-stoichiometric FeAl type of structure shown 
in Fig. 3f to the more highly ordered structure of 
Fig. 3c is, in effect, a classical phase change as dis- 
cussed by NEWKIRK et al.?-34) for such alloys as 
CugAu, CuAu, CoPt, &c. 

We note that the structure Fej3Alg (Fig. 3b) 
denoted by «)'m also undergoes an order—disorder 
transformation, losing all its long-range order, as 
shown in Fig. 3e. Presumably, it too should have a 
two-phase field bounding it on either side, as does 
FesAl, which would make the diagram extremely 
complicated. 

Although the changes in slope in the parameter 
composition curves are fully consistent with a 
succession of single- and two-phase fields, the 
lattice parameters of the individual terminal solid 
solutions are so nearly alike that the coexisting 
phases remain essentially coherent, with no clear- 
cut boundary delineating where one phase struc- 
ture ends and another begins. Thus, we might say 
that while there is a tendency to two-phase forma- 
tion, all we really obtain are slight local enrich- 
ments of iron or aluminum alternating throughout 
the mass of each individual crystal. Thus, from 
this point of view, it may not be entirely unreason- 
able to regard the whole of the enclosed region from 
Fej3Alg to FegAl as a single phase field. 


6. VARIATIONS IN ATOMIC RADIUS ACROSS 
THE «-PHASE FIELD 

Over the compositional range of the disordered 

%m Phase field, the room-temperature lattice para- 

meters of quenched and annealed alloys vary al- 

most linearly with composition. We may therefore 


express the parameters in the form 
2:8663+-0:001635x 


where x is the aluminum content expressed in 
atomic per cent and @,, is in A. 

To a first approximation, we shall assume that 
the lattice parameters may be obtained by the 
simple addition of atomic or ionic radii which re- 
main constant over the linear range. From the 


above equation the radius for iron is found to be 


rpe = 2:86631/3/4 or 1-246A, 
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while the radius for aluminum, which is here eight- 
fold co-ordinated, becomes 


y's) = 1-295 A. 


Now the lattice parameter of face-centered cubic 
aluminum is a = 4-0495 A and the 12-fold co- 
ordinated aluminum atoms thus have a radius 
ri) = 4-0494/2/4 or 1-431 A. The observed 
value ri] is thus 9-5 per cent smaller than 
ri}, and is considerably smaller than the ex- 
pected value of 1-388 A obtained according to the 
Pauling—Goldschmidt rule of diminishing the 
radius by 3 per cent when reducing the co- 
ordination from 12- to 8-fold. 

Within the fully ordered «2, phase field, the 
lattice parameter again increases in a linear manner 
over the range 41—52 atomic per cent aluminum. By 
extrapolating the parameter composition curve 
back to zero aluminum, we obtain 2°8462 A for the 
effective lattice parameter of iron in the state 
corresponding to FeAl. The lattice parameter of 
alloys in the region 41-52 may therefore be ex- 
pressed by an equation 


a — 2:8462+-0-001286x A. 


This enables us to calculate both the iron and the 
aluminum radii, yielding rp, = 1-235 and ra, 
1-286 A. 

Both these radii are approximately 0-8 per cent 
smaller than the values obtained for the «» dis- 
ordered phase field. 1n other words, whatever 
changes in valence or magnetic state may have 
occurred to cause the fall in lattice parameter ob- 
served in the region Fe;gAlg to FeAl, the fall in 
parameter is associated with a decrease in atomic 
radius in both the iron and the aluminum atoms. 


7. CORRELATION OF MAGNETIC DATA WITH 
ORDERING PHENOMENA AND LATTICE-PARA- 
METER VARIATIONS 


Alloys cantaining less than 33 per cent aluminum 
are ferromagnetic at room temperature. However, 
certain of them in the region of FegA] display some 
remarkable anomalies in their magnetic behavior. 

The equilibrium diagram shown in Fig. 6 in- 
cludes magnetic Curie-point data based upon the 
work of SyKEs and Evans?) and the confirmatory 
work of GrieGoriEV and Gruzpeva.°) According 
to our interpretation of the data, there is a definite 


break in the Curie-point curve where it meets the 
boundary bc separating the disordered «-phase 
alloys from the ag alloys which have the FeAl 
type of order and which are non-magnetic. The 
lower portion of the magnetic boundary coincides 
with the phase boundary. It may well be that this is 
not a Curie-point boundary in the normal sense, 
but is actually a boundary at which ferromagnetism 
is lost as a result of a phase change (as, for ex- 
ample, in the iron—cobalt system). 

By using a magnetizing field of only 12 Oe, so 
that their galvanometer deflexions were propor- 
tional to the initial permeability in their speci- 
mens, SYKES and Evans showed that alloys in the 
region of FegAl exhibited two ‘“‘Curie points” on 
cooling. The induction at the upper Curie point 
was greatest for the highest rate of cooling with the 
maximum displaced to a somewhat lower tempera- 
ture, while the lower Curie point was raised. A 
typical set of curves for different cooling rates for 
an alloy containing 13-4 weight per cent aluminum 
is shown in Fig. 7. 
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Double-Curie-point phenomena in _iron- 


aluminum alloys. (SYKEs and Evans.) 


This somewhat anomalous display of two Curie 
points is fully in accord with the equilibrium dia- 
gram shown in Fig. 6 and in more detail in Fig. 8. 

As an alloy with composition A is slowly cooled 
from the non-magnetic disordered state a», it 
orders to the non-magnetic «gn FeAl type of struc- 
ture, and on further cooling it orders to the Fe3Al 
type and almost simultaneously becomes ferro- 
magnetic on account of the close proximity of the 
magnetic and phase boundaries. Thus a slow rate 
of cooling (or heating) results in only one magnetic 
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transformation, namely the lower one. However, if 


the same alloy is rapidly cooled, the upper order 
disorder boundary bkc is depressed by an amount 
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Fic. 8. Lowering of transformation temperature with 
rapid cooling, permitting onset of ferromagnetism before 


FeAl type of ordering sets in 


The 


temperature Curie boundary for the disordered 


depending on the rate of cooling high- 
structure now extends beyond the composition k 
to k’, and the alloy becomes magnetic because it 
enters into the now extended «» phase field. As the 
temperature continues to fall, the delayed ordering 
transformation to the «2, structure takes place and 
the alloy becomes non-magnetic, only to become 
magnetic again as the lower magnetic boundary is 
reached. The greater the rate of cooling, the more 
the disordered alloy finds itself in the x», magnetic 
phase field and the greater the degree of initial 
magnetization. The depression of the boundary bkc 
thus accounts for the greater initial magnetization 
setting in at the lower temperatures. Similarly, as 
indicated by Fig. 7, the Jower magnetic transforma- 
tion is raised with increased rates of cooling, since 
the more disordered structure resulting from the 
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greater cooling rate is more conducive to ferro- 
magnetism. More confirmatory evidence for this is 
presented in the next section. 

We shall now try to correlate the anomalies in 
the curves with 
magnetic-saturation the 
parameter/composition curves in Fig. 2, we note 
that a fall in spacing occurs in specimens quenched 
from both 250 and 1000°C at approximately 20 and 
22 atomic per cent aluminum, respectively, the fall 


lattice-parameter/composition 


values. Referring to 


continuing to FeAl. We associate the difference in 
spacing between the two curves with the two differ- 
ent types of order, namely FegAl type for the lower 
spacings and FeAl type for the higher spacings, 
the fully disordered «» condition not being retained 
on quenching in this composition range. 

In Fig. 9 we reproduce SUCKSMITH’s results®®) 
on the saturation moment of iron—aluminum 
alloys. These are in agreement with those of 
BENNETT3) and, except for small details, are also 
in substantial agreement with those of FALLor.®” 
Unlike the behavior of nickel alloys,@8) the mag- 
netic saturation of iron falls slowly when aluminum 
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Fic. 9. Magnetic saturation oy of quenched and annealed 
alloys. (SUCKSMITH.) 


is added almost as if reduced by simple dilution, 
and only when 22 atomic per cent aluminum is 
reached and the curve departs from linearity does 
the expected rapid fall in saturation begin. This is 
the point where the lattice parameter is a maxi- 
mum. Again, the magnetic saturation falls to zero 
at FegAl, in agreement with the magnetic-boundary 
data of Sykes and Evans“) and GrigEGoRIEV and 
GruzpDeEva.°) This is the precise point where the 
lattice parameter reaches its minimum and begins 
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to rise again. It would thus seem that the con- 
tinued fall in lattice parameter between 22 and 33 
atomic per cent aluminum is closely associated 
with the progressive loss of magnetic properties. 
In the «1m ferromagnetic phase field associated 
with the fully ordered FegAl structure illustrated in 
Fig. 3c, we discern two types of iron atom, namely 
those surrounded tetrahedrally by 4 Al and 4 Fe 
nearest neighbors and those surrounded by 8 Fe 
atoms at the corners of an elemental cube. If the 
tetrahedrally surrounded iron atoms were to ab- 
sorb electrons from the surrounding aluminum 
atoms into their d shells, their magnetic moment 
should fall and so should the ionic radii of the 
aluminum atoms. This would lead to a progressive 
fall in magnetic saturation moment and lattice 
parameter as more valence electrons were absorbed 
with continued addition of aluminum. Alter- 
natively, 4s electrons from the outer orbits of the 
iron atoms might enter the 3d shells with similar 
results, except that it would now be the atomic 
radii of the iron atoms which would be decreased. 
Probably both these mechanisms are operative on 
account of the 0-8 per cent reduction in both the 
iron and aluminum radii, as discussed above. As 
shown by ZENER,®9) the energy involved in the 


type of electron transfer visualized here is remark- 


ably small. 

The above postulate of d-shell absorption would 
seem to be substantiated by the neutron-diffraction 
studies of NATHAN et al. into the magnetic 
structure of ordered FegAl. These workers showed 
that the tetrahedrally surrounded iron atoms have 
approximately half the normal magnetic moment 
for iron, namely 1-3-+-0-5 Bohr magnetons, while 
iron atoms at cube centers with the full comple- 


normal moment, namely 2-0+-0-:15 Bohr mag- 
netons. 

It would thus seem that when the critical amount 
of 22 atomic per cent aluminum is exceeded and 
the lattice becomes fully ordered, one-third of the 
iron atoms have their moments reduced to nearly 
half the normal value. Only when the iron atoms 
cease to absorb electrons does the larger radius of 
the aluminum atoms begin to assert itself and the 
lattice parameters begin to rise. This stage occurs 
at FegAl approximately, where the magnetic 
saturation is virtually zero. At this point we enter 
a phase field in which, according to the Hume- 
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Rothery rules, the valency of the iron atom is 
effectively zero and the ratio of valency electrons to 
atoms is 1 : 1. With continued addition of alum- 
inum, the ratio climbs until it reaches its maximum 
value 3 :2 at FeAl. However, if we assume that 
the magnetic moment of a free iron atom is due to 
a deficiency of 2-0 valency electrons in its d shell, 
there would not be enough valency electrons from 
the trivalent aluminum at the composition Fe2Al 
to fill all the d-shell vacancies. There must con- 
sequently be some change in the energy levels of 
the d shells or in the alignment of the electron spins 
which effectively lead to a zero magnetic moment. 
To resolve this point further, we require neutron- 
diffraction data over a whole series of iron 
aluminum atoms and data from soft X-ray absorp- 
tion spectra which would give some insight into 
the nature of the electron transfer. 


8. STRUCTURE AND MAGNETIC PROPERTIES 
OF ALLOYS IN THE COLD-WORKED AND RE- 
COVERED STATES 

It is well known that severely cold working an 
alloy produces crystal fragmentation and inhomo- 
geneous lattice strains. These effects lead to an 
appreciable degree of broadening of the diffraction 
lines in the Debye-Scherrer patterns of the cold- 
worked material. In certain cases, an analysis of the 
line breadths enables the individual broadening 
contributions of fragmentation and lattice strains 
to be assessed, thus leading to an evaluation of the 
crystallite size and residual lattice stresses. 

Cold working fully annealed «-phase iron— 
aluminum alloys by filing or by crushing to powder 
in a ball-mill leads to some remarkable crystallo- 
graphic and magnetic effects. Over the range Fe to 
Fe;3Al3, the major result of cold work is to yield a 
Debye-Scherrer pattern with broadened lines, 
analysis of which indicates strain-broadening to be 
the preponderating factor. Cold working alloys in 
the range Fej3Al3 not only produces line broaden- 
ing, but destroys, in addition, all traces of super- 
lattice lines; i.e. cold working achieves what 
quenching fails to do, namely it leads to the des- 
truction of all traces of long-range order. More re- 
markable still, the destruction of the ordered struc- 
ture is accompanied by an enormous increase in 
lattice parameter. 

Increases in lattice parameter as the result of 
severe lattice distortion are well known, but the 
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changes are usually very small, being only of the 
order of 0-1 per cent in the case of iron.@!) As 


shown in Fig. 10, the greatest increase in lattice 


P a 
Aluminum-We ght Per Cent 
© re > 5, 2n 


ttice parameters of cold-worked iron- 


aluminum alloys 


parameter occurs at FeAl and is almost as great as 
the total effect produced by dissolving 16 atomic 
per cent aluminum in the iron lattice. The effect is 


Table 3. 


very real, as may be seen from the decrease in 
density. In the case of alloy F44, containing 35 
atomic per cent aluminum, the densities calculated 
from the lattice parameters of annealed and crushed 
material are 6:27 and 6:12 g/cc, and the observed 
densities were 6°31 and 6-07 g/cc, respectively, 
which are in good agreement, since the accuracy of 
the pycnometer method employed was not greater 
than 1 per cent. Such a large decrease in density 
cannot be accounted for by conventional disloca- 
tion theories. Beyond 33 atomic per cent aluminum 
the effect of cold work on the lattice becomes pro- 
gressively smaller as the composition FeAl is ap- 
proached, presumably on account of the increas- 
ingly ionic nature of the bonding, with the result 
that the ordered nature of the lattice at the stoichio- 
metric composition FeAl is scarcely influenced. 

Associated with the great increase in lattice para- 
meter and destruction of long-range order is a 
considerable increase in saturation moment. Not 
only do the saturation moments of alloys in the 
range Fe;3Alg to FegAl increase, but alloys which 
are normally non-magnetic down to _ liquid- 
helium temperatures become strongly ferromag- 
netic. Even FeAl shows traces of ferromagnetism. 
The cold worked alloy powders beyond Fej3Al3 
behave as though the disordered x» phase now 
extends as far as the phase boundary at 52 atomic 
per cent aluminum, with the upper Curie bound- 
ary of the x» phase extended accordingly. 
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Quantitative values of the saturation moment ob- 
tained with crushed powders at room and liquid- 
nitrogen temperatures by the gradient method 42) 
with a field strength of 10,000—14,000 Oe are given 
in Table 3. The values for samples quenched from 
250 and 400°C are in excellent agreement with 
those of SucksmitH.®6 A comparison of the 
saturation moments extrapolated to absolute zero 
for heat-treated and quenched specimens is shown 
in Fig. 11, along with the percentage increase in 
lattice parameters. 
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Fic. 11. Influence of cold work on magnetic saturation 


moments and lattice parameters of iron—aluminum 


alloys. 

Although the cold-worked alloys are now 
strongly magnetic, they do not have a Curie point 
in the normal sense. Heating at relatively low 
temperatures, namely 150—200°C for as little as 
} hr causes a precipitous drop in the saturation 
moment. This is accompanied by an immediate 
relaxation of the lattice parameter towards its an- 
nealed value and the appearance of broad, weak 
superlattice lines indicating the simultaneous on- 
set of long-range order. At this stage, the main 
lattice lines still retain their original cold-work 
broadening, even though they have moved back 
almost to the positions normally occupied for fully 
annealed specimens. 

We have already shown that in proceeding from 
the %m to the «gn phase field the radius of the iron 
atom falls from 1-246 to 1:235 A, while the alum- 


inum radius is reduced from the already extremely 
low value of 1-295 A to the even lower value of 
1-286 A. It would thus seem that cold working 
alloys in the «2 region not only produces disorder 
but also causes electron transfer from iron to 
aluminum to take place or alternatively promotes 
electrons to different energy levels, thereby effec- 
tively increasing the atomic radii, and hence the 
lattice parameters, and at the same time promoting 
the onset of ferromagnetism. This effect is, of 
course, reversed on annealing to regain the ordered 
aon State. However, the line broadening which per- 
sists after the low-temperature anneal has pro- 
moted long-range order and destroyed the ferro- 
magnetism is associated, as we shall show, with 
residual heterogeneous strains in the lattice. 

In order to illustrate the effect of cold working 
and annealing, we have chosen an alloy containing 
35 atomic per cent aluminum. This alloy displays 
only traces of ferromagnetism and lies just outside 
the difficult FegAl zone, so that complications due 
to possible phase changes are avoided. It is also a 
convenient choice, since the increases in magnetic 
saturation and parameter experienced by this alloy 
lie close to the maximum for the series. By using 
the methods described below, it is possible to 
deduce the crystallite dimensions and the mean 
lattice stresses from the broadening of the diffrac- 
tion lines in the X-ray patterns. 

Debye-Scherrer patterns of the “‘as-crushed”’ 
powder and powder annealed at 200°C for Shr were 
taken in the 11-46cm-diameter Philips powder 
camera, using filtered CoK« radiation. Since the 
diffraction patterns were to be microdensito- 
metered in order to make accurate determinations 
of the line shapes from which the broadening is 
derived, it was essential to use a calibration material 
which gave extremely sharp spectra in order to 
make a correction for specimen diameter and beam 
divergence. Silicon proved to be an ideal material 
for this purpose, since its brittle nature enables it 
to be ball-milled to an extremely fine powder with- 
out any appreciable broadening of its diffraction 
spectra. At the same time it yields a sufficient 
number of diffractions which are close to the main 
lines of the alloy pattern without actually over- 
lapping them, except for the 310 reflexion, thus 
allowing accurate corrections to be applied to the 
line widths. Even in the case of 310, it is a 
relatively simple matter to separate it from the 
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overlapping 531 silicon reflexion. Portions of the 
micro-densitometer plots are shown in Fig. 12 to 
illustrate the movement of the 310 reflexion to- 
wards a higher Bragg angle, caused by the enormous 
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parameter decrease which occurs when the cold- 
worked material relaxes towards its equilibrium 
parameter value. 

The line breadths Bo were computed by the 
Laue method, by dividing the area between the 
line contour and the background by the maximum 


height of the peak These breadths were corrected 


for the angular separation of the «;%2 components of 


the radiation, using the method of Jones, and 
the true angular broadening was then obtained 
from the corrected breadths B by allowing for the 
instrument broadening. This was achieved by 
plotting a curve of doublet-corrected breadths for 
the silicon calibration lines against tan@ and inter- 
polating the breadths b for crystals of effectively 
infinite size corresponding to the positions of the 
lines of the iron—aluminum alloy 
The precise method of calculating the true 
angular broadening § from B and b depends on 
the theory of broadening employed. We have 
found it convenient to use the broadening defined 
by the expression given by WARREN and by 
TayLor, @*) namely: 
B [(B—5)\ B?2—b?}?. (1) 
This expression for f yields line breadths which 
correspond very closely to values obtained with 
the experimental JoNgEs’ curve which correlates 
8/B with b/B. This value of f is in millimeters and 
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is converted to radian measure by dividing by the 
camera radius. 

If all the line-broadening f is entirely due to 
the extreme smallness of the crystallites within the 
particles of alloy, their size may be computed from 
the simple Scherrer formula 


B = (KA/e)/sec 8, 


where K is a constant, approximately equal to 
unity, A is the wavelength of the radiation (in cm), 
6 is the Bragg angle of reflexion, and « is the cry- 
stallite dimension measured in a direction normal 
to the reflecting planes. 

On the other hand, if all the line broadening is 
due to random lattice stresses which disturb the 
interplanar spacings, an approximate measure of 
the mean maximum stress 7' in dynes/cm? may be 


obtained by using the equation : (4°) 
T = (EnxiB/4) cot 8, (3) 


where £,,, is the modulus of elasticity for the 
lattice direction [hk/], f is the line broadening in 
radians, and @ is the Bragg angle. 

We cannot assume that the elastic properties of 
the lattice are isotropic, and consequently we must 
use a different value of £,,,, for each lattice direc- 
tion. However, these values have not yet been 
evaluated for iron—aluminum alloys, and, as a 
first approximation, we have assumed them to be 
the same as those for pure iron. The appropriate 
value of £,,, may be computed from the elastic 
constants of the alloy by means of the equa- 
tion : (46.47) 

| En Sy —2[(Si— Si2)—43S44]H (4) 
where 
7:57 x 10-18 cm?/dyne, 
— 2:82 x 10-18 cm?2/dyne, 


8-62 x 10-18 cm?/dyne, 


H = (h?k?+k2l24 [2h?)/(h2+-k2+ 12), 


It follows from equations (2) and (3) that if the 
line broadening is solely due to small crystallite 
size, the value of f against sec @ will plot as a 
straight line through the origin, whereas if the 
broadening is due entirely to lattice stresses, then 
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8 should plot against tan 6/E,,, as a straight line 
through the origin. If, as may well be the case, the 


broadening effects are due to a combination of 


small crystallite size and lattice stresses, we may 
use the additive equation: 


B =(KA/e) sec0+(47/E) tan @ 


(KA/e)+(47/E) sin @. 


B/sec@ 


Thus, if we plot 8/sec 6 as a function of sin @, a 
straight line should be obtained whose intercept 
(K A/c) on the £/sec @ ordinate yields the crystallite 
size «, and whose slope yields the value 47) F from 
which the lattice stress may be computed. 

Trial plots immediately indicated that despite 
the severe cold work imparted to the alloy in 
crushing it down to 350-mesh powder, the sole 
causes of the line broadening were the inhomo- 
geneous lattice stresses. The elastic properties of 
the lattice must be very anisotropic, for, if we 
make no allowance for directionality and simply 
plot 6 against tan 0, the points scatter very badly. 
On the other hand, good correlation is obtained 
if we plot f versus tan 6/E,,,,. As may be seen from 
Fig. 13, one effect of introducing the anisotropy 





Plots of # versus tan 
term is to interchange the order in which the 200 
and 211 reflexions are plotted. Since the broaden- 
ing can be associated entirely with inhomogeneous 
lattice stresses, it follows that the diffracting units 
are, for the purposes of calculation, effectively 
infinitely large. Actually they lie in the size range 
1000-10,000 A, being too large to produce ap- 
preciable line-broadening effects and too small to 
give rise to “spotty” diffractions. 

A remarkable feature of the plots of 6 versus 


Cc 
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tan 6/E,,, for the specimens in the ‘“‘as-crushed’’ 
and annealed conditions was that the points lay 
on the same straight line despite the great differ- 
ences in lattice parameters. The mean maximum 
1010 


dyne/cm? or 220,000 lb/in?, a value which is of the 


stress calculated from the 310 reflexion is 1-41 


same order as the tensile strength of the material 

We thus see that the crystallites in both the 
magnetic and the non-magnetic specimens possess 
similar inhomogeneous internal stresses which the 
short low-temperature anneal has failed to re- 
move. Consequently, internal stress is not the 
prime cause of the ferromagnetic behavior of the 
cold-worked material. 

An examination of the photometer trace of the 
annealed specimen showed the presence of a broad 
but well-defined 100 superlattice reflexion visible 
above the background level. This indicates the 
onset of long-range order at as low a temperature 
as 200°C, with the initial formation of anti-phase 
domains approximately 100 A across. We can thus 
associate the great fall in magnetic saturation with 
the onset of long-range order. To substantiate this 
conclusion, specimens were given prolonged 
anneals at 200 and 350°C. As the superlattice re- 
flexions increased in strength and sharpness as the 
alloy became fully long-range ordered, the last 
vestiges of ferromagnetism disappeared from the 
specimen. Further cold work, with the attendant 
destruction of the superlattice, as again evidenced 
by the disappearance of the superlattice reflexions, 
caused a re-emergence of the ferromagnetic pro- 
perties. 

It is highly probable that radiation-damage dis- 
ordering could produce similar ferromagnetic pro- 
perties, and experiments along these lines are being 
initiated. 


9. THE ANOMALOUS FACE-CENTERED CUBIC 
PHASE 


We have already mentioned the sporadic ap- 


pearance of a face-centered cubic phase which 


differs from austenite and which has no place in 
the thermal equilibrium diagram of the iron 

aluminum binary system. The structure occurs 
most frequently in the region of FejgAlgz to FeAle, 
but it has been observed at aluminum compositions 
as low as 10 atomic per cent. Normally the amount 
of extra phase does not exceed about 5 per cent 
of the total structure, but on rare occasions it 
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may rise to about 50 per cent. The diffraction 
pattern of this phase is consistent with the ferro- 
magnetic ordered structure of FesAIC described 
by Morra and has the same lattice parameter, 
a 3-740 A 


photographs taken as high as 


namely The phase is extremely 
fractio1 
showi1 


1180°¢ 


its pattern 


g no diminution in the intensity of 


A long series of investigations has finally en- 


occurrence of this phase to be traced to 


small amounts of carbon from 


absorption of 


lationships between b.c.c 


the decomposed vapor of the oil from the high- 
vacuum condensation pumps when pumping was 
continuous during the homogenization anneal at 
1250-1300°C, even 


d lloys which were 1n a 


though liquid-nitrogen traps 
sealed-oft 
static 


] | 
were ¢ mpioye a 


evacuated furnace, or annealed in a atmo- 
sphere of purified helium, showed no traces of the 


The phase can be removed from powder 


specimens which contain it either by slight oxida- 


reduction. In the former case, 
ide (Fe, 


al struc ture 


tion or by hydrogen 
Al)oOxz is formed having the 


is Feol Je OI Alo( )g, 


howe r, al 


> Spacing 
al and gas analy ses performed on 
the intruding phase 
nitrogen content to be 


carbon content to be less 
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than 0-002 weight per cent, which is much too 
small to account for the amount of “‘extra’”’ phase 
observed in the X-ray diffraction patterns. At these 
low carbon levels, no trace of the phase is to be 
seen in the microstructures. 

A probable reason for the large amount of 
“extra’’ phase seen in the powder patterns is as 
follows. The (111) interplanar distance of the 
body-centered cubic « phase (Fig. 14a) is virtually 
identical with that of the (211) spacing in the face- 
centered cubic structure (Fig. 14b) and further- 

@ Iron In Plane 


ron Below F 


phase Fe,AIC 


Fe,Al and epitaxial f.c.c 


more the interatomic distances in the {110} D:e.c. 
and [120] f.c.c. directions are equal, as shown in 
Fig. 14¢ 

It would thus seem that conditions are extremely 
favorable for the epitaxial growth of the face- 
centered cubic phase on a preferred plane of the 
body-centered lattice. If growth of the phase could 
be initiated by cold work or by a local carbon en- 
richment, the structure would continue to grow 
without the need of carbon to maintain it and, once 
formed, removal of the phase structure by normal 
heat-treatment methods would be extremely difh- 
cult. Local patches of face-centered cubic phase 
1000 10.000 A in 


would be large enough to give quite sharp diffrac- 


lying between and diameter 
tio1 Ss patterns and yet be small] el ough to escape 


detection in the optical microscope, the detection 
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of larger particles being difficult owing to the 
similarity of composition and the lack of a clear- 
cut boundary between epitaxially related crystals. 

The behavior of the lattice parameter of the 
extra phase is most interesting. A typical example 
is given by sample No. F34, containing 23:1 
atomic per cent aluminum. On quenching this 
alloy from 550°C, the faint superlattice lines associ- 
iated with the phase disappear and the lattice para- 
meter increases from its room-temperature equili- 
brium value of 3-756 to 3-770 A. Quenching from 
600°C brings the lattice 
3-753 A, while quenching from 1000°C reduces it 
still further to 3-7395 A. Despite these spacing 


parameter down to 


changes, the ratio of face-centered cubic material 
to body-centered matrix seems to be unchanged. 

We can systematize the apparently anomalous 
spacing changes by taking diffraction patterns at 
elevated temperatures and plotting a_lattice- 
parameter versus temperature curve, as shown in 
Fig. 15. We then see that the face-centered cubic 
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Fic. 15. Lattice parameter versus temperature of anomal- 








ous f.c.c. phase in 23-1 atomic per cent aluminum alloy 


phase suffers a large change in spacing at 550°C 


approximately, probably due to an order—disorder 
transformation. Extrapolating back from the high- 
temperature parameters to the room-temperature 
quenched values as shown by the broken lines im- 
mediately indicates that the apparent spacing 
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anomalies are due to preserving the high-tempera- 
ture equilibrium state on quenching. 


10. THE HIGH-TEMPERATURE «-PHASE 

Alloys which lie within the e-phase field shown 
in Fig. 6 cannot be retained as a single-phase 
structure on quenching. So far, nothing has been 
published concerning the crystal structure of alloys 
in the e-region. We have succeeded in obtaining 
diffraction patterns of alloys in the single-phase 
field by using the high-temperature camera. The 
patterns proved too complex to be indexed by 
means of the conventional HuLL—Davey or BUNN 
charts,48) but the sin2@ difference method of 
BRADLEY and ‘TayLor“) was successfully ¢m- 
ployed. This showed that an alloy having the com- 
position 60-6 atomic per cent aluminum, was 
orthorhombic with the following axial lengths: 
a = 17°92, b = 17-58, c = 126 A. 

An alternative unit cell which is very nearly 
orthohexagonal and with a= 7-75, b = 14-42, 
c = 14-06 A gave almost equally good agreement 
between observed and calculated sin2@ values. The 
final choice of unit cell must await a complete 
determination of the crystal structure. Details of 
this will be published elsewhere. 


11. CONCLUSIONS 

(1) The « body-centered cubic primary solid 
solution of aluminum in iron has been found to 
extend from 0 to 52 atomic per cent aluminum. 
This region may be subdivided into three distinct 
regions. The first consists of disordered alloys 
terminating at 18-75 atomic per cent aluminum at 
room temperature and at approximately 37 atomic 
per cent aluminum at 1375°C by a gently curved 
sloping boundary. Beyond this boundary, alloys 
ranging from 18-75 to 33-3 atomic per cent alum- 
inum and lying below 550°C contain the Fe3Al 
phase, which has an ordered B32-type structure. 
Alloys lying outside the FegAl phase field and on 
the aluminum-rich side of the sloping boundary 
are non-magnetic and simulate the ordered B2 
CsCl-type of structure as they approach the com- 
position FeAl. 

(2) On cooling, alloys in the range FejgAls to 
FeoAl order from random to B2 FeAl type on 
crossing the sloping upper boundary and then 
undergo a classical phase change at 550°C when 
the type of ordering changes from B2 to that of 
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(7) The presence of a high-temperature «-phase 
based on the composition FegAlg has been con- 
firmed, and high-temperature diffraction patterns 
indicate a possible orthorhombic unit cell with 

17:92, b 12-6 A, 
pseudo-orthohexagonal with a 


14-42) « 14-06 A 


17°58, « a smaller 


7°75, b 


a or 


it 
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indication of 

he more recent mag- 
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measurements n both annealed and 


\l from 


quenched samples of FeAl (for which the order- 
ing scheme is different), which show a definite de- 
penden tal magnetic moment on the state of 
preparation 

Since magnetization data can provide informa- 


tion only on the average moment per atom, the 
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investigation of these materials by neutron 
diffraction techniques seemed advisable in order to 
gain a more detailed knowledge of their magnetic 
structures. As a start, we turned to the structure of 
annealed FegAl. According to BRADLEY and 
Jay, the chemical ordering of the iron and 
aluminum atoms should produce the structure 
illustrated in Fig. 1. From this figure there are two 
types of iron atoms as characterized by their en- 
vironment, those occupying the corner or A sites, 
having as nearest neighbors four iron atoms and 
four aluminum atoms, and those occupying the 
body center or D sites, with only iron atoms as 
nearest neighbors. The B sites are totally occupied 
by aluminum atoms. By measuring the magnetic 
scattering in the superlattice reflections, we can 
determine directly the average moment for the A, 
D, and B sites, that is 74, fp, and fp. 


2. EXPERIMENTAL PROCEDURE 

For unpolarized neutrons the magnetic scatter- 
ing which arises from the interaction of the neutron 
moment and that of the scattering atoms is super- 
imposed on the nuclear scattering. The magnetic 
scattering can be removed by the application of a 
suitably directed magnetic field. In this way the 
nuclear scattering can be studied alone to yield the 
ordering of the iron and aluminum atoms on the 
various sites, while the magnetic scattering yields 
the values for the sublattice magnetization. Our 
preliminary work was carried out in this manner 
on powder samples of annealed FegAl at room tem- 
perature and showed a clear difference between the 
average moment for the two iron sublattices. In 
addition, we were able to confirm the estimates by 
BRADLEY and Jay of the relative population of the 
various sites by the iron and aluminum atoms. 
However, only a rough estimate could be made of 
the difference between sublattice magnetizations 
because of the small magnetic contribution to some 
of the reflections. To increase the accuracy of our 
results, the experiment was repeated, using the 
increased sensitivity available with polarized neu- 
trons and single crystals. 

The use of polarized neutrons in enhancing the 
magnetic scattering has been pointed out pre- 
viously.®) Because the magnetic interaction be- 
tween the neutron and the atomic moment is of a 
vector type, by suitably orienting the atomic mo- 
ments and the neutron spins, one can obtain a 


scattered intensity proportional to the square of 
the sum or difference (as desired) of 5, the coherent 
nuclear scattering amplitude, and p, the corres- 
ponding magnetic scattering amplitude. This is in 
distinction to the case of unpolarized neutrons, 
where the nuclear intensity and magnetic intensity 
always superimpose. Moreover, with polarized 
neutrons one can establish the sign of the scatter- 
ing amplitude with respect to the nuclear scattering 
amplitude, thereby eliminating any ambiguity in 
the final values for the sublattice magnetizations. 
The apparatus used in these measurements con- 
sists of a standard neutron spectrometer modified 
to produce a beam of highly polarized mono- 
chromatic neutrons. ‘The arrangement (which is to 
be described in a forthcoming publication) uses as 


Fic. 2. Arrangement of apparatus in polarized-neutron- 


beam spectrometer 


a monochromator a single crystal of face-centered 
cobalt-iron alloy. Such a crystal has the virtue of 
possessing equal nuclear and magnetic scattering 
amplitudes for the (111) reflection. As a consequ- 
ence, the crystal, when placed in a saturating field 
parallel to the (111) planes, will reflect only neu- 
trons of one spin state. 'The reflected neutrons, thus 
polarized, pass through a controlled magnetic field 
and finally impinge on the magnetized Feg3Al 


crystal. It is possible to reverse the polarization of 
the incident neutrons by the use of a magnetic 
A schematic dia- 


resonant oscillator or “‘flipper’’. 
gram of the polarized-neutron-beam spectrometer 
is shown in Fig. 2. 

The cross-section for the scattering from the 
(hkl) reflection in the analyzing crystal, in this case 
the FegAl crystal, is given by: 


Pnxi)?. 


do. (bnxi 
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rise to three different types of reflection, two of 
which are order-dependent. Nuclear and magnetic 
structure factors for these three types are given 


below: 
(Pp—PpB) 
(2p4—Pp—PpB) 
(2p4+ppot+ps) 


where bp, bp, and b4, refer to the average nuclear 
amplitudes per B, D, and A site, respectively (see 
Fig. 1), and pp, pp, and p, refer to the correspond- 
ing magnetic scattering amplitudes. p y is related to 


moment/site through the re- 


rj} cm, 


form factor. Data were 
t above lines as well as on the 
| (400) lines. In order to derive the 


ng amplitudes from the corrected 


irv to know the chemical 
ar scattering amplitudes 
evaluated. We have 
rystals were ordered to 
by BRADLEY and Jay and as con- 
wn neutron-diffraction powder 


Wil 
i.e. 97 per cent of the A sites, 98 
D sites, and 8 per cent of the B sites 
n atoms. The uncertainties 


ults include the influence of 


ore precise knowledge of the chemical 


the state of ordering 
form factor, f, is known, we can 


then optain t ave iv¢ 


While it is rez ble to assume that the magnetic 
sin iron—aluminum 


magnetic moment per site. 


Comparison of magnetic form-factor ratios 


FesAl and metallic iron 





THE MAGNETI 
alloys will not be very different from that of 
metallic iron, this assumption was checked in the 
following manner. The ratio pii1/p311 =/fi11/fs11, 
since the (111) and (311) reflections have similar- 
type structure factors. This result then was com- 
pared with the corresponding ratio calculated from 
the known iron form-factor values. ‘Table 1 shows, 
for the three types of reflections, the observed 
ratios and those calculated from the experimental 
iron form-factor curve.* To within the -+-2 per 
cent uncertainty of the experimental measure- 


ments, they are the same. The final calculation of 


1-46 


Sohr 


the moments A, D, and B sites gives fi 4 


0-1, Zp = 2-14-01, and 7p = 0-12-+40+1 


magnetons. 


3. DISCUSSION 

The above results show that in annealed FesAl 
at room temperature the two iron sublattices pre- 
sent possess substantially different magnetizations. 
Furthermore, the small value for jg indicates the 
absence of any magnetization on the B sublattice 
which is populated almost entirely by aluminum 
atoms. Finally, all the neutron data are consistent 
with a model in which the moments are all directed 
along one of the cubic directions, even though cer- 
tain other more complicated spin arrangements 
cannot be ruled out entirely. 

Since the A and D sites do have different en- 
vironments, it is of interest to attempt to correlate 
the moment values 7 4 and 7 p with the populations 
of the the 
Table 2 


nearest-neighbor groupings for the A and D sites, 


atoms in immediate surroundings. 


gives the nearest-neighbor and next- 
along with the observed moments for these sites. 
We see from the table that the A sites which have 
an iron to aluminum ratio of 1 : 1 in their nearest- 
neighbors group possess a much lower moment 
than the D sites with a corresponding ratio of 
1:20. E 
next-nearest neighbors as a whole, the ratios of 
Fe : Al are 10 : 4 for the A sites and 8 : 6 for the 
D sites. It therefore seems reasonable to conclude 
that 
stronger influence on the iron magnetic moment 


we consider the nearest neighbors and 


the nearest-neighbor atoms have a much 


than the next-nearest neighbors which are only 15 


* This iron form factor was measured by means of a 
polarized beam on a single crystal of iron-silicon alloy 


and will be reported on in a forthcoming publication. 
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per cent more distant. This conclusion is further 
supported by the result that for the D sites where 
the iron atoms have an all-iron nearest neighbor- 
hood and an all-aluminum next-nearest neighbor- 
hood, the observed moment is very close to the 
2:2up observed in metallic iron. To determine the 
relative effectiveness of the next-nearest-neighbor 
aluminum atoms in reducing the iron moment, it 
would be necessary to study other ordering ar- 
rangements in both FegAl and other compositions 
in the iron—aluminum series 

A partial interpretation of this observed differ- 
ence in the average moments for the two iron sub- 
lattices has been given by ArrotT and Sarto. 
They suggest that at room temperatur 
our measurements were taken) the saturatior 
A sublattice is less complete than that of the D 
According to this interpretation, the 
A and D sites are 


and therefore the average moments on the two sites 


sublattice. 


intrinsic moments on the equal, 


as determined by neutron diffraction should ap- 
proach equality as the temperature approaches 
0°K. This model can satisfactorily explain the ob- 
served antiferromagnetism in FeAl-type struc- 
tures. While our present data were taken only at 
room temperature and therefore cannot be used as 
a test of this hypothesis, it does seem that their 
interpretation cannot account for the full difference 
between 244 and pp. For if we assume that the 
observed A and D moments are nearly equal at 
4-2°K, then the observed saturation magne 
of 1-412 per alloy atom at liquid-h 
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tization 


it 
Bohr 


see from our observed moments 


peratures gives 4 = [lp mag- 
netons. ®) ‘] 
at room temperature that zp would have to de- 


empera- 


crease as j14 increases with a decrease in t 
ture. Ruling out such an anomalous behavior of 
ture curve for 
il] > 
difference in the intrinsic moments on the two 


As a test of the hypothesis ol 


the magnetization versus tempera 


the D sublattice, we conclude that there 


iron sublattices. 
ArroTT and Sato, we plan to repeat the above 
measurements at low temperatures. 

Another interpretation of the results uses the 
recent findings of WeEIss and DEMarco on metallic 
iron.) Their X-ray results, which show that a 
surprisingly small number of the 3d electrons in 
iron remain localized, and their further suggestion 
that the majority of the 3d electrons participate in 
surrounding iron 


bonding arrangements with 
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Table 2. The two iron sites in ordered Feg3Al along with their moments and 
environments 


Moment (Bohr Nearest Next-nearest Nearest plus 
magnetons neighborhood neighborhood next-nearest 


4 Al, 4 Fe 6 Fe 4 Al, 10 Fe 


8 Fe 6 Al 8 Fe, 6 Al 
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Abstract 


concept of 


point, in the directions which would correspond, below the Néel point, 


shape of the diffuse spots is given in terms of 


various types of lattices. 


1. INTRODUCTION 
IN ferromagnets near the Curie point, there exist 
large spontaneous fluctuations of the magnetiza- 
tion. ‘The so-called critical scattering of neutrons 
has been explained in terms of those fluctuat 
VAN Hove." 
the fluctuations of the total magnetization re 


finite even at the Néel point 7'y 


ions by 
In antiferromagnets, onthe contrary, 
malin 
However, if we 
ea lv th ins that oc -on one sub! 
consider only the spins that occur On one sub! 
find Tx 


magnetization. These fluctuations, as we shall see, 


tice, 


we again near large fluctuations of the 


of scattering, which has 


also produce a special type g, 
in fact been observed. ? 


The 


scattering is given by: 


differential cross-section for magnetic 


\o} 


d 


dQ 


2S 
/ 
—— 


R 


0-19| F(R) So: Sp>detk'R 


barns steradian-! (1) 


where F(k) is an ionic form factor (F(0) = 1); ik 
is the change in momentum of the neutron; and 
So ‘ Sp 
located at 0 and R. 
Equation (1) is valid in the quasi-static approxi- 


is the correlation function of the spins 


mation, and above the Néel point for a single 
crystal. Henceforward we shall deal only with 
classical spins (these represent a fairly good approxi- 
mation in our range of temperatures), It is then 
convenient to introduce a wavelength-dependent 
susceptibility y(R), defined in the following way: 
we apply to our system a small external field in the 


a wavelength-dependent susceptibility. ‘‘Critical’’ scatterin 
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(S. et O.), France 


_ ' : , ; 
Ihe general features of scattering in the elastic approximation are displayed by using the 


go 


Néel 


. The 


occurs above the 


, , 
to superiattice line 


the Néel and paramagnetic Curie temperatures, for 


form of a sine wave. We then obtain a response of 
of the 


ratio of the 


magnetization which is also a sine wave 


same wavelength 27/k. y(k) is the 
corresponding amplitudes. 
The net 


direct measurement of y(k). This is derived 


itron-diffraction experiment provides a 
from 
the formula: 
y(R) 
S(S+1) 
X1 


(2) 
R 
which is valid for semi-classical spins above the 
Néel point. 


of one ion. 


1 


A 
Tl 
in the Appendix. Fork 


1 


1 is the paramagnetic susceptibility 
1e derivation of equation (2) is given 
0), equation (2) is a well- 
known relation 

To obtain the neutron-diffraction cross-section, 


we now have to compute y(k). This is done in the 


next section. 


2. MOLECULAR FIELD APPROXIMATION 

To obtain y(k) we apply a small sinusoidal field 
to our spin system. We assume that each spin Is in 
equilibrium under the action of this external field 
plus the local molecular field resulting from the 
average orientation of the neighbours. 

The use of this molecular field approximation is 
most appropriate to the usual antiferromagnets 
where first- and second-neighbour interactions are 
simultaneously important. We here give the results 


for two typical structures: 





\ (k) 


(3a) 


GENNES 


is somewhat obscured. However, it is still visible 
and does appear in the first diagrams on poly- 
crystalline MnO just above the Neel point. ®) 
Quantitative measurements on a single crystal of 
CoO have been performed by MacREYNOLDs and 
Riste."2) They seem to be in general agreement 
with the approximate formulae which we present 
below 

(A)-type antiferromagnets, by expanding 


we get the approximate formula: 


S(S+1) 


om one lattice 


est neighbours, 


to write 


cube axes: 


(10) 


(11) 


and the vector 
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we cannot in this case express the critical scatter- 
ing in terms of two constants like Rk; and 7. 

It is of interest to check that y(k) is effectively a 
maximum at Ts. For type (A) this is always true; 
for type (B) we also find a maximum, provided that 
the following relation is satisfied: 


A 


57 NN: 
This is identical with the criterion for stability of 
Ty, 


the observed spin arrangement below as 


derived by ANDERSON. “) 


4. CONCLUDING REMARKS 
Better approximations for y(R) are difficult to 
work out with nearest- and next-nearest-neighbour 
interactions. For nearest-neighbour interactions 
only, the Bethe—Peierls method? 


@1\ es results 


that are fairly near the molecular field values. In all 
cases, we believe that a good way of presenting the 
experimental data would be to analyse them in 


terms of the following expansion: 


[ So. Sr gik. R'}-1S(S+ 1) 


where lattice sites R which have equivalent posi- 


ik, R (12) 


>> » ope 
Rr R 


tions relative to the origin are equally weighted. 
The weights cp are phenomenological coefficients 
depending on temperature. ‘This expansion is more 
efficient that the usual one, with short-range order 
for the At all 


equation (12) includes correlations between spins 


parameters, cross-section. stages 
which are rather far apart 

Our study has not taken into account the motion 
of the spins and the resultant energy transfers be- 


How- 


ever, as in the ferromagnetic case, it can be shown 


tween the neutron and the spin assembly 


on general grounds that this is negligible for the 


critical scattering conditions. 


APPENDIX: PROOF OF EQUATION (2) 
We shall 
systems of the YVON perturbation technique, 
tain a the 
dependent susceptibility, and then proceed to the 


use a generalization for quantum 
6) ob- 


general formula for wavelength- 
classical limit. 

The energy of our spin system is taken as the 
sum of an internal energy (exchange forces, dipolar 
forces, &c) and a magnetic energy in the presence 
of the external field; 

. A internal + pe 


tf = Ss. Ma 


R 


BY ANTIFERROMAGNETS 


Ihe average magnetic moment at site R is: 


Spier! HE pL Sp } 
uCSR 


SpleP#] (14) 


B-1 — kpT. 

Let us vary independently by 6H, the field at 
each lattice site. We then get: 
7 dB, x 


0 


iiivugt > ¥ 
B - oy and 
R 


/ 


x [Sr°(0)SR"(+7hB1)>— 


— <Sp(0) Sp"(0) 


lsbHR 


where we have introduced the time-dependent 


operators 


O(t) = exp( +2tAH int/h)O exp(—itH int/h). 


y taking the Fourier transform of equation (15), 
we obtain the susceptibility tensor for wave vector 


R. 


* dB tk Rx 


[<S0°(0)Sp"(+7hB1)>—<S9°(0)> <SR(0)>]. (16) 


In the semi-classical approximation, above the 
ihB,) by S,(0) in 
equation (16). A rough estimate of the neglected 


Néel point, we replace S,( 


terms, for nearest-neighbour exchange interactions 


can be made by the method of moments as in 
reference (7). These terms are then at most of the 
of T.sS(S 


terms we retain. 


order 1)7 when compared to the 
r 


By this approximation, we get: 
x°(R) = 5.,x(R), 
where x(k) is given by equation (2). 
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Abstract— Compariso f attice constant and d 
t titutional position of oxygen in the silicon lattice rather than the 


Or wit ted crvst S oI l Ss 


I 


1 intensities of 15 infrared ab 
shift slightly toward higher f 


1106-cm 


e half-width of the 


Cambridge, 


October 


Massachusetts 
Mass iC huse tts 


1957) 


lensity of “‘pure’’ silicon crystals and of oxygen- 


1 orption bands for pure silicon 


+r 


equency at ~ 130°C, but no narrowing 


band decreases from 32 to 18 cm™, the 


y t+ 


the maximum shifts to 1120 cm fter heat-treatment at 1000°C 


] 


n pana 


integrated intensity is low 


aecre 


ses strongly, and three new weak maxima appear 
er by only 15 per cent. The above bands 


This indicates a segregation of SiO and the formation 


hig 


INTRODUCTION 


t silicon crystals grown in 


contaminated 


IT is well « 
fused-silica cru are to a high 


(~ 1] atoms cm*) by oxygen."-*) This is 


degree 
the melt and the crucible 
The 


ind depends on the growing 


caused by reaction of 


wall (Si—Si0 2SiO) distribution of 


oxygen is not uniform 
conditions 


i Oxvygen-contaminated crystals 


are predominantly of the p-type, with resistivity 
from a few 2 cm up to 300 2 cm, depending on 
the oxygen concentratio1 Another 


istic property of such crystals is the specific infra- 


character- 
red absorption wit! 8-10) and at 
19-4 , t ny ‘a third 
band ; ‘34 ha n ved."!*) Heat- 
7 ximum 
irom p-type 


1) Short 


treatme! 


effect at 


original 

periods at 

1000°¢ crystal and 

the 9-y absort n band‘ vithout ot 
OxVyvge! 

As we oxygen plays an imp¢ 


It has been assumed 


rtant role in the 


prop rtl 


her absorption tail above 1:2 y, 


indicating strong 


that oxygen takes interstitial positions in the silicon 
lattice,“>!*-15) but proof for this assumption is still 
lacking. In the present paper we give some results 
pure and oxygen-contaminated 
high- 


of our study ot 
silicon crystals obtained by means of 
precision measurements of the density, lattice con- 
stant, and infrared absorption 
2. EXPERIMENTAL 

(a) Lattice constant and de nsity 

In our previous investigation, using a Geiger- 
X-ray diffractometer, we obtained as the 
average lattice 
a 5 -43072 


? 


counter 
constant of nine silicon crystals 
0-00002 A at 25°C“ and, using 
hydrostatic weighing, the density d = 2-32902 

at 25°C."95) The density defect, 
hydrostatic der sity) (density) was 


0-00003 ¢ cm 


(X-ray density 
4-3 x 10-8, 1 
The above results were obtained on crystals 

ed silica and therefore contaminated 


grown in 1us 


by oxygen. If the assumption that oxygen is built 
llv into the silicon lattice is true, then 


icon should have an equal or slightly 


I 
1 
i 


tice constant and a somewhat lower 


density than that contaminated by oxygen. The 


measurements performed on silicon crystals with 


resistivity of 100002 cm, and grown by the 
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floating-zone techniquc, gave the following results: 
a = 5-43075 A; d= 2:32902 g/cm®. As we see, 
oxygen-free silicon has a slightly higher lattice 
constant than, and practically the same hydrostatic 
density as, oxygen-contaminated material. A con- 
centration of 10'* oxygen atoms/cm® in interstitial 
positions would cause an increase in density by one 
unit in the fifth decimal place, which is within the 
accuracy limit of our measurements by hydrostatic 
weighing. However, using a floating column with 
a thermal that 
contaminated silicon was lighter by a few units 
place than oxygen-free 


gradient, we found oxygen- 


in the sixth decimal 
material. 

The lattice contraction of oxygen-contaminated 
silicon is quite reasonable if oxygen is in sub- 
stitutional sites. The Si-O distance is 1°59 A, 
which is considerably less than the Si—Si distance 
(3-05 A) and therefore the lattice contracts. The 
contraction of the silicon lattice causes an increase 
of density, but since the atomic weight of oxygen is 
less than that of silicon, the influence is practically 
cancelled. From the lattice contraction, the com- 
puted concentration of oxygen is of the order of 
10'8/cm’, in agreement with chemical and optical 
determinations. 

The lattice constant of ‘“‘pure’’ silicon (da); 
5-43075 A) gives an X-ray density d, = 2-32897 
g/cm*. The density defect is now —21 10-6 or 
five times higher than in our previous publica- 
tion."°) This difference might be caused by un- 
certainty in the atomic weight of silicon, the present 
value of which is 28-0875 +0-0013.¢® 
(b) Infrared absorption 

Infrared absorption in silicon is caused by 
electrons (excitation or ionization of silicon or im- 
purities, or free charge carriers) or by lattice 
vibrations (intrinsic, impurity). Intrinsic electron 
absorption in silicon is at a wavelength shorter 
than 1-20 » (absorption edge). Electronic absorp- 
tion of impurities can be at much longer wave- 
lengths than intrinsic, but can be observed at low 
temperatures only.“*) Absorption of free charge 
carriers increases smoothly with A. ‘This absorption 
is negligible in our samples, because of their high 
Fundamental absorption of lattice 
infrared-inactive.“*) ‘The 


resistivity, 
vibrations should be 
existence of infrared absorption in the region of 


fundamental absorption is explained by lattice im- 


perfections which can break the selection rules 
valid for an ideal lattice.“ 

The infrared absorption of silicon has been in- 
vestigated by several authors. “2-2 About a dozen 
absorption bands have been found between 6 and 
35 yw. However, only oxygen-contaminated crystals 
were used, and the numerical values of intensities 
and frequencies are given for only a few bands. In 


| 


9c 


Absorption coefficient 


1550 1300 1050 #800 550 “300 


Wavenumber , cnt! 
Fic. 1. Infrared absorption of silicon single crystals: solid 
line, oxygen-free (grown by the floating-zone method); 
dashed line, additional bands of oxygen-contaminated 
(grown by the pulling method). 


Fig. 1 and Table 1 the data obtained with oxygen- 
free crystals grown by the floating-zone method are 
given. In Table 1 are listed also the tentative 
assignments according to SIMERAL.?!) Experi- 
mental and calculated values agree only roughly; 
there are several bands outside their assignment 
and a few calculated bands have not been observed. 

Our measurements at low temperature (—130°C) 
in the frequency range 800-1500 cm~! show a 
small shift of absorption maxima toward higher 
frequency by 10 cm~! at 800-1000 cm~!. The shift 
becomes smaller at higher frequencies. Simul- 
taneously the intensity of all bands becomes 


99 


smaller, in agreement with older measurements. ° 
No narrowing or evidence indicating additional 
bands has been observed. Oxygen-contaminated 
crystals grown in fused-silica crucibles show the 
same absorption as those grown by the floating- 
hat two ad- 


1105 


zone method (oxygen free), except 
and 


tn 
ditional bands appear (Fig. 1) at 515 
cm~!. The absorption of this last-mentioned band 
130°C 
Fig. 2. At still lower temperatures a splitting into 


three bands takes place.) Unlike other bands, the 
32 
IL 


at room temperature and at is shown in 


width of the 1105-cm~! band decreases from 


cm~! at room temperature to 18 cm~! at —130°C, 
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frequencies of the infrared absorption bands of ‘‘pure’’ silicon (1000 Q cm 
] 


} ] ; ~ , 
rrown by the floating-zone method 


5 


1)In[J)(1 —R)?/J] at room temperature 


Calculated 


Combinations 


the height increases by about one-third, and the 





shift toward higher frequencies is 15 cm—!. The 
high intensity and the strong influence of the tem- 
ate that the absorption 1s caused by a 

bration the volar bond. 
SiO is known only in the amorphous 
*) It has a broad absorption band“) at 
1000 cm~! with a half-width of 175 cm-!. Com- 
pared i the absorption band 1105 cm! in 
silicon, we have in amorphous SiO a shift of 105 


cm ard lower frequencies and a strong 





broaden ng We assume that in both cases (pure 
SiO and O in Si) we have a similar lattice vibra- 
tion. ‘The absorption broadening in pure S10 is 


caused by the influence of neighbors, whereas in 





silicon each Si-O is widely separated and the ab- 





sorption band is therefore sharper. 


(c) Influence of heat-treatment 


It is already known that heat-treatment (at 





OXYGEN IMPURITY 


~ 1000°C for 48 hr) reduces the 1105-cm~! 
band. *:!1) Our examination of this band after heat- 
treatment disclosed four broad bands at 1065, 


1110,* 1160, and 1230 cm“ (Fig. 3). The inte- 





Non-annealed 


Optical density 


Annealed 


Wavenumber, cm 


Fic. 3. The 9- band before and after the heat-treatment 
(48 hr at 1000°C), 


* This band coincides with that of pure silicon 
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grated absorption (fk dv) after heat-treatment is 
only 15 per cent less than before. The crystal 
density is not affected by the heat-treatment, but 
the lattice constant increases slightly 

The change of infrared absorption and lattice 
constant by the heat-treatment indicates that the 
oxygen undergoes chemical or physical change. 
Since the lattice constants of heat-treated and of 
pure silicon are practically equal, one can assume 
that oxygen segregates out from the silicon lattice, 
e.g., along dislocations. It is known that SiO de- 
composes into Si and SiO, at temperatures above 
600°C.) On the other hand, silicon may oxidize, 
forming partly amorphous SiO, and partly cristo- 
balite.°?) We can that heat- 
treatment produces SiO, similar to quartz or 
cristobalite. According to SAKSENA'*) and KRISH- 
NAN, ?°) quartz has the following absorption bands 


therefore assume 


in the region here of interest (1064, 1159, and 
1228 cm) which coincide quite well with the ob- 


served bands of heat-treated silicon. 











Absorption coefficient (cm 








Si grown by floating zone 
Si grown in SiOe crucible 
and treated at |000°C 


Si grown in SiOe crucible 











1-O Go. 
Wavelength in microns 


Fic. 4. Absorption tail at 1:2 u of (a) oxygen-contaminated silicon 
before the heat-treatment; (b) after heat-treatment; (c) oxygen- 


free silicon before the heat-treatment. 





A. SMAKULA and J. KALNAJS 


(d la lbsorpi 10n edge 


icient of silicon crystals grown in fused 


It has been shown by Katser‘®) that the absorp- 


tion coe! 
lls from 1 to less than 0-04 cm~! above 
absorption of oxygen-free silicon 

as steeply as expected. In Fig. 4 
ibsorption coefficient of oxygen-free and 
before and after 

higher absorption 

ij be caused by 

I the growing 

temperature gradient. An in- 
eat-treatment of 

1 agreement with 


iTreTy 
LPC il 


3. CONCLUSIONS 
the lattice constant and density of oxygen- 
ninated silicon are less than for pure silicon, 
imed that oxygen must be in substitutional 
rather than interstitial positions. The infrared ab- 
| by oxygen is in the neighborhood 
pure SiO. The half-width is however, 
irrower, indicating th he surround- 
oscillator. The ab- 
oxygen-contaminated and heat-treated 
at of SiO,. This confirms the 
nptions that oxygen or, more prob- 


monoxide segregates from the silicon 


o1lemens 

pure silicon crystals 

We also are in- 

JEDI IANDLI of the 

ytheon Manufacturing Com- 
ling method, for the 


i Giscussions 
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Abstract 


sidered. The transition is assumed to be specified 


reflected in refractive index fluctuations at 


scattering is of the “‘critical opalescence’’ type. 


Light scattering near second-order phase-transition 


which light is 


Che scattering near the « = 


and critical Curie points is con- 
by one parameter 7, the fluctuations of which are 
Near the the 


~ 3 transition in 


(Curie 


ae 
Scattered point 


juartz 1s 


most probably of this type; particular attention is devoted to this case. 


As one of the present authors has shown earlier) 
additional light scattering must be observed near 
second-order transition points and, particularly, 
near critical Curie points, this scattering being due 
to fluctuations in the transition parameter. A 
special kind of “critical opalescence” has been re- 
ported) near the «= 8 
dependently of GinzBurc’s work.”) The experi- 
mental results raise a number of problems and 


transition in quartz, in- 


demand the refinement and extension of the theory 
presented in reference (1) since only second-order 
transitions far from critical Curie points were 
considered there, and anisotropy was neglected; 
the situation as regards scattering above the 
transition point was also not clarified. We have 
now considered this topic in full detail as regards 
a phase transition characterized by one parameter 
n, as in quartz, for instance. Ferroelectrics, where 
the polarization vector components can be taken 
as parameters, have recently been considered,®) 
allowance also being made for anisotropy and for 
possible closeness to the critical Curie point. In 
this respect the present paper is close to the former 


‘ 


one (though there ‘“‘second-order scattering”’ is not 


considered, since it occurs only abov e the transition 

point). Moreover here the application to the «= f 

transition in quartz is particularly discussed 
This work will be published in full elsewhere, 


so certain aspects are dealt with in less detail here. 


PART 1 
The thermodynamic potential of unit volume of 


the medium near a phase transition point is:©) 


POLE 
b = Fotarn?+ ot 7§+(grad 7), (1) 
he ) 


it being assumed that the transition involves one 
parameter 7, and Fo, «, 8, y, and 6 are functions 
of temperature 7' and pressure p. 

The condition that 4 has an extremum with 


respect to 7, i.e. 6f/en = 0, is fulfilled if: 


2 Day 
07 0, n07 , 
Above the transition point (7'> 0), the equili- 
brium value of 7 must be zero, since we assume the 
phase of higher symmetry to be the high-tempera- 
() is to correspond to a minimum, 
2a > 0 


ture one. If no 
we must obviously have (€74/€7?),, — 9 
So when 7' > 0, « > 0. 

At the second-order transition point (7' 
no? = 0, but when 7'< @ the minimum 
correspond to no" 0. This will be 
- 0 at the transition point, so that 


6), 
must 
so if « Q, 
3 0, and 
in equation (2) we must take the positive sign, 1.¢ 


—B+V p2—2ay 


3elow the second-order point « 
(). A state 
to a critical Curie point (in the following the word 


with « () and B 0) corresponds 


“critical” is omitted) at which the second-order 


51 
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phase transition line on the p-7 diagram coincides 


with the first-order line. Far away from the Curie 


point, f is relatively large, so that 6 67° in equation 


(1) can be neglected and when 7 0G 


Equation (4) follows directly from equation (3) if 
32 2a is thus also correct near the Curie 
point, but directly 


transifl 


adjac ent to the 


at which « \s regards the 


tion (1), it 1s, of course, 
uniform throughout space, a d above 


Hence m 


have: 


from equations (1) and (3), at 7 


1 
In the case 


Cure 
‘ 


iS correct 


point, 
transition, becoming 


transition point itself we m 


4(0): hence from (3) we have 


4%(6@) 


Equation (7) implies that both « and 
than 


point in a first-order transition; at the 


are greater 


zero both above and below the transition 


Same time 


3 0. The closeness to the Curie point 1s related 


to the smallness of «(@) and f(@) 
The parameter 7 
1 


value no due to thermal agitation, which leads, in 


fluctuates about its mean 
particular, to the additional scattering with which 
we are concerned here, since the fluctuations in 7 


Let the 


1 p| . 
refractive-index fluctuations 


fluctuations in Y be Ar Tor a non- 
equilibrium state, accurate to quadratic terms, we 


have 


and A. P 


LEVANYUK 


(Ay 2 


A( not Ar ) do+do +6(grad An). (8) 


If the grad term can be neglected, the mean value 
of some function f( An) in a volume element AV is 


x 


do Al ar 


VN 2nkT . 


—do AV 


f (An) (2 dt. (9) 
2kT 


f(C) exp 
He nce 


T 


(An)? 3| AP 


E (10) 


Since do () at the second-order transition point 
itself (see equation (5) above), it is clear that the 
fluctuations become much larger as the transition 
temperature is approached.* If allowance is made 
for the grad term in equation (8), the fluctuations 
remain finite also at the transition point itself. 
PART 2 

As parameter or parameters 7; we may take any 

quantities of direct physical significance. As the 


I 
Hel = Hell 


meter, we can put 7° Os, ps being the density of 


transition is described by one para- 


the superfluid part of the liquid. With ferroelectrics 
components of the spontaneous polarization can 


be taken as the parameter 7;. The « = f transition 


in quartz at 573°C involves only a single parameter, 
as can be shown from general theory.) ‘The same 
is clear from a consideration of the «- and /-quartz 
lattices, and for 7 we must take a quantity pro- 
portional to the deviation from the equilibrium 
(mean) position of some appropriately chosen atom 
in the lattice (the two signs for the displacement 
correspond to twins). This topic will not be con- 
sidered in detail here, since it is of no importance 
to what follows. (The important point is that the 
transition is described by one parameter.) 

The in, for in- 


stance, quartz indicates that regions of a-phase 


occurrence of fluctuations in 7 


* It will be noted at 1 id the paper that the 


I 


of the calculation f n)* is doubtful, and we 


sladitx 


therefore here primarily in mind the main term 


(Ar 
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symmetry appear and disappear above the « = 6 
transition point. Conversely, at 7 < 6, regions 
with 7 differing from yo appear and disappear in 
the «-phase. But the tensors for the dielectric 
constants «j; in the two phases differ, so that 
fluctuations in 7 are related to those in e;;, which 
produce light scattering (about the analogous 
sound or neutron-scattering effects see reference 
(1)). 

Let us first assume for simplicity that the scatter- 
ing medium is optically isotropic in both equili- 
brium and non-equilibrium states. Then ej; 
€0ik nd;;, where 7 is the refractive index for the 
light frequency w = 27c/ Ap (where Apo is the wave- 
length im vacuo). Further, the fluctuations Ae;; also 
take the form Agjz, = Acedj, = 2nAnd;z, so we 
must have 


Ae = a(An?—An?) a[n?—7o2—(An)?] 
a 2noAn+(An)?—(An)?} = (Ae) +(Ae)2 


(11) 
(Ae); Z2anoAn, 


where we have allowed for the condition A» 0. 
In fact the difference «2—«, between the equili- 
brium e values below and above the transition point 
cannot change sign on reversing the sign of 7, i.e. 
the difference is an even function of 7. So for small 
values of yo, as near a transition point, «2—«) 
ano". For the fluctuation changes in « we thus 
arrive at equation (11); in this equation a may thus 
be determined from experimental data on the 
temperature variations in e2—e, and 79". Equation 
(11), of course, allows only for the fluctuations in 
e related to fluctuations in 7. In fact if the medium 


is completely isotropic: 


AT+ 


n 


ae+(S) 


T 


“\ (Aq?—AeP), 
On"! pT 


(12) 


where (Ce/C7* 
(11). The first two terms in equation (12) amount 


\o,¢ corresponds to a in equation 


to scattering at density and temperature fluctua- 
tions, the second usually being extremely small. It 
can scarcely be doubted that this is also so in phase 
transitions, in quartz in particular. As regards the 
appreciable temperature variation in ¢€ near the 
transition point in quartz,®) it is related to changes 
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in 7, 1.e€. it is accounted for by the last term in 
equation (12). To determine (0«/0T), , we should 
have to measure e for a “‘frozen”’ crystal where the 
lattice, and hence 7, did not change. 

Taking into account anisotropy, we have, for 


quartz 


ej; aix{2nAn+(An)2—(An)?], (13) 


since there can be no terms proportional to An at 
T > 6. (The situation may be different in ferro- 
electrics and in the other cases when there are 
several parameters 7; see reference (3).) 


PART 3 

We will proceed to the calculation of the light- 
scattering from the fluctuations as of equation 
(11). 

The scattered light intensity due to the fluctua- 
tions (Ae); is readily calculable on the elementary 
way,) since the intensity is proportional to 
(Ac)i? = 4a?no*kT do’’AV (see equations (10) and 
(11)). Corresponding intensity referred to unit 
solid angle and unit incident intensity 

Vi /(21\4 4a29?kT 
do’ 
kT sin? fs 


(14) 


V (B2—2xy) 


[(T) 


sin? y = 
(27)? Ag 


V (20 
aoe 


where V is the volume of the scattering region and 
us is the angle between the electric vector of the 
incident wave and the direction of observation 
For second-order phase transitions far removed 
from the Curie point, when equation (4) is valid, 
equation (14) transforms to an expression given 


previously :) 
V (22\4a?kT sin? & 


aaah Bo (7) 


B(@) = 
ordinary second-order transition point the varia- 


where we assume /(7) fe, since near an 
tion of 8 with temperature can be neglected. 
-0 (also 


yx, = () at the point itself, as at second-order transi- 


As the Curie point is approached, Be» 


tion points). Hence from equation (14) 1; > oo at 
the Curie point, i.e. “critical opalescence”’ occurs. 
The actual scattered intensity is, of course, finite, 
as allowance for the grad term in equation (8) 
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4 


would show. If we neglect this term, J; becomes 


T > 8, 


0, since no9*(7 @) 


as (14) implies, be- 
0. When 


term is not neglected, J; varies smoothly 


Zero stepwis¢ when 
cause 1;(T U) 
+} : 1 


the grad 


h temperature. The grad term must also be re- 


omputing the “‘second-order”’ scattering 
ich occurs also above the transition point and 


al( Aa )2 


fact from equation (10) (Ae): 


is due to the component (A. (An)*] in 
equation (11). In 
2a*|(k7 \l’)*] and so 


giving equation (14), we get 


if we use the calculation 
an expression cCon- 


the unknown small volume AV in the 


This means that small volumes in which the 


gradients in Ay cannot be neglected are important, 


} 


i.e. fluctuations in adjacent volumes cannot be 


considered as independent. This is important in 
determining the scattered light intensity above the 
second-order scattering 


transition point and the 


below the point, and also for revising equation (14) 
For all these purposes we must use another method 
of calculation 

Let us now compute the scattered light intensity 
by expanding Ae in a Fourier series, as EINSTEIN 
did in 


nhuctuations 


We expand Je« as 


deriving the intensity scattered by density 


Ae S Aepet® 1", Ae_y Ae,x*, 


where y is the scattering angle (angle between the 


k 


incident and scattered rays) and n = 4/« 


When the anisotropy is allowed for: 


N92 
x 
1 COS“ 0] COS“ 09 


x > Acitae, l Pe - 
k 


=] 


i 
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where m, and me are the refractive indices for the 
incident and scattered normal rays, specified by 
the wave-vectors k; and ko, the unit electric field 
vectors e{) and e®) and the angles 6; and de 
between the electric field and the electric induction 
in these waves. The total scattered intensity per 
unit incident intensity and unit solid angle is the 
sum of the expressions (18) for both normal scat- 
tered waves (the incident wave is considered nor- 
mal, the generalization to an arbitrary incident 
wave being obvious). The factor g/m cos*6; cos?d2 
in equation (18), which allows for the optical aniso- 
tropy‘’-®) differs from unity by only 1-2 per cent 
in quartz. So, bearing in mind also equation (11) 
and (13), allowance for the anisotropy amounts 
practically (for quartz) to just replacing a? sin? by 

The anisotropy of quartz is small 


and is largely unknown in the « = § transition 
region. We shall therefore restrict cOnsideration to 
the isotropic case, which is probably sufficient, if 
the intensity and not the polarization of the scat- 
tered light is all that we are interested in. 

Let us expand Ay in series: 


An = = Ageth-r, Ap = Ay*. 


(19) 
Then from equations (11) and (16) we have 


Meg a(2noAgt+ = ApAg k): (20) 


/ 


Further, incorporating (7): 


[ [4(m0+A)—$(0)] aV 


r 


+ be +k} A,|?V 


‘is 
: +85k2)(At +45 \V 


2,k 


A, »+1A2, and the summation in 


the second sum (dashed) is carried over a half- 


where A, 


space of k values (the undashed sum is carried 
over the whole space of k). Aj, and Ag, are clearly 
(from equation (21)) statistically independent and, 
using a formula of equation (9) type, we get 


kT 


Ay? i 
(do +252) F 


Ay y|?+|A2e|? (22) 
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whence 








|Aeg|? = |Aeg|1?-+|Aeg|2?: 
|A | 9 4 9 9 kT 

€ i: a“no~ Wee — ne = om 

, ($0"" +28q°)I 

. (RI 
|Aeg|2” : 2a°| 3 x 

: 1 
x 7 be a bs i a BG ae ~ neg ———— me . 

y a (do + 25k?)[do +26(k—q)?] 

Let us first consider the first part of the scatter- 
ing, arising from the term |Aeg|i?, which differs 
from zero only when T < 6. Using equations (17) 
and (23), with (3) and (5) we get 


(4n)2 i 
a’ PRT 08 


I(T) 


V es 


V (B?—2xy) 
wiieieass 2[-V (B?—2ay)—B] 

This transforms to equation (14) when 6 = 0. 
The intensity remains finite at the Curie point 
when the term in 4 is retained (x = 8 = 0). More- 
over equation (24) shows that at the transition 
point (and the Curie point in particular) /;(6) = 0. 
But f(T) has a sharp maximum somewhat below 
the Curie point. 

The quantities «, 8 and y, which appear in the 
expression for the intensity, can in principle be 
determined by measuring the specific heat and 
no” near the transition point. The coefficient a in 
equation (11) is also defined if the variation of « 
with 7’ is known. We will now perform some cal- 
culations of this type. 

For a second-order transition the 
change of specific heat, per unit volume, is: 


stepwise 


@ 
AC 44). 
a, ) 


Hence and from equation (4) it follows that 


Ano* 


Po = Te (0—T)’ 
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further, 


€2—€] 2nAn 


9 9 
70" n0~ 


where Ax is the change in refractive index (between 
the m at the transition point (no? = 0) and at the 
point with the given value of 72). So at T ~ 6 
equation (14) can be put in the form: 


4 Fm ‘(An)?k6? sin2 yp 
(4n)2\%9/ AC(O—T 


I, a ») 
For an isotropic body the scattered light intensity 
due to density fluctuations is given by EINSTEIN’s 
formula: 
I(T) ie 2 (r=) brkT sin?y, (27) 

(4m)2 Xo T 
with « = n?, p the density, and bp, = 1/p(@p/ép)m 
(the isothermal compressibility) all being taken at 
temperature 7°. 

Equations (26) and (27) give a relation previously 
obtained :9) 


[,(8) 4n*(An): se _ 


AC(6— T)(p- pe 
Op 


Loa) ‘) bp 
 y 


a*(x9 )°0(9/ To) 
sc (e~) i 


(28) 


To being the temperature at which the scattering 
at density fluctuations is measured and Ae = 2nAn 

an? = au’ (O—T). 

The discussion (see ref. 4 for more detail) 
clearly shows that equations (26) and (28) are 
correct near the Curie point, except right at the 
point itself, where the grad term is important, i.e. 
we cannot put 6 = 0. 

For a first-order transition equation (6) shows 
that fairly near T = 0, 8? —2xy = 36. Hence equa- 
tion (14), which is also applicable to first-order 
transitions, gives [;()(@) = 2/,(6), the super- 
scripts referring to the transition orders, fg, a, 
and the other parameters assumed to be the same 
for both. 

In quartz the « = f transition is near the Curie 
point and is probably a second-order transition. 9) 
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where 7 alters appreciably over distances com- 


parable with d, the interatomic spacing. + 


1 law is 


In light-scattering experiments, the Ag 


approximately obeyed even in the transition region, 
nsid term in 6 in equation Hence 

if this term is dominant J; ~ Ag~°, SmwAl TCO wasbd® (30) 
We therefore use equation (28) 

since for a normal second-order transition 


a(T <6) ~ a9'8. Equation (24) then shows that 
the term in 6 is important if 
og- O(d *q) 


a 


24, (0—T) 2(0—T) 
~ (10-4 1Q-6 
6—T 


510-5 cm, and 


since for the visible region Ago ~ < 
d ~ 10-7-10-8 cm. As @ = 107-108 equation (31) 
is fulfilled only for AT 6-T. ~ 01°C and 
perhaps only for AT, ~ 10°-4°C. So equation (24) 
would imply that /;(7) falls to zero at T = 6 over a 


- Py ] 5 oh, ’ 
ne and Io range A7 6—T, ~ 10-1—10-*°C. When 


1 intensity due to the | Ac 


intensity due to density a = oe 
oe “2 @—T > AT., I(T) is roughly constant for a nor- 


) 
(20 C) is chosen because on 


‘4107 is 


about 


mal second-order transition (see equation (15); we 


refer, of course, only to regions fairly close to the 
transition point). Near the Curie point /;(7)) rises 
(Z is the : , = 

: as @ is approached, while 6—7 AT.., because « 
only approxi- 1p 
ae and £ are falling 
calculated from equation 


neglected the anisotropy PART 4 


We now calculate the second part of the scatter- 
ing, due to the Aeg 2? fluctuations, i.e. in a final 
reckoning the (Ay)? term in equation (11). Sub- 


stituting from equation (23) into (17), we have: 

V = } 
azkTS sin? Ws, 
(47r)*' 


OF ovel 


ccurs. But this quantity does not 
the thermodynamk 
from light 
Near the - ; 
se : 0 k2 sin 6 dé dk 
(32) 


medium to be stable 4+ 26k do’ + 26(k?+ g?—2kg cos @)] 


iil 


ar from the F 
where we have transferred from summation to 


term In equation 
the 


integration number of states being 


nder conditions 
| k2dkdQ ; 
dZ , aQ 27 sin @ dé, 


Sar? 


Coefficient 6 is known exactly only for liquid helium 
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6 being the angle between k and q) and k,,, ~ 2x/d 
is the maximum k (d being the lattice constanf or 
mean interatomic distance). Integrating with re- 
spect to # in equation (32) and introducing the 


variables x = \/6 k and y = 4/6 q, we have: 


Vokm 
l ; v 
» , x 
167r°07q e (do 2+ x) 
0 
do” 2+(x«+y)? 
x In: dx 
po" /2+(x—y)? 
l q 
tan~! .' 
877d7q 2, (do 25) 
where the integral is chosen by differentiation with 
respect to y and the upper limit 4/6 &,,, is replaced 
by ©, since the value of the integral is determined 
by x ~ 4/(d2"/2+y?). At the transition point 


do (8) 0 and 


S(0) , , 12(8) 
166° 
27\4 a*(kO)2 sin? os 
x | 
Ao 160°q 
Ip falls on moving away from this point and thus 
has a maximum at the transition point. The laws 
followed by Jo 6 and 7 > 6 are different, since 
do (T > 0) = 2u do (T < 0) 4(2a 

Bo), or for a normal second-order transition 
do (T < @) 4a. 

The maximum in J(7) is extremely sharp; it 
may readily be shown“) that the intensity, relative 


and 


to the maximum value, is 


9V/ 0 G / @ 
: —d:q~10° a 
TV bo"'/2 aN |0—7 N |0—7 
> Od?q? ~ 310-56, assuming d ~ 
and g~2x10°cm™!. If 6 ~ 10° 
~ ()-1°C this factor is about 0-1 and 


when |@—T' 

~ 3x10-8 

and |@—T 

therefore /o(7') is some hundredths of a °C wide. 
To estimate the maximum value of Jo, we form 

the ratio (see equation (14) above) 

ROB » 


12(@) 


[,(6) 1682q_ 
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;’ ~— 0 ait 
Since 6 ~ a @d? and AC — (%9')®, we get 
Ye 


k 
~ 10 ws 102, (36) 
16ACq d4 
where AC is taken as 4 
quartz) g ~ 47/Ag ~ 2 10° and d ~ 10-7—10-8 
10-16). 


equation 


[(0)/1(@) ~ 
107 (see data above for 
cm (in c.g.s. units k = 1-38 


The (36) is 
primarily due to the fact that d, the “radius of 


large uncertainty in 
molecular interaction’’, is unknown, and enters 
in the denominator to the fourth power. The value 
d ~ 10-8 is probably much too low; at d ~ 10-7 
cm [o/h ~ 10 
lower. 

In quartz, since the « = § transition is near the 
Curie point, (7) may vary rapidly with 7; so it 


2, and this quantity may be still 


is quite possible that J; is observed experimentally, 
as was assumed in Part 3. The above calculations 
confirm this assumption, but as they are somewhat 
inaccurate the role of Jz in quartz still cannot be 
established. In a normal second-order transition 
(far from a critical point) /; and J vary differently 
with T (1, 


maximum at 7'= 86). 


const. for 7’< @; Js has a sharp 
Moreover, apart from the 
immediate region of a critical point, J; ~ Ag~4 
everywhere apart from the narrow temperature 
range where J;(7’) falls to zero. Conversely, the 
maximum J Ag (see equations (32) and (34)); if 
a temperature gradient exists when observations 
are made,?) [/9d7 enters, which is proportional to 
Ao (integrating equation (33) with respect to 7 
gives this result). 

We must in conclusion make one important 
reservation, however, The calculation of J; is not 
in doubt, since it depends only on (An)*, but J2 is 
determined by (Ay)*, which is of a higher order 
and cannot, in general, be computed from equa- 
tion (9). This is because we can use only quadratic 
expressions in the exponent there, as we have done 
(fourth-power terms cannot be incorporated in the 
exponent). But (An)4 is determined by short-range 
fluctuations, where fourth-power terms may be 
large. The situation in our case is in fact different, 
because we have in essence computed not (wy) but 
only Ande q)” (see equations (20) and (23)) 


Hence the integral S in equation (32) converges 
and is determined by distances of the order of 1/9 ~ 


Ao! 47 d ~ 10-* cm. Hence the results obtained 
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are intelligible, and in particular show the correct 


dependence on V. But without a special study of 


this aspect 


quantity Jo(7) is not clear, particularly if we allow 


the precise accuracy of the computed 


for the approximate character of equation (1).©) 


his latter cannot be made more pre- 


use there is at present no theory of phase 


more highly developed than that used. 
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Abstract 


Increases in the resistivity of platinum wires due to quenching have been measured, 


and the activation energy for the formation of vacancies is found to be 1:23 eV. The concentration 


of vacancies at the melting point is 10~-*-10-°. 


Annealing is interpreted as due to migration of single vacancies, the activation energy being 
1:42 eV. The number of jumps made by the defects during annealing is 107—10°. 


INTRODUCTION 

MEASUREMENTS of the changes in resistivity of 
metal specimens due to quenching, and as func- 
tions of quenching temperature, and studies of 
the annealing rates of extra resistivity are known to 
be valuable sources of information about the mech- 
anism of production of single lattice vacancies and 
their kinetics. Experiments along these lines have 
been extensively carried out in recent years. 

The equilibrium concentration of vacant lattice 
sites in metals is dependent upon the absolute 
temperature, 7, in accordance with the formula: 


n A exp| _ _ 


where A is the entropy factor and Fy is the activa- 
tion energy for the formation of vacancies. 

The change in resistivity of a quenched speci- 
men is usually taken as an index of the equilibrium 
concentration of vacancies at the temperature at 
which quenching has taken place. 

The basic hypothesis in quenching experiments 
is that the equilibrium concentration of vacancies 
at a given temperature may be inferred from typical 
non-equilibrium measurements. This can be done 
if the quenching rates are high enough to freeze in 
all the vacancies present under conditions of 
thermal equilibrium at the high temperature and 
to prevent their clustering at lower temperatures. 

Moreover, it is important that thermal and 
mechanical stresses should be absent, so that re- 


sistivity changes can be attributed solely to the 
production of vacancies. 

Direct 
thermal equilibrium would no doubt be more con- 
vincing, but quenching experiments are so much 
simpler to carry out that it is worth while attempt- 
ing to extract from them as much reliable in- 


measurements under conditions of 


formation as possible. 

As far as we know, the most extensive work on 
pure metals has been done so far with gold“~* and 
platinum,'":°) because they are available in a high 
degree of purity and because of their chemical and 
physical properties. Though stress phenomena 
and inadequate quenching rates are probably re- 
sponsible for discrepancies among the earliest 
published results, recent experiments with gold 
appear to show an encouraging agreement and are 
not at variance with the known value of the self- 
diffusion coefficient of gold.‘ 

No such extensive work has been carried out 
with platinum, and therefore it seemed worth 
while to make some new measurements of the 
quenching and annealing of vacancies in platinum. 
Care was taken to ensure good reproducibility and 
to vary as widely as possible the experimental 
parameters (size of specimen, quenching rates, and 


quenching media). 


EXPERIMENTAL METHOD 
(a) Features of specimens used 
The diameters of the platinum wires were 0-10, 
0-07, and 0-04 mm; the specimens were 6:3 cm 
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s 99-999 per cent pure, the im- uniform in temperature Full agreement was found 
. checked by means of an between the results of the two methods for the 


performed with thermal neutron same values of current The colder extremities of 


larger diameter were not the wires were expected to contribute to a limited 


temperature 
n electric lly heated 


10 cm 


for some 
vertheless the results 
comparatively 


per cent), and 


ited wire plotted against the 


alues of Ap 

al values 

the production and 

were influenced only in a 
pproximatio! Lis correction being 


yund experimentally more convenient 


uenching experi- 


to quenching 
it de scribed 
in resis- 
sample 


cm could 


las holder 

¢ measurements could be 
ater. Resistivity measurements were 

carried out either in liquid nitrogen or in water or 


in air at a fixed temperature, as discussed later. 
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Care was taken to avoid thermal e.m.f.’s; to this 
end the measuring circuit was made of pure 
platinum wires and contacts. 

After a preliminary annealing of both wires, the 
specimens underwent a cycle of quenching from 
high temperature (electrical heating) and anneal- 
ing at about 700°C for about 1 min; up to 30 cycles 


could be carried out with any pair of wires. 


(d) Quenching rates 


In order to vary the quenching rates as widely as 


possible, measurements were carried out either by 


switching off the heating and allowing wires to 
cool down naturally in still air or by plunging the 
heated wires into water and disconnecting the 
heating afterwards. Cooling times were measured 
oscillographically and are given in Table 1. They 
are approximately independent of the initial tem- 
perature. 
Table 1. Cooling times for platinum wires cooled in 
air and in water 


Wire diameter (mm) $air*(m sec) ater "(m sec) 
~ 100 
~ 400 


~ 750 


0-04 
0-07 
0-10 


* Quoted values of 0 denote the time interval needed 
for the wire to cool until its temperature exceeds room 
temperature by less than 5 per cent of the initial differ- 
ence of temperature 


RESULTS 

(a) Quenching 

Quenching measurements were performed by 
the method described above in the temperature 
interval 850—1600°C. A typical curve giving the 
resistivity change Ap as a function of 1/7'is shown 
in Fig. 2. We shall summarize here the results 
which have been obtained with different wires. 

No values for the energy of vacancy formation 
Er could be deduced with 0-10-mm-diameter 
wires and quenching in air (8 ~ 0-75 sec) because 
the curve giving log Ap shows a definite curvature 
for any value of T greater than 1000°C. At higher 
quenching temperatures Ap approaches a satura- 
tion value and is about 2-710-8 Qcm at the 
melting point of platinum. 
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The same values of Ap were found on quench- 
ing wires 0-10 mm in diameter at low temperatures 
in water (9 ~ 3x10-? sec). Moreover the curve 


shows a clear exponential behaviour over the whole 


e7 


10 

















8-0 


2. Typical quenching curve for 0:10-mm wire, 
quenched in water 
range of temperature 
Ep = 1-19 eV. At the 
1-28 «10-7 Q cm 


The difference between the results obtained by 


investigated and gives 


melting point, Ap 


quenching in air and in water is greatly reduced 
with wires 0:07 mm in diameter. The curve ob- 
tained by quenching in air also shows a quasi- 
exponential behaviour. From water-quenching we 
get Ep 1-23 eV and Ap 1-20 x 10-7 Q cm at 
the melting point. 

The curve obtained with 0-04 mm wires and air- 
quenching is also exponential and gives Ep 1-26 
eV; Ap = 1:24 10-* © cm at the melting point. 
No systematic quenchings in water were carried 
out with these wires, because it was found that 
permanent changes in resistivity could be induced 
simply by immersion of unheated wires in water. 
The exponential shape of the curve obtained by 
air-quenching and the fact that the results agree 
with those with thicker water- 
quenched show, however, that a quenching rate of 


found wires 
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. 


ient for freezing in practically The law of annealing was assumed to be: 
luced at high temperatures. The 

ove are not dependent upon —CN exp| ee 
h the wires were immersed 

| of Ap due to 


trogen, water, 


Ey 


er) 


where N is the concentration of vacancies, which is 
assumed to be proportional to the extra resistivity, 
t is the time, C is a constant, and P is the order of 


the reaction. After integration we get: 


Eu 
kT 


, 


V,, being the in 1 concentration of vacancies 


Ctexp(- 


uench- 
they 
iT 


S in resis- 


’ ] 
epresented 


ler the time interval 7 in which half 


to quenching is annealed out, we 


to an ex- 
and the 

1-42 e\ 
out that neither relaxation 
upon the quenching 


tempt » whl in hy measurements Was 





ACTIVATION ENERGIES FOR PRODUCTION OF VACANCIES IN PLATINUM 63 


varied between 1150 and 1400°C. All the annealing 
curves are fairly closely similar, i.e. if the percent- 
age of annealed resistivity is plotted against the 


10° 

















20. 125 130 135 140 145 
/T 10%, °K" 


Fic. 4. Determination of migration energy for vacancies 


dimensionless factor ¢/7, a unique curve is found 
with a moderate scatter of experimental points; y 
proves to be = 1-2. 
Annealing curves are practically exponential for 
3; it was noticed however that slower and 
non-exponential annealing rates were possible for 
0) t/t 
preting this effect was made. The curves where 
tit J 


()-2, but no serious attempt at inter- 
exponential for 0-2 


DISCUSSION 

As far as quenching measurements are con- 
cerned, conclusive experimental evidence was ob- 
tained that quenching times of about 10~! sec are 
small enough to freeze in practically all the vac- 
ancies created even at temperatures near the melt- 
ing point. This can be seen by comparing Fig. 5, 
where results of air-cooling wires of different dia- 
meters are given, with Fig. 2, which shows a 
quenching curve in water. If @ is lowered to 
3 x 10-? sec, the curves gradually assume the shape 


exemplified in Fig. 2. 


No phenomenon which can be attributed to high 
concentrations of divacancies or even to more com- 
plicated clusters of defects has been observed; 
these could have been formed only during the 
cooling process, because theoretical considerations 
indicate that such complexes are not stable at high 
temperatures. The quenching processes actually 
observed seem to be characterized by a singlk 
activation energy, and no effect of quenching tem- 


perature is evident on the activation energy of the 


annealing process. ‘This agrees with the results of 


BRADSHAW and PEarson, “:>) while recent measure- 
ments of BAUERLI 


annealing phenomena take place in gold. The pre- 


') show that more complicated 


sent value of Ep agrees well with that found by 
LAZAREV and OvCHARENKO®?) and does not con- 
flict with the result obtained by BrapsHAw and 
PEARSON. However, the measurements described 
here give a value of Ap at the melting point which 
is noticeably less than that found by the authors 
mentioned above; consequently also the pre- 

















Fic. 5. Influence of quenching rates upon the shape of 


quenching curves for air-cooling 


exponential factor A is smaller in comparison with 


the analogous value given by BrapDsHAW and 


PEARSON. However A is subject to great uncer- 


tainty, being critically dependent upon the 


assumed value of Fp. 
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tions concerning the influence of vacan- 


ity of platinum are not avail- 


tt 
ul 


le experimental evidence is rather 
refore difficult to draw any con- 


ot 


yt tempera- 


concentration 
function < 
however, a reason- 

le if acceptable orders of 
1 for the entropy factor 
atomic per cent 
1 per 

iS been calcul- 
recently mea- 
ation energy 


Corre spond 


Ing 


Differ- 
the 


PEARSON 
1SO- 


ute values 


to be shorter 
PEARSON. We 


defects 


than one 
clusters of 

important ‘his observa- 
curves 
(In parti- 


re plotted in Fig. 4, 


are 


le time 


which a 


: : , . 1 1 
nas been deduced, have been ob- 
] 


ial regions of the anneal- 


’e interesting to compare the predicted 


vation energy of self-diffusion in 


GERMAGNOLI 


) 


20ss 


and A. MANARA 


platinum according to BRADSHAW and PEARSON 
(~ 2:5 eV), LAzAREV and OVCHARENKO (~ 2:3 eV) 
and the present work (~ 2-6eV) with experi- 


mental results, though this comparison would not 


be really decisive owing to the small differences 


between the 


Ac 


fessor F 


quoted values 


The Pro- 


Fumt! for having suggested the subject of this 


knowledgement authors indebted to 


G 


are 


research and for his continuous interest and advice. 
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Abstract 


that the electron density is spherically symmetric about each site and given in analyti 


The calculation of the lattice sums of coulomb crystal potential is discussed. It i 


is assumed 


form. It is 


shown that the total charge density at each site must be split into two parts in order to make the cal- 


culation. One part gives rise to an infinite average value of crystal potential and must be compen- 


sated. The other gives rise to a finite average potential and may (Ewald convention) or may not 


(Frenkel-Bethe convention) be compensated; a choice cannot at present be made between the two 


alternatives. It is shown that an identity exists which relates the lattice sums of potential for general 


densities to the Ewald sums, and hence permits simplification of the numerical calculations. The 


generalization to more complex densities is indicated. 


: 1. INTRODUCTION 

ELECTRON densities have recently been precisely 
determined in analytic form in a number of 
materials, ionic and non-ionic, and active X-ray 
work is in progress on many more." Although the 
calculation of crystal potentials from known den- 
sities has been discussed in the literature,* it is not 
a trivial matter either in principle or in practice, 
and several aspects of the calculation require 
particular attention. The new points emphasized 
here are: (1) the manner of using the assumed 
known general electron density to calculate crystal 


potentials in either ionic or non-ionic crystals; (2) 


the ambiguity of the choice of the average 
potential; and (3) the manner in which the already 
tabulated Ewald potentials can be used to simplify 
the calculation of the necessary lattice sums of 


potential. 


2. NOTATION 
primitive vectors in crystal space. 


@1, 42, 43 
Fourier 


bi, 52, bs 
space. 
n,Q, 


primitive vectors in (reciprocal) 


NoA,+n3,a, (n; integers) lattice vector in 


crystal space. 
h,b, +-heb, 
Fourier space. 
xa,+ya,+2a, general vector in crystal space. 


integers) lattice vector in 


hsb, (h; 


T. 


* For the case of the single Gaussian, see BIRMAN et 
al.) 


E 


H £b,+7b,+b, general vector in Fourier space. 


re = kyQ,+ kody kz 
volume of the primitive cell in crystal space 


base vector in crystal space. 

Va 

R(r) 

P(N) 
R(r). 

v(r) potential at the field point r of a specified density 

@() Fourier transform of v(r). 

=’, sum lattice vectors in 
except 5, 0. 


x, sum over all lattice vectors in crystal space. 


aig, 


a charge density centered at the origin 
[R(r) exp —(271N) - r) dr/vg Fourier transform of 


over all Fourier space, 


3. CRYSTAL CHARGE DENSITY 
In what follows it will be assumed that the total 
charge density centered at a lattice site in a simple 
cubic lattice is 


R(r) gcd(r) —GoRo(r) ( l ) 


where the first term represents the nuclear charge 


density and the second the spherically symmetric 
electron density. The normalization is 


dr 
e | Ro(r) 


so that the net charge at the site is 
de— 40 


The density Ro(r) will be taken at present to be a 
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Slater-like* or Hermite-like 


al 


exp—( 


The [c- 


spherically 


al number 
sym- 
le term of the latter type 
liscussion and 
later 
meaningless 


ition (1) in 


NEUTRAL CHARGE COM- 


PLEXES 


(11) 


the experi- 


in accord with the FRENKEL—BETHE convention.+ 
On the other hand, the sum %)(r; «) which arises 
in the classical EwaLp theory) may be written in 
our notation as 


(12) 


1. Hence 


lf)(r: &) d'(r)— d'(r) 
0) and g, 


average potential in the 


with Ro given by (5) (p 
EWALD taken the 

neutral ‘“‘Gaussian’”’ lattice equal to zero. It must be 
emphasized that by simply writing (10) for the 
potential of a lattice composed of neutral com- 
plexes a choice of average potential has a priori 


has 


been made 
At the present time a decision cannot be made 


between the two conventions, but one must await 


a rigorous theory of the potential in a bounded 
level of 


i theory a 


crystal. In such reference 


potential (zero at infinity, outside the crystal) can 


This is not true when the crystal is con- 


be defined , 
Hence in calculations of 


sidered to fill all space 
used should 


the 


the crystal potential the convention 


1 
] 


always be explicitly stated 


5. POTENTIAL OF THE ‘“‘SUNBALANCED CHARGE” 
COMPLEXES 

is the Fourier transform§ of (7) then 

the potential of this single density is 


D(n) 
' , * J >) 
exp+(277y‘r)dy (13) 


1 


), the potential is 


(bp) 
exp-+ (271b;, ‘T) 
a b, 


(14) 


meaningless infinite average 


of densities (7). In « fect this 


attic¢ 


rimposes a constant compensating density 
he lattice of densities (7), making it, 
tice composed of neutralized complexes, 


age potential (EWALD convention) 


int the 
the 


RENKEL—BETHE convention’’ is meé 
the calculation of 
following FRENKEI 


mmon procedure in electron- 
EWALD for the 


NIJBOER and DI 





CALCULATION OF COULOMB CRYSTAL POTENTIALS 


6. THE TOTAL CRYSTAL POTENTIAL 

For a simple lattice composed of neutral com- 
plexes at each site, the total potential is given either 
by (10) and the average value by (11), or by a sum 
corresponding to (12), in which case the average is 
zero. 

For an ionic crystal, which must have a base, the 
total coulomb potential is given by 


¢(r) Pa [end 1 (r— re) + Gek p'2 (r—r; )] (15) 


where 2; and q,;, respectively are the net and core 
charges appropriate to the base site r,,. Clearly, the 
burden of the numerical work of computing crystal 
potentials is the calculation of the lattice sums 
}1)(r) and J®(r) fer a given density, (4) or (5), 
with specified parameters. In the following section 
it will be shown how this work may be simplified. 
To obtain expressio is for the exciting potential and 
self-potential, the contribution of one ion to the 
total potential is subtracted from 4(r), and one 
passes to the appropriate limit.* 


7.°USE OF THE EWALD SUMS 


The EwALp sum i{(r) is given by 


wir) 


, 


>, exp(-+2miby-1)/(arvq\Dp|2) 


homed |) 


(16) 


PY(r)+h(r) (17) 


and represents the potential of a simple cubic 
lattice of compensated point positive charges.) 
The numerical values of (1) at many values of r 
Assume that, at some value of rf, 


are available.t 
where a ¢(r) is available, we require the values of 
the lattice sums ¢"(r) and 46°(r) for a density (6) 
or (7). It is easily seen that} 

(18) 


pr) = $%(r)+42(r)— (h2(r) 


and both left- and right-hand sides of this identity 
(18) represent the potential of the density 


R(r) > [8(r—1p)—1/va] 


n 


(19) 


* For a discussion of the point-ion case, see BORN and 
Mayer. ®) 

t See appendix to BiRMAN. ? 

{ Mathematically this can be proven by taking the 
Fourier transform of ¢")(r). For a geometrical illustra- 
tion of the content of (18) see Fig. 1 of BrRMAN’s 
paper.’?) The “‘covering’’ densities do not have 
Gaussians, but may be any general density 


to be 


Hence one needs only to compute ezther the sum 
¢"\(r) or dr), the other being immediately ob- 
tained from equation (18). 

As a simple illustration of the use of equation 
(18), take the problem of computing the sums 
h%r), d°r) for density (4) with p= 0, Le. 
“exponential” densities at each site. From (9) and 


(10) 


from (11) 


from (14) 
COs 2rby, ot J 


) 


‘ Ug med by, aj by, “+-(f 


Table 1. Calculation of lattice sums of potential 
for a single exponential density at each site 


See text for definition of the sums: equation (18), (20) 


(21), (22). 


0-057 


ds0U0 
0-801 
0-8019 


In Table 1 values of (20), (21) and (22) 


27/a, when r 


are given 
] l . 
(3, 3, $)@. 


for two values of 8: z/a, e, 4 
0-005), 


To the accuracy of the calculation (~ 
the identity (18) is satisfied independent of the 
value of f, as is true for the conventional EwaLp 
sums. '6) Hence, use of (18), along with the known 
values of ¥%(r), and in conjunction with Hunp’s 
identities, ®) will result in a simplification of, and 
check on, the numerical work of calculating the 
lattice sums of coulomb potential 


8. CONCLUSIONS 
The discussion presented here is not restricted 
to the cubic lattice and the identity (18) will hold 
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RESISTIVITY AND HALL COEFFICIENT OF ANTIMONY- 
DOPED GERMANIUM AT LOW ‘TEMPERATURES* 


H. FRITZSCHE* 
Department of Physics, Purdue University, Lafayette, Indiana 


(Received 22 November 1957) 


Abstract—The Hall coefficient R and resistivity p of germanium single crystals containing between 
5 x10" and 10!§ antimony atoms/cc were reinvestigated at temperatures between 1:3 and 300°K. 
The low-temperature anomalies—a steep maximum in the log R versus 1/7 curves and a change of 
slope of the log p versus 1/7 curves—are discussed on the basis of impurity conduction. Two differ- 
ent processes of impurity conduction could be distinguished by adding compensating p-type im- 
purities to n-type germanium and investigating the resulting change of p at low temperatures. At 
small impurity concentrations (small overlap of electron wave functions of neighboring impurities), 
impurity conduction is possible only if compensating impurities produce empty majority centers. 
Addition of a small number of compensating impurities to a specimen containing 8-5 x 10° anti- 
mony atoms/cm? produced a decrease of the resistivity of impurity conduction because of the increased 
concentration of empty majority centers. At large impurity concentrations (strong overlap), the 
localization of the carriers is removed, so that they can migrate through the crystal without the 
presence of compensators. Addition of compensating impurities to a specimen containing 1-2 « 10’ 
antimony atoms/cm caused the resistivity of impurity conduction to increase because of the decrease 
in carrier concentration and the increase in the number of scattering centers. Qualitative agreement 
is found between impurity conduction in antimony-doped germanium and that in gallium-doped 
germanium previously reported. A quantitative comparison was, however, not possible because the 


degree of compensation could not be determined with sufficient accuracy. 


1. INTRODUCTION The idea of impurity conduction§ was first ex- 
LOW-TEMPERATURE anomalies in the Hall coeffi- pressed by GuppEN and Scnorrky.”) ‘These 
cient R and the resistivity p first discovered by authors mention the possibility of a conduction 
Buscu and Lapuart) in SiC and by HuncG and mechanism in semiconductors due to the fact that 
GLIESSMAN"?) in germanium have recently been a carrier has a finite probability for tunneling from 
observed in several other semiconductors.) an occupied impurity center to an equivalent but 
Buscu and LaBuart and, independently, HUNG“) unoccupied impurity center. This conduction is 
have explained these anomalies by assuming con- distinguished from the normal conduction process 
duction by carriers in the impurity states to be the at higher temperatures in that it does not require 
dominating conduction process at low tempera- 
tures. Despite the difficulties encountered in q/,(2%) that conducting surface layers give rise to similar 
developing a theory of this new conduction pro- anomalies at low temperatures. In the case of germanium, 
cess, the idea seems at the present time to be the surface conduction could be eliminated by etching the 


Bol al . urface. The observed phenomena remained unchanged 
most fruitful one. Several other suggested ex- ~ ° 


; ee ‘ 7 after reducing the volume-to-surface ratio of etched 
planations have been eliminated{ by experi- n-type and p-type germanium by almost three orders of 
ment. 6) magnitude (see KELLETT”?). 
— Work supported by U.S. Signal Corps Contract. S The — impurity conduction will be used here eel 
, od stead of impurity band conduction to avoid suggesting a 
+ Present address: Institute for the Study of Metals, resemblance between the group of energy states associ- 
The University of Chicago, Chicago 37, Illinois. ated with randomly distributed impurities and the bands 
t In the case of Mg.Sn it was found by FREDERIKSE et formed in periodic arrangements of atoms. 
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crease, because an addition of compensators will 

decrease the number of carriers participating in 

impurity conduction and it will increase the num- 

ber of scattering centers This paper reports 

‘f compensat- measurements} of the effect of compensators 
tors in n-type (copper introduced by quenching) on impurity 
lo not con- conduction in antimony-doped germanium which 
seem to make it possible to distinguish the two 


different conduction processes 


\leasurements at temperatures between 1-3 and 


300°K will be presente d of the Hall coefficient and 
germanium single crystals con- 

1014 and 10!8 antimony 

toms cm? [Impurity conduction in n-type german- 
ium will be compared with previously reported 
results on p-type germanium.:®) For this purpose 
it has been necessary to reinvestigate earlier mea- 
surements) on antimony-doped germanium, 
using the most recent purincation techniques for 


paring the specimens 


EXPERIMENTAL DETAILS AND RESULTS 


r nanium single crystals were grown by Miss 


M. Rotru of laboratory, using the Czochralski 

ten -Tature method ty} material of the desired donor concentra- 

an impurity l tion was ol by adding zone-refined, spectro- 

St formulate a 1 OF uly pure j y to pure germanium of at least 
temperature 

etched, and supplied with 

lanner as the p-type speci- 

finite resistance 

potential distri- 

specimen surti with a movable point- 

The effectiy lista! determined at 

as assumed temperature- 


calculating the resistivity at low tem- 


~ : sal and the electrical measuring system 

es is essential ; ‘ -tecike 
: principle the same as those described 
ow-concentration 


high-concentration able 1 lists the samples investigated together with 


pensators should eir Hall coefficient and their resistivity p at 298 and 


Y 77 K The crystall ra uc directions of the current 


duction in 
H were [110] and [001], 
concentra- . 
respectiy ) 
he low- Since the high-field approximation of the Hall 
number of coefficient could not be reached for all samples, the 
\t large im- Values listed represent the low-field limit determined at 


H 600 G 


liminary report of this work was given at the 
NBS Symposium on the Physics of Semiconductors, 
Oct., 1956. For the effect of compensators on impurity 


conduction, see also FRITZSCHE and LARK-Horovi7Tz.‘*!) 
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Table 1. 


Sample 298°K 
code 
number 
(cm3-C-!) 


11,700 
6710 
4000 
2730 
2100 
1200 
740 
478 
266 
180 
140 
113 
98 

85 

74 0367 
53 0284 
47 

22:7 


6°6 


? i ose ee 


“I ui bo 


0723 


So oe 


0508 


WM & WL Rh = 


NWN NNNN ND LD RH RR ee 
~ 
] 


© 


(a) Impurity Concentrations 

An exact determination of the concentrations of 
donors, Np, and of acceptors, N4, is necessary- 
particularly for the discussion of impurity con- 
duction and the comparison of its behavior in n- 
type and p-type materials. In order to determine 
small degrees K = Na/Np 
(n-type) of the order of magnitude of 0-05, the 
concentration of minority impurities V4 should be 
known to within a few per cent. Unfortunately the 
two methods usually employed“) are uncertain to 


of compensation 


a much greater extent and seem to beome meaning- 
less if Np exceeds about 5 « 1016/cm3. 

The anisotropy of the energy surfaces, >) the 
different scattering cross-sections") for ionized 
donors and acceptors, and the possibility of ion 
pairing!?-18) are neglected if one uses the BROOKS 
and HERRING scattering formula“) for calculating 
the degree of compensation from the ionized im- 
purity scattering. Furthermore, if electron—electron 
scattering and neutral-impurity scattering are con- 
sidered at their estimated proportion (see reference 
(14)), total mobilities result which are smaller 
than those actually measured for samples with N p 


larger than 5 10!6/cm3. At these high impurity 


O9S0 


‘0614 


‘0450 
0410 


ANTIMONY-DOPED GERMANIUM 


R and p at 298 and 77°K 


11,200 
6470 
4100 
2800 
2170 
1320 
834 
570 
370 
260 
204 


0-302 
0-200 
0-160 
0:130 
00-0913 
0-0660 
0-0529 
0-0416 
0-:0360 
0-0340 
00-0315 
0-0306 
0:0296 
0-0280 
0-0261 
0:0243 
0-0185 
0-00755 


concentrations, impurity conduction is already 
noticeable at 77°K, so that the ratio R/p no longer 
represents the Hall mobility of the electrons in the 
conduction band. 

The analysis of the temperature-dependence of 
the carrier concentration in the extrinsic range is 
the second method for obtaining Np and Ny 


separately. This, however, is possible only at low 


impurity concentrations, since the temperature 
range in which the Hall coefficient is not influenced 
by impurity conduction becomes smaller at 
higher impurity concentrations. 

For samples with Np < 10!6/cm$, the degree of 
compensation K = N4/Np could be estimated 
from the temperature-dependence of R between 6 
and 20°K. Neglecting the presence of excited states 
and a possible dependence of the impurity 1oniza- 
tion energy on the carrier density,“ and assuming 
temperature-independent values for the effective 
masses, values between K = 0-02 and K = 0-06 
were obtained. For N p > 1016/cm# it is reasonable 
to assume a degree of compensation of this order of 
magnitude or even smaller. 

In view of the small degree of compensation, the 


donor concentrations of the various samples listed 
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Table 2. Donor concentrations and resistivity temperature parameters of n-type 


* 


germanium specimens 


Sel) (10 3 eV) (10 


ra) 


NM Nh bot 
I 


4 


d from the slope of the log R versus 1, 7 curves for the samples 


g o versus 1, 7 curves for the samples —15 


ained from the Hall coefficient the Hall curves exhibit one sharp maximum which 
measured at 298°K. The ratio of shifts to higher temperatures as Np increases. 
ty to conductivity mobility was assumed ‘This maximum occurs at the temperature at which 


For N, 5 x 10!6 cm? the donors _ the conductivities of the two competing conduction 


) 
i 


not be completely ionized at 298K, so that processes—conduction band transport and im- 


timated by as much as 15 per purity conduction—are of equal magnitude. The 
low-temperature branches of the log p versus 1,T 
curves, which are considered to be due to impurity 
Temperature-Dependence of R and | conduction, are slightly concave. Their slopes seem 
Function of Donor Concentration to approach a constant value only at the lowest 
| 2 show the temperature-dependence temperatures 
ficient and the resistivity of ger- 


taining various amounts of antimony. (li) /mtermediate concentration range 


qualitatively the same as those ob- Although the Hall curves of these n-type 


; 6 


lium-doped p-type germanium. samples do not exhibit two distinct maxima as 
listinguish three concentration some of the p-type samples do, one 1s able to 
aracterized by the following distinguish a similar concentration range between 

2 1016 and 8 x 1016 cm? in which the Hall curves 

show a more complicated temperature-dependence. 

concentration range The Hall curves continue to rise at the lowest tem- 


lonor concentrations less than about 10/6 cm?, peratures. Their slope is always smaller than the 
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Hall coefficient of antimony-doped germanium 
(n-type) as a function of 1/7. 


Fic. 1. 


slope of the corresponding resistivity curve. Some 
of the resistivity curves of this concentration range 
have an intermediate slope which decreases rapidly 
with increasing impurity concentration. 


111) High concentration range 
\ & fo) 


Only a few samples could be obtained with 

















‘Absolute Temperature (°Kelvin™ 


Resistivity of antimony-doped germanium 


(n-type) as a function of 1/7. 


N p > 10!*/cm3. Up to 10!8/cm3 both p-type and n- 
type samples show a small Hall maximum and a 
rise of the resistivity near 50°K, but otherwise the 
samples show temperature-independent values of 
R and p down to 1:3°K. 

No change of sign of the Hall coefficient has 
ever been observed at the onset or in the tempera- 
ture range of impurity conduction. There is no 
reason to believe that such a sign change should 
occur for a random distribution of impurities. 2) 
It should be pointed out, however, that the sudden 
drop of the Hall curves of the samples —7 to —15 
at temperature below the Hall maximum can be 
ascribed to the conduction band carriers alone.) 
They carry a smaller and smaller fraction of the 
total current as the temperature is lowered. The 
Hall coefficient of impurity conduction must be 





H. FRITZSCHE 


smaller than the value at the low-temperature end 


} j 1] ’ 
ot the measured Hall curves 


+ 


at lower temperatures have 
43 Rei Ee 


question about its sign in the 


rang¢ the retore 


remains open. 


lence of the resistivities is nearly 
temperature ranges. As in the 
6) the conductivities o will 


of three exponential 


, 
7 T) ~ 
ples, 


kT] )+ ( expt —€E9 k7 —- 


(1) 


temperature-dependent. 
first exponential term 


nduction-band conductivity 


ation energy ¢«; ~ 0-01 eV. 
mined from the slope of the 
lowest te mperatures.* The 
] 


is noticeable between 


narrow concentration 


The \ alue 


samples and —21 


ifter subtracting 


the first and the 


the mecasu 


red conductivity 


ind €3 and Fig. 


values of €], €9, 3, 

hange with impurity concentra- 

re shows for comparison some 

€3 (open symbols) of gallium- 

ium. The values of V4 for the p-type 
i froom R at 77°K 

t 298°K for Ny 


assuming a ratio of Hall mobility to 


for 


conductivity mobility 7 1.* The p-type values 
of «2 appear at slightly lower impurity concentra- 
ms tha ) the n-type values 


1-7 


. ] 
Vaiues*-* 


[he discrepancy—a 
within the 
the p-type 

is nearly 


. 2 , 
I-d and 


o 


easurements on germanium 

\ BAULINA-ZAVARITSKAYA (** 

a fourth 
10-* e\ 

results have 

and 1°K by the Purdue low tempera- 


on two n-type germanium samples. 


exponential term in 


This term is not con- 


been obtained in the 


sidered here. Simular 
3 


region be tween U 


ture group 


\lthough considerably higher mobility ratios have 


been observed on pure p-type samples, one expects the 


mobility ratio to decrease with increasing Ny and to 


approach ? 1 for degenerate samples. 
r 


\ttempts to measure 





e, (see equation (1)) as a function 
The gives the 


n-type samples 


Fic. 3. Values of ¢,, €9, 


of impurity concentration. upper scale 


1 


code numbers of the 

the same for antimony-doped as for gallium- 
doped germanium 

The resistivity of sample —27 shows a slight 

20°K. 


This was observed also on some p-type samples of 


negative temperature-dependence below 


the same impurity concentration. It disappears at 
larger concentrations. The concentration-depend- 
ence of «9 is smoothly continued by the concen- 
tration-dependence of eg at the high-concentration 


This may suggest that the low-temperature 
7 


end 
slopes ¢3 of the samples to —26 are more 
closely related to 2 than to eg of the purer samples. 

The low-temperature slope eg reaches a value of 
about 1:5 10-3 eV near Np 1016 cm? and then 
decreases at smaller Np. It cannot be decided with 
certainty whether this decrease is real or whether 
e3 of the purer samples will reach higher values at 


temperatures below 1-3°K 


(c) Dependence of p at 2:5°K on Impurity Concen- 
tration 
It was shown in the previous section that the 


low-temperature slopes ¢3 of the resistivity curves 
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follow nearly the same concentration-dependence 
for antimony-doped as for gallium-doped samples. 
This enables one to compare the values of the 
resistivities at a fixed temperature. For this purpose 
the resistivities of the n-type (full circles; see also 
last column of Table 2) and of the p-type samples 
(open circles) measured at 2-5°K have been plotted 
against their respective impurity concentration in 
Fig. 4. Np and Ny were calculated as before. 





Fic. 4. 
purity 
antimony-doped; 


Dependence of the resistivity at 2°5°K on im- 
Full 


circles : 


concentrations. dots: n-ty pe germanium 


open p-type 
gallium-doped. The second scale to the left gives the 


code numbers of the 7-type samples. 


germanium 


Deviations of the mobility ratio from unity and 
incomplete ionization at 298°K at high impurity 
concentrations will result in a small distortion of 
the concentration scale which will be different for 
n-type and for p-type. This limits the accuracy of 
the comparison of the two types. 

The dotted lines indicate the approximate 
borders between the three concentration ranges in 
which the R and p curves showed a different be- 


havior. Fig. 4 shows that the same concentration 
ranges are also characterized by a different con- 
centration-dependence of p at low temperatures 
The lower abscissa in Fig. 4 gives the radius r, of 
spheres which approximate the average volume 
4n/3 - 72 = 1/N 


atom. 


surrounding each impurity 
The largest difference between the resistivities 
of n-type and p-type samples is noticeable in the 
low-N range, where the p-type resistivities are con- 
sistently lower and do not rise as fast as the n-type 
resistivities with decreasing N. This may be due to 
a slightly larger degree of compensation in the p- 
type samples, since the gallium used for the p- 
type material could not be zone-refined, whereas 
the antimony was carefully zone-refined before pre- 
paring the n-type samples. ‘To investigate this 
point further, the effect of compensation on the 
low-temperature resistivity was studied. 


(d) Addition of Copper Impurities 
Two previously measured n-type samples were 
taken, sample 12 from the low-V 


range and 


Peer ron 


) 

ro) 
a @ 
T 


Coulomb™! 


/ 
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\-le quencned 
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-25 quenched 700°C 
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Fic. 5. Hall coefficient as a function of 1/ T of the samples 
12 and —25 before and after quenching from 700°C 


sample —25 from the high-N range. Compensating 
p-type impurities were added by letting copper 
diffuse into the samples for about 20 min at 700°C 
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and quenching. Because of the much larger 


Aili 
antimony in germanium, 22) it was assumed that 


the antimony content remained constant. 

Since the copper atoms may become multiply 
charged,’ the degree of compensation K will be 
defined here as the ratio of the number of empty 
donor states to the total number of donor states 


at low temperature. This value was determined 
after the heat-treatment from the change of R at 
298°K, as K 12 and K ()-27 


1 
tor Sample 


0-3 for sample 
as 
YA 


a function of 1 7 of the samples 
1d after quenching trom 700°C 


os 5 


samples before and after the heat-treatment 


and 6 show R and p respectively of the 


The additional number of empty centers lowered 
the low-temperature resistivity of sample 12, 
indicating the importance of empty centers for 


impurity conduction at low impurity concentra- 


tions. On the other hand the resistivity of sample 
the 


25 increased. This can be understood if 


second type of impurity conduction is effective at 
high impurity concentrations, because additional 
compensators will decrease the number of mobile 


and increase the density of scattering 


he increase in the degree of compensation also 


affected the low-temperature slopes €3 of the re- 


liffusion rate of copper as compared to that of 


sistivity curves. In the case of sample —12, 3 de- 
10-3 to 7-3 10-4 eV, whereas 
for sample —25 eg increased from 5-6 10-5 to 
1-5 <10-4eV. The low-temperature slope of the 


creased from 1-6 


Hall curve of sample —25 increased by a smaller 


amount. 


3. DISCUSSION 

Impurity conduction in antimony-doped ger- 
manium shows qualitatively the same tempera- 
ture- and concentration-dependence as that ob- 
served in gallium-doped germanium. A more 
quantitative comparison of n-type and p-type 
material is not possible as long as the exact amounts 
of compensation are not known in each case. 

The different behavior of indium-doped speci- 
mens was at that time") interpreted as being pos- 
sibly due to their larger content of compensating 
impurities. This seems now to be substantiated by 
the experiment on sample —12, which showed 
that addition of compensating impurities does in- 
deed decrease the value of e3 and the impurity- 
band resistivity in the low-concentration range. 

The fact that an increase in compensation has the 
opposite effect on impurity conduction in the high- 
concentration range suggests this as a valuable 
tool for distinguishing the two types of impurity- 
conduction processes 

The transition from the 
metallic type of conduction discussed by Morr“) 
may thus occur at the impurity concentration at 
which the low-temperature resistivity of a weakly 


non-metallic to the 


compensated specimen neither decreases nor in- 
creases upon a small addition of compensators. The 
critical concentration determined in this way seems 
to be slightly lower than the concentration at which 
the Hall coefficient becomes temperature-inde- 
pendent. This indicates that the disappearance of 
the impurity ionization energy is a too stringent 
requirement for the onset of the metallic type of 
impurity conduction 

In the specimens belonging to the part of Fig. 4 
marked “‘low-.V range’, impurity conduction ap- 
pears to be of the non-metallic type which is 
possible only if compensators are present. The 
specimens of the “‘high-V range” show the metallic 
type of impurity conduction which does not need 
compensation. It is still uncertain where in the 


intermediate concentration range the transition 


occurs. 
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The approximate values"?) of the “radii” a,* 


and a,* of the ground-state wave functions of 


donors and acceptors respectively in germanium 
are shown on the lower abscissa of Fig. 4. The 
intermediate concentration range appears at values 
of r, between 2 and 3 a,* or 3 and 4 a,*. These 
values are slightly larger than r, = 2:2 a,* esti- 
mated by Morr for the transition to the metallic 
kind of conduction in the case of hydrogen-like 


impurities. 


(a) Variation of Ionization Energy «, with Con- 
centration 

Earlier measurements") of the decrease of the 
impurity ionization energy with increasing im- 
purity concentration were explained as being due 
to the potential energy of attraction between the 
ionized donors and conduction electrons. ‘**) Later 
LEHMAN and James") studied carefully the effect 
of the interaction of the free carriers with impurity 
atoms and ions on the ionization energy «1. They 
came to the conclusion that the reduction in e; 
is much smaller for higher impurity concentra- 
tions and lower temperatures than that deduced 
from the measurements. Recently Morr predicted 
a sudden decrease of €, to zero as N is increased, 
in contradistinction to the observed"4) gradual 
decrease to zero. 

It was hoped that the present measurements, 
which cover a wider range of temperatures and 
small intervals in impurity concentration, could 
yield some more detailed information about this 
problem. 

Unfortunately this is not the case. In the con- 
centration range Np > 3 x 10!6/cm3, in which the 
investigation of the decrease of ¢) is of greatest 
interest, the value of €; cannot be deduced from the 
present measurements with sufficient accuracy. 
The onset of impurity conduction moves to higher 
temperatures with increasing impurity concentra- 
tion. This lowers the value of the Hall coefficient 
at temperatures which are considerably higher 
than the temperature of the Hall maximum. One 


consequently underestimates the value of the 


ionization energy by neglecting the simultaneous 
presence of impurity conduction in the higher 
concentration range. The present knowledge of the 
Hall coefficient due to impurity conduction is in- 
sufficient to justify an analysis which may separate 
the two contributions. 
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Although the value of e; and its possible 
temperature-dependence cannot be determined at 
these higher impurity concentrations, it can be 
said that larger values of €; than those obtained by 
neglecting impurity conduction are compatible 
with the experimental results. A more sudden 
decrease of ¢; near a critical impurity concentra- 
tion cannot be excluded, but may be difficult to 


verify experimentally. 


(b) Discussion of €3 
The low- 


temperature resistivity indicates that the impurity 


effect of compensation on _ the 
conduction process in the low-N range is due to 
transitions of charge carriers from occupied to 
empty impurity centers. JAMES®°) pointed out that 
such a transition can only occur if the centers 
differ in energy by not more than the exchange 
energy. If the energy difference is larger, a transi- 
tion can only occur if thermal lattice vibrations 
make the ncighboring centers temporarily equi- 
valent. 

Several factors have been proposed which may 
cause occupied and empty centers to be non- 
equivalent and thus lead to a thermally activated 
impurity conduction. 

ScHoTrKy"!) pointed out that the crystal lattice 
is subject to different deformations in the neighbor- 
hood of ionized empty centers and neutral occupied 
centers. If the transition process takes place in a 
shorter time than is required for the relaxation of 
the lattice deformations, then conduction must be 
activated with an activation energy equal to the 
difference of the respective polarization energies. 
The difference in the mean lattice configuration 
near ionized and neutral impurities in Group IV 
semiconductors leading to this activation energy 
has not yet been estimated.* It is difficult to 
understand, however, how the addition of com- 
pensating impurities could lower the activation 
energy by as much as a factor of two, as was ob- 
served in heat-treating sample —12. 

Another factor has been discussed by JAmgs. 29? 
Following Lax and BursTEIN’s calculation ?® of 
the fluctuations in impurity ionization energy due 


* SCHOTTKY pointed out the relation of this effect with 
the lattice deformation used by Lax and BurRsTEIN(?®) 
to explain a part of the infrared absorption of Group IV 
semiconductors. 
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ions of the lattice, JAMES obtained to —12 if one assumes K 0-01. It seems, how- 
rence in energy levels of neigh- ever, that this agreement is accidental, because 
germanium near 4°K a value’ PRrRIcE obtained eg W 2 from the statistics of 


=i 
id 
} 
I 


[his is of the order of the Mortt’s model. Equation (2) furthermore is an 
or impurities separated by order-of-magnitude estimate only. For the samples 

| impurity concentration of about 5 to 12 one finds the relation e; ~ Np}, 
‘ger impurities separations which follows from equation (2) for small values 

ge of carriers will, according to of K where d44 > d4p, and d@4 p equals the average 
only from time to time. It donor separation dpp = Np-*. As mentioned 

it these considerations lead to above, however, these values of €g3 should be taken 
ity conduction as the tempera-__ with caution until the resistivity measurements are 


For the im- 


in contrast to the experiments extended to lower temperatures.* 


the Coulomb re- purer samples —12 to —20 on the other hand, eg 
arriers and the decreased with increasing N p(see Fig. 3). This isin 


impurities on the tempera- disagreement with equation (2) unless one assumes 


» Seafies of 
I inhuence ) 


has been unreasonably high degrees of compensation. 
a WwW eakly The decrease of €3 aS the result of the increase in 

the low- compensation in sample —12 (see Fig. 5) is smaller 

he Coulomb re- than one would expect from equation (2). At 
to acceptors havea Ny > 0-16 Np almost every donor is a nearest 
ay from acceptors. neighbor of an acceptor, so that the considerations 
acceptors will be leading to equation (2) cease to apply. Motr%%) 
lectron defects’’ mentioned that at these high degrees of compensa- 
gatively charged tion an activation energy may result from the 
order of random potential variations due to the distribution 


of negative and positive impurity ions in the semi- 


conductor 


(c) Intermediate Concentration Range 


The intermediate concentration range in which 
term Coexp(—e2/kT) is observed in the 
temperature-dependence of the conductivity is 


C 
ectron difficult to discuss. It forms the transition from 
1therm- weakly to strongly interacting impurities where 
the concepts of neither range seem to be appro- 
priate. James and GrnzparG®8) showed that the 
tistics of Mott’s level density function of randomly distributed im- 
simul- purities has long tails extending from its maxima 
towards higher and lower energies. The ranges of 
energy levels which at low impurity concentrations 
more could be associated with the ground states or ex- 
compensation cited states of the impurities will at best represent 

effect of the 

the acti amp! nWLL 12-15 which contained 
KoENIG and GUNTHER-Monr‘?) 
obtained a vali E 0-85 x10-% eV, which is 15 per 
cent lower than our value of €3 1x10-%eV for the 
me donor concentration (compare with Table 2). This 


SalrTic 


is very likely due to the fact that we obtained e; from the 


1es on 


slope of the p-curves at lower temperatures than KOENIG 


and GUNTHER-MOHR 
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regions of high-level density separated by regions 
of lower-level density. 

It has been suggested,“?-19) that in the inter- 
mediate concentration range a band formed by the 
first excited states may still be separated suffici- 
ently from other bands, so that one can distinguish 
a group of electrons moving in this band. These 
electrons could give rise to the term C2exp 
(—e/kT) if their mobility is smaller than that of 
the conduction-band electrons but larger than the 
mobility of the electrons in ground states. The 
latter is probable because of the larger overlap of 
the excited-state wave functions. The sharp drop 
of eg with increasing impurity concentration is then 
interpreted as being due to the merging of the 
range of ground-state levels with the range of 
levels formed by the excited states as the overlap 
increases. 

In addition to the excited states, one might con- 
sider the D~ states which correspond to donors 
which are negatively charged by binding an extra 
electron. The binding energy is ep ~ 0-le; for 
an isolated hydrogen-like donor. ‘These D 
may be lowered due to the interaction and become 
important for the conduction in a limited con- 
centration range before they merge with the ground 
states and form the metallic kind of conduction at 
high NV. The number of empty D~ states is equal to 


states 


the number of neutral donors. This is much larger 
than the number of empty first-excited donor states 
in a weakly compensated specimen at low tem- 
peratures. This fact favors the D~ states if empty 
centers are essential for conduction in this hypo- 
thetical intermediate band. 

James°)* discussed the conduction in the inter- 
mediate concentration range from a different point 
of view. In a random distribution of impurities 
there may exist paths through the crystal along 
which the impurity separations are markedly less 
than average, and along which carriers can jump 
with relatively great speeds. Conduction along 
these paths will dominate the other contributions 
to the conductivity. JAMES suggested that the 
rapid decrease of resistivity with increasing con- 
centration in the transition range (Fig. +) may be 
due to the rapid increase in preferred path density. 
For still higher impurity concentrations, the pre- 





* See also the contribution by H. M. James to the 
discussion at the end of reference (28). 
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ferred paths will lose their significance because 
almost any path will be equivalent to any other. 
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Abstract—The electrical resistivity of two specimens of high-purity plutonium is reporte 
temperature range from 26°K to approximately 780°K. These resistivity measurements gi' 
evidence for the six allotropic modifications of solid plutonium found by thermal analysis and dilato- 


Inc luded 


metric measurements. T‘emperature coefficients of resistivity for the various phases are 


? 


as well as indicated phase-transformation temperatures and the heat of transition for the 


change. 
Values of the thermal conductivity are given for the temperature range 110-413°K. These value 


are used in conjunction with resistivity measurements to calculate Lorenz numbers as a check o 


Sate, 
Wiedemann-—Franz ratio. 
The room-temperature resistivity of plutonium excee¢ 


lower than the resistivity of «-manganese by approximately the same percentage 


Is that of bismuth by 22 per cent, but is 


1. INTRODUCTION 

FIRST measurements of the electrical resistance of 
plutonium gave the same indications of transitions 
and sluggishness in the transformations that had 
been observed in dilatometer curves. Five allo- 
tropic modifications of plutonium were shown to 
exist, designated as «, 8, y, 5, and e. Values of the 
electrical resistivity of the plutonium metal avail- 
able at the end of 1945 have been given by C. S. 
SmiTH.") 

A higher-purity plutonium has been available in 
recent years, and investigation of this material has 
shown the presence of an additional phase desig- 
nated as 6’. The present report gives values of the 
electrical resistivity and thermal conductivity as 
determined for this higher-purity material and 
describes the methods of measurement. 

Electrical resistance has been determined over a 
much wider temperature range than has been 
possible for thermal conductivity. Values of the 
latter for the 
region where measurements have been completed 


have been included temperature 
to date. 


As a result of self-heating, a thermally isolated 


* Work performed under the auspices of the Atomic 
Energy Commission. 
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plutonium specimen will rise in temperature at a 
rate which is dependent upon the variation of 


specific heat with temperature. This property of 
plutonium has been utilized to advantage in the 


apparatus developed for measurements of both 
In 


the electrical measurements carried out above room 


electrical resistivity and thermal conductivity 


temperature, an attempt was made to ensure 
adiabatic heating in the hope of making accurate 
determinations of phase-transformation tempera- 


tures. 


2. SPECIMEN DESCRIPTION 

The high-purity plutonium used has been de- 
scribed by Jerre.) Table 1 gives the purity, 
density, rate of heat generation, isotopic content, 
and dimensions of cylindrical specimens used in 
the work here described. Rate of heat generation 
per unit volume was determined calorimetrically, 
and isotopic analysis was made by a mass spectro- 


graph. 


3. EXPERIMENTAL DETAILS 
As mentioned above, the self-heating property 
of plutonium was utilized in the apparatus devel- 
oped for measuring both its electrical resistance 
and thermal conductivity. 
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Table 1. Description of specimens 


Length | Diameter 


{in.) (in 


High-purit) 
conductivity ic 


, 
Normal-purit\ 


19-53 


t from isotopic analysis 

Because of the importance of relatively small 
heat leaks at the lowest temperature reached, it was 
apparatus for 
the 


convenient to use one type ol 
electrical-resistance measurements in range 


26°K to room temperature, and another from 


irom 


room temperature to about 780°K 


Low-Temperature Electrical-Resistance Mea- 


surements 

Specimens were carefully polished to remove 
oxide, and measured with a micrometer to permit 
calculation of an average cross-sectional area in the 
gauge section. A specimen was then placed at the 
center of a cylindrical copper fixture in which it 
was in contact with spring-loaded current and 
and thermocouple junctions. 


potential leads 


(Spring-loaded contacts were used because of the 


j 
i 
| 
I 


difficulty and hazard of making soldered connec- 
tions to plutonium.) The distance between poten- 
tial contact points was carefully measured by 
means of a cathetometer. An outer vacuum jacket 
was lifted around the specimen holder and soft- 
soldered into place and, finally, the cryostat was 
placed around the vacuum jacket. 

After leak-testing the entire assembly, helium 
was admitted to the vacuum space around the 
heat- 


specimen to a of 1—2mm, as 


exchange gas. Liquid nitrogen or liquid hydrogen 


pressure 


was transferred to the dewar; when the specimen 
had the 


liquefied gas was removed or allowed to boil off. 


reached a constant low temperature, 


Resistivity and temperature readings were then 


Density 


(g/cm?) 


Weight Isotopic content 


per cent 


Heat 
generation (atomic per cent) 


(cal/sec pluton- 


241 


cm?) ium 240 


0-01067 0-04 


0-01034 0:03 


(0-01034)* 0-06 


taken at short intervals as the specimen warmed, to 
obtain a curve. (Heat 
generated by the plutonium, as well as heat leaks 
below 


temperature/resistivity 


along bridge wires, prevented cooling 
26°K.) 

Copper/Constantan thermocouples were used 
for and a Leeds and 
Northrup Precision Kelvin Bridge for determin- 
ing the electrical resistance. Two Beckman Heli- 
pots in parallel were used in one leg of the bridge 


to balance out thermal emfs and contact resistances 


measuring temperatures, 


(b) High-Temperature Electrical-Resistance Mea- 
surements 

The specimens used for low-temperature re- 
sistivity measurements were subsequently trans- 
ferred to a second apparatus, in which an attempt 
was made to measure the electrical resistance at 
elevated temperatures under approximately adia- 
batic conditions. 

The design of the high-temperature electrical- 
resistance apparatus is shown in Fig. 1. In this 
apparatus, the specimen rested on a grooved lavite 
block which was supported at the center of a 
heater-wound copper shield in order to ensure 
adiabatic heating. Narrow, thin strips of platinum 
were located between the lavite and the specimen. 
These were located just below the current and 
potential drop contacts. Chromel/Alumel thermo- 
couple junctions were fastened to these platinum 
strips in such a manner that the junctions con- 
tacted the plutonium specimen. Current contacts 
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and potential probes were spring-loaded from the 
above-mentioned copper shield and insulated from 
the copper shield by lavite spacers. The platinum 
potential probes were constructed with a sharp 
screwdriver-like tip at the point of contact to the 
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test specimen. The measurements could not be 
considered as being made under completely adia- 
batic conditions because of the heat leaks from the 
specimen to the platinum probes, lavite, &c., in 
close contact with the specimen. 








Fic. 1. High-temperature electrical-resistance apparatus. A Evacuation tube; B cooling coil; ¢ 
F stainless-steel vacuum jacket; G, J, N, and Q lavite; 


shields; D stainless-steel tubing; E heater wires; 


’ radiation 


H Inconel ‘‘X’’ springs; I, K, O, R copper; L specimen; M platinum; P cooling-water inlet. 
I > 4; , PI I ; I 


specimen. Springs used for loading were made of 
Inconel ‘‘X”’ wire for heat resistance. 

The thermocouple wires and Kelvin-bridge 
leads from the specimen were wrapped on a copper 
spool, which was part of the heater-wound shield. 
This was done to cut heat losses by conduction to 
a minimum. From this spool the insulated wires 
were led to a water-cooled copper spool, wrapped 
around this for several turns, and taken out of the 
vacuum jacket through Kovar seals. The Chromel 
Alumel thermocouples used were calibrated at the 
boiling point of water and at the freezing point of 
National Bureau of Standards samples of tin, lead, 
zinc, and aluminum. Thermocouple wires and 
Kelvin-bridge leads were insulated with woven 
quartz sleeving. 

In the high-temperature assembly, there were 
also sight holes through the shield to permit mea- 
surement of the distance between potential probes 
with a cathetometer. As in the low-temperature 
version, the potential probes were loosely fitting 
enough so that the actual points moved further 
apart or closer together, depending on whether 
the specimen expanded or contracted. 

The heater-wound shield assembly was then 
placed in an outer stainless-steel jacket which was 
heated by a resistance heater. Differential thermo- 
couples connected to controllers were utilized in 
keeping the surroundings at the temperature of the 


(c) Thermal-Conductivity Measurements 
Consider the one-dimensional flow of heat in a 
specimen connected to a heat sink at one end and 
insulated at the other, and with heat generated 
uniformly along its length. The temperature at 
any point measured relative to the sink tempera- 
ture is given by 


2k () 
where L is the length, x the distance measured 
from the insulated end, Q the heat generation per 
unit volume, and k the thermal conductivity. If we 
measure the temperature at two points x, and Xe, 
we may solve (1) for k, obtaining 


O xo?— x1? 


T=<Ts 


The physical model corresponding to the con- 
ditions for the solution (1) was achieved by the use 
of long thin cylindrical specimens with the loss of 
heat from the sides minimized by surrounding the 
specimens with guard rings. These consisted of 
two cylindrical stainless-steel tubes concentric 
with the specimen and attached to the same heat 
sink as the specimen. Resistance heater windings 
on the guard rings permitted matching of tempera- 
ture gradients to those of the specimen. Radiation 
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temperatures of 
tion losses along 


re important 
f the specimen was firmly 


heat sink, which was a 


y j 
uara 


1 


ns around 


spec imen 


iectrica 
only trom 
control the 


rogen, W ith- 


el ited tem- 
oil heated by a 


ape on the brass 


iting bath being 


which 

The 

the vacuum 
oportional Con- 


This allowed 


j 


1 
ired elevated 


ire for using this 
was set by soit- 
However, since 
ibly above this 


t be 


ens a 


rd would ni useful at 


“sae 
any ca Che lower tem- 


ablished by the poor low- 


conductivity of plutonium, 


an equilibration period of 


approximately 24 hr to attain steady-state heat 
flow heat sink immersed in liquid nitro- 


with 


and 
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gen. Liquid-hydrogen coolant was not used, be- 
cause of the quantities required 

To evaluate the apparatus, preliminary thermal- 
conductivity runs were made on specimens of 
Results were satis- 


Armco iron a1 uranium 


factory and will be published elsewhere, together 


with a detailed description of the apparatus 


crim ee ft ow 


t 


meee fee 


Thermal-conductivity apparatus. A brass; B 
sink heater: D, F, K, P cloth-filled 
G_ phospher-bronze 


Fic. 2 

cam 1 
heat leak (silver); 
Wires ; 


phenolic; | thermocouple 


- H stainles I heaters; J radiation shield; 
N silver; 

junction 
T lifting mechanism 


tubing; 
, thermocouple; M copper; 
R thermocouple 


S heat sink (copper); 


O test specimen; 


Q stainless; soft soldered to 


copper tip; 


(stainless tubing) 





ELECTRICAL 


RESISTIVITY 


OF PLUTONIUM METAL 





Fic. 3. Electrical resistance, plotted as 100R/R.73 versus absolute temperature. 


4. EXPERIMENTAL RESULTS 
(a) Electrical Resistivity 

In Fig. 3, the electrical resistances of two high- 
purity plutonium specimens are plotted as (100 
R/Roz3) versus absolute temperature, where R is 
the electrical resistance at any given temperature 
and Ro73 is the electrical resistance at 273°K. From 
these curves, the specimen dimensions at room 
temperature, and the measured thermal expansion 
coefficient, the volume resistivity was computed as 
a function of temperature. 

The smoothed curves of resistivity versus tem- 
perature are represented by the data in Table 2 

The temperature coefficients of resistivity of the 
two high-purity specimens are compared in ‘Table 
3 for temperature regions where the resistivity 
versus temperature relationship is apparently 
linear. The temperature coefficient of resistance is 
here defined as the ratio of the change of resistance 
in the specimen due to the change of temperature 
of 1°K to its resistance at 273°K; 1.e. 


dp 


Pz73 dt 


Values for electrical resistivity and temperature 


Table 2. Resistivity values of plutonium specimens 
(from smoothed curves) 


_ Resistivity (| 
l‘emperature 


(°K) 
Specimen 1 


coefficient of resistivity have previously been given 
by C. S. SmirH”) and by BALL et al.® 
SmItTH’s values for the electrical resistivity of 





KH 


1945 metal are comparable with those reported 


mperature coefhcients of resistivity 


ire 


those 


electrical 


Tabl 
a it 


1 Spe 


: I 


resistivity ap 


ture 
because of heat 


around it. However, 


THOMAS A, 


n by BALI 
+ 


coefhicient of resistance 


resistivity are 


ied for high-purity plutonium. 


SANDENAW 


(and others) 
are 
given in Table 3, but BALL’s 
slightly 


Te mperature ¢ oeffic zent of 


and ROBERT B. GIBNEY 

adiabatic conditions was close enough so that the 
duration of the thermal arrest resulting from a 
phase transformation would be significant in in- 
dicating the approximate latent heat of that trans- 
formation. ‘Thus, the thermal arrest due to the 
» —> 8 transformation indicated a heat of transition 
of 938--10 cal/mole. 


pecimens 


resistivity of plutonium s} 


opecimen opecin 


1 ( 


1 Te mperatures from Ele - 


; 


} Veasurements 


asce 


oubtedly result 
high-purity 
f these trans- 


ta, are listed 


emperatures as indicated b4 


measurement 


cimens in the high-tempera- 
paratus was not strictly adiabatic, 
leaks from the specimen to material 
t was felt that the approach to 


SU 
27 


(c) Thermal Conductivity 


Fig. 4 all of 
thermal conductivity for the three specimens. A 


shows the measured values of 


smoothed curve is drawn through the values of 


each specimen. No correction for specimen con- 


traction or elongation has been made to the values 


4 


shown in Fig. 4 
In order to compare the electrical resistivity of 
the three thermal-conductivity specimens with the 


electrical-resistivity values reported in this paper, 


the values of po7g letermined. The values of 


] 
i 


were 
-conductivity specimens numbered 
145-7, and 


p273 10! therma 
l ) 


and 3 were respectively 148-7, 


45-7 wQ-cm. As an additional check, the values of 


] 
4 
100R/Roe7g were determined for specimens num- 


bered 2 ) 3 over the 
300°K. T 
almost identical (over 
to the 


electrical-resistivity specimens, as shown in Fig. 3. 


temperature range 90 
1e curves for these two specimens were 
the temperature range in- 
curves for high-purity 


dicated) similar 


(d) Calculation of Lorenz Numbers 


The Wiedemann-Franz ratio was tested by cal- 
culating Lorenz numbers for plutonium from 


the values of electrical resistivity and thermal 
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Fic. 4. Thermal conductivity as a function of absolute temperature 


conductivity. The Lorenz number, L, is defined 
by 

kp/T 
electrical 


where k = thermal conductivity, o 


conductivity, p = electrical resistivity, and T 
absolute temperature. The Lorenz number should 
be 2:45 10-8 V2 degree? on the free-electron 
model 

In order to get values of p, which were un- 
corrected for expansion or contraction of test 
specimens, the value of p273 was multiplied by the 
appropriate value of R-p/Ro73 for temperature 7. No 
corrections were necessary, since corrections cancel 
when calculating Lorenz numbers. 

The temperature-dependence of LZ can be seen in 
Table 5. 
conductivity specimens. Most values listed in the 


Values are given for two of the thermal- 


table are considerably larger than those given by 

the free-electron model. 

RESULTS 
From Fig. 3, the peak in the electrical resistivity 

of plutonium is at 100°K. Low-temperature mea- 


surements of electrical resistance were made on a 


5. DISCUSSION OF EXPERIMENTAL 


plutonium specimen of low purity at a much earlier 


date than that of measurements reported here. ‘The 
position of the hump (i.e. at 100°K) did not appear 
to be shifted in the less pure material, but resistance 
values were slightly lower. 


Table 5. Calculated values of the Lorenz number as a 
function of temperature 


Lorenz number ( x 10°V?degree 
‘Temperature 
Thermal- 


conductivity 


(°K) Thermal- 
conductivity 


specimen 1 specimen 3 


The electrical resistivity of plutonium at room 
temperature is very high, 22 per cent higher than 
that of bismuth. It is in fact exceeded by only one 
metal, «-manganese, although above 100°C the 
resistance of bismuth also exceeds that of pluton- 
ium. 

There is no accepted theory for the resistivity 
behavior of plutonium, although it is somewhat 
similar to that of the rare earths."4) As in the rare 


earths, the remarkably high resistivity is doubtless 
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ed with the incomplete 5f and 6d shells. It 


b 


scattering from the con- 


either to 


C 
juction band into the high-density d or f levels, as 
in Mortt’s theory of the transition metals,) or to 
exchange scattering of conduction electrons by a 
lisord spin arrangement, as suggested by 
ES and FRIEDEL) for the rare earths. The 
at 100°K 


would 


is suggestive of the 


this then be the dis- 


emperature of the spins. Since plutonium 
appear to be ferromagnetic, the ordering 


e assumed to be antiferromagnetic 
suggested that the high re- 


4 


It has also been 


stivity may be due to anomalously polycrystalline 
7) or to damage produced by «-bombard- 
these explanations are made unlikely by 
lrop in resistivity below 100°K, which is 
1 for lattice 


behavior expected 


Fig 3 shows the low- 


igh-purity speci- 
1) temperature, Irom ap- 


As 


lable 2, the reproducibility of measure- 


ym temperature in- 


below room temperature was excellent. In 


+] x ] 
ure phases, the values of 
tne temperature 


The 


1 
aiues even Cz 


inconsistency 1n 


the 


different 


irriesS over To 


10n temperat 


: +} +) 
I tWOs 


neasurements 
lrements reported 


room 


temperature 
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perature were entirely different, i.e. not reproduc- 
ible. 

Percentage-wise the differences in thermal con- 
ductivity between specimens at low temperature 
are large. This can be attributed to the very low 
thermal conductivity of the material. No attempts 
were made to measure the thermal conductivity of 
specimens after cooling from the -phase, because 
of sluggishness in the 8 — « transformation. There 
is some indication that the thermal conductivity 
may be approaching a minimum at approximately 
LOO°K. 

The heat of transition (x 
is in good agreement with other unpublished data 
obtained by the authors of this paper. A value of 


925 cal/mole was previously found for rather im- 


- 8 phase) given above 


pure plutonium. These values are given because, 
although new measurements of heat capacity are 
under way, publication of the data may take some 


time 
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Abstract—The electrical resistivity of thin potassium films at 100°K has been measured as a func- 
tion of thickness in the range 148-1600 A. The experimental results are in excellent agreement with 
Fucus’s theoretical predictions in the range 500-1600 A and show that the scattering of the electrons 
at the film surfaces is completely diffuse. Comparison of experimental and theoretical curves gives a 
bulk resistivity parameter of 1:85 wQ-cm, a mean free path of 1180 A, and an electron to atomic 


density ratio of 1:0. 


The films were deposited on a Pyrex substrate from a beam of potassium vapor in a vacuum 


chamber which had a pressure less than 5 » 


10-8 mm Hg. The film thickness, in each case, was com- 


puted from a known beam intensity, exposure time, and film density. A surface ionization detector 
was used to calibrate the beam intensity (/,) as a function of effusion oven temperature (7). The 


linear plot of log (J1T9*) versus Ty 


1 gave a heat of sublimation for potassium at 450°K of 21:1 


kcal mole, in good agreement with BREWER’s value of 21-4 kcal/mole within our experimental error 


1. INTRODUCTION 
ACCORDING to the free-electron theory of metals, 
the bulk electrical resistivity (see SONDHEIMER™)) 


1S 


Po | Anilp, (1) 


where is the number of free electrons per unit 
volume, / is the mean free path of an electron 
having the Fermi energy, and A (e2/h)(87/3)3, 
where e is the magnitude of the electronic charge 
and / is Planck’s constant. One method of deter- 
mining the unknown quantities m and /p at any 
particular temperature is first to obtain m from a 
measurement of the bulk Hall coefficient, Ro 
1/ne, and then obtain /p from a measurement of 
the bulk electrical resistivity. 

An alternative method of determining and /; 
is suggested by the theory of Fucus”? relating the 
electrical resistivity (p) of a thin metallic film to the 
film thickness (t) when ¢ is comparable in magni- 
tude to /p. His equation, derived on the basis of the 
free-electron model, gives the dependence of the 


* The work was performed in the Ames Laboratory of 
the Atomic Energy Commission. 
Laboratory, 


+ Now at General Electric Research 


Schenectady, N.Y., U.S.A. 


ratio p/po on the ratio ¢//7. The quantities po and 
/~ can be used as adjustable parameters to bring 
the theoretical curve into coincidence with an ex- 
perimental curve of p versus ¢t. The values of po 
and /p so obtained allow equation (1) to be solved 
for n. Fucus included a scattering parameter (e) 
in his analysis (¢ 0 for completely diffuse scatter- 
ing and « = 1 for completely specular scattering 
of the electrons at the film boundaries). The values 
of po and /p obtained by the curve-fitting procedure 
depend on the value assumed for e. ‘The primary 
purpose of this research was to produce thin films 
of an alkali metal (where free-electron theory is 
most applicable), to determine 7 and /p for several 
different values of «, and to compare the results 
with values obtained from measurements on bulk 
samples. 

The first measurements on the electrical re- 
sistivities of alkali-metal films were those of 
APPLEYARD and LoveL_L®? and of LOVELL.“) These 
experiments on potassium, rubidium, and cesium 
led Fucus®) to his theoretical analysis. Thick- 
nesses ranged from a monolayer to 100 A, but the 
resistivities were not stable and a satisfactory com- 
parison with theory was not possible. Recently, 
NossEK") has reported very careful measurements 
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of the resistivities of thin potassium films from 
140 A to over 1000 A. His analysis 
0 given by 


thicknesses of 


was based on the equation for « 


CHAMBERS © 
3t/41p[In(/p/t) + 0-4228]+0-4816 t2//p?. 


His films showed no reduction in resistance after 
deposition, however, and the temperature of his 
substrate (90°K) must have been too low to pre- 
vent serious reduction of the mean free path caused 
by the displacement of atoms from their equili- 
brium lattice sites.* Most recently, CIRKLER? has 
as well as the re- 
90°K. His 
constant Hall coefficient at thicknesses as small as 
that the 


he Hall coefficients 
of thin potassium films at 


Sistivities 


400 A indicates again the mobility of 


atoms was too low to avoid displaced 


potassium 
in his films was 
e of about 1100 A 


the value of lt 


nearer 400 A than the bulk val 


+ . nd that 
atoms and tnat 


2. VACUUM CHAMBER 
ental method used was similar to that of 
leposited on a 

vapor 1n a 


umber was less 


and G. C 


DANIELSON 


The copper effusion oven was the source of the potas- 
sium vapor. About 30 W of power through the molyb- 
denum windings were required to maintain an oven tem- 
perature of 180°C. The thermocouple, held firmly in a 
well in the oven by the tungsten retaining spring, showed 
temperature variations of less than 0-25°C. The potas- 
sium metal was cut on all six sides under mineral oil, 
rinsed in two baths of benzene, and inserted in the oven. 
The oven assembly was then placed in the chamber, 
which was quickly evacuated. 

The collimating system consisted of two rectangular 
slits aligned with the axis of the oven so that the vapor 
formed an atomic beam of rectangular cross-section. The 
first slit, 1:70 by 0:50 cm, was provided with a shutter 
which was opened and closed by means of a magnet out- 
side the vacuum chamber. The second slit, 1-42 by 0-29 
cm, was attached to the substrate tube and was less than 
0-1 cm from the substrate surface. Removal of unwanted 
potassium vapor was accomplished by three Pyrex side 
tubes (one of which is shown in Fig. 1) filled with liquid 
nitrogen 

The 


13 cm long, was made of Pyrex glass and had one surface 


substrate tube, 1-0 cm thick by 2°5 cm wide by 


fire-polished in an oxygen-—gas flame to form the actual 


substrate. The tube was provided with a small heater, for 


preliminary bake-out of the substrate area at 250°C, and 

filled with liquid nitrogen for condensation of the 
potassium film. Both end and probe electrical contacts 
consisted of conducting silver paint baked on the sub- 
550°¢ l hr. The the 


a thermocouple held firmly to 


strate at for temperature of sub- 


was measured D 


strate 


the substrate surface 


section of the film, across a 


the 


across 


, and thermocouple junction 


across 
measured and recorded on a strip chart recorder! 


which measured voltages by the null-balance method 
3. FILM THICKNESS 
film thickness was computed from a known 
beam intensity, a measured exposure time, and a 
film density assumed to be equal to the bulk 


ionization detector used to 
>) 


density. The surface 
determine the beam intensity is shown in Fig 

This detector replaced the substrate tube (Fig. 
1) in the calibration of beam intensity as a function 
The filament was a tungsten 


wid thick by 


ot oven temperature 
Q-040 in 
1 


long, and was fastened to a tungsten spring 


ribbon, by 0-0005 in. 


in order to keep the filament in tension when 


heated 


sured by 


The temperature of the filament was mea- 
an optical pyrometer. The potassium 
atoms emitted from the oven orifice were ionized 
by the filament and collected. The stainless-steel 
in two sections so that the beam 


slit to the 


collector was made 
the 


unobstructed 


collimating filament was 


The 


from 


ion collector currents were 
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microammeter 
the range 


vacuum-tube 
currents 


measured by a 
designed to measure 
10-4-10-9 A. 

If the beam intensity (J ,) at the filament surface 
were uniform over the beam area (c) intercepted 
by the filament, ], = J;/ec, where J; is the ion 


in 


Collector 

current 

meter 
7_Dry batteries 
—or power supply 


From~— 
10 V transformer ___ 


Copper rods 


45 to 1351 
y= 


; Outline of | 
Quartz | m7 copper cylinder 
spacer 

Filament 
spring 

F ilament+ 


ls e 
Outline of 
upper half 
of collector 


Outline of collimating 
clit 


Beam axis 


» 


Fic. 2. Surface ionization detector unit for measuring 


potassium beam intensities. 


collector current, e is the magnitude of the 
electronic charge, and F is the efficiency of ioniza- 
tion. In our geometry the beam intensity was not 
uniform, and WorRDEN'®) has shown that the effec- 
tive beam area was o.g = S/(1—D/R), where the 


factor (1 —D/R) arises because the orifice was not a 


point source. In this equation, S is the product of 


the width of the collimating slit and the width of 
the filament (that is, S is the filament area exposed 
to the beam if the molecules were moving parallel 
to the beam axis), D is the distance from the fila- 
ment surface to the plane of the slit, and R is the 
distance the filament surface to the oven 
orifice. The quantities J;, E, S, D, and R were 
determined and hence /, was obtained. 

The dependence of collector current on collector 


from 


potential is shown in Fig. 3. ‘The filament tempera- 
ture 1300°K, the temperature was 
457°K, and the copper cylinder was +135 V. ‘The 
flat portion the saturated collector 
current. The magnitude of this current was deter- 
mined only by the potassium beam intensity 


Was oven 


represents 


The dependence of saturated collector current 
on filament temperature is shown in Fig. 4. For 


91 


temperatures from 1200 to 1400°K the current is 


seen to be independent of filament temperature 
This result indicates that the incident beam was 
completely ionized ; that is, the ionization efficiency 
of the filament was 100 per cent in this tempera- 
ture range. The decrease in collector current at 








current , 


Collector 





-40 


20 =30 

Collector potential, V 

3. Collector 
potential (Run K-32). 


current as a function of collector 


higher temperatures was caused by removal of 
oxygen from the filament surface and the con- 
sequent reduction of the ionization efficiency. 
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1200 1300 1400 1500 1600 
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;. 4. Collector current as a function of the filament 


temperature 


The beam intensity (see WORDEN?) 1 cm from 


the oven orifice is 


Si 


where P is the vapor pressure, No is Avogadro’s 


R2] ¢ = PNoSo/n(27MRgTo)*, (2 


} 
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AO = 21-1 kcal/mole at about 450°K. This value 
is in good agreement with BREWER’s"®) value con- 
verted to 450°K, of 21-4 kcal/mole. 

In order to deposit the films, the ion detector was 


he area of the oven orifice, W is the 
rht, R 


the oven temperature. The dependence 


is the universal gas constant, 


rated collector current and the corres- 
on oven temperature is replaced by the substrate tube. The beam intensity 


(J) at the substrate is given by / ];/r?, where 


Variation of the ton collector current (I,) 
‘ 





responding beam intensity ( ]1) with oven 


temperature (To) 


mM 
GW 
| on 


2°20 


FIG The 


is the normalized ] 


f log J;T>* on 1/T>, where J, 


\otassium beam intensity and 7% is the 


dependence 


ven temperature. 


| 


r is the distance from the oven orifice to the sub- 


strate surface. The thickness (f) of a film is given by 
; is the time of deposition and 


t Ng, where 


Nq is the of the condensed potassium in 


atoms cm. Potassium is body-centered cubic and, 
if we assume a lattice constant at 100°K of 5-24 


10 


cal run (KF 


83cm, mq 1-39 x 1022 atoms/cm®. In a typi- 
20), To 440-2°K, J; 1-:14« 1015 
atoms cm? sec, 7 6-30 cm, and hence f 0:206r7 


where 7 is in sec and tis in A 


4. FILM RESISTIVITY 
In a single run, many films of increasing thick- 


ness were condensed at the same substrate tem- 


ranges, the vapor perature (100°K) and from a potassium beam of 


ri 
} 


After condensation of a film 


DUSHMAN’9?) 1s 


ibstances (se¢ 
B To, where ] 

ant B — 0-4343A0/R,, 
iblimation. Since, from equation 


nal to P, log /;7* should be 


the same intensity 
B are 150A thick, the beam was interrupted by means 


where 


and 
of the shutter, and the resistance of the film was 
measured as a function of time. The resistance 


decreased with time, owing to the motion of atoms 


~ proportl 


With the values of /; 

1, the depe ndence of log /;7 5? 

g. 5. The empirical equation 
is log ]iTo 26-843 


Hence, B 4-606 «10° and 


and to equilibrium lattice sites, and slowly approached 


a constant stable value. After the resistance of the 
first film had reached a stable value, the shutter 
was opened, a second film was deposited on the 


first, the new resistance was measured as a function 
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of time until this resistance had become con- 
stant, and the process was then repeated. The re- 
sults of the typical run (KF-20) are shown in 
Table 2. The resistivities (p) of the films were 
given by p= R,Wt/L, where the width of the 
film W = 0-290 cm and the length of the film 
LE, =0-500 cm. 


Table 2 


Resistance of potassium films as a function 
of thickness 


Initial Final Fractional 
resistance resistance change 


Ry f 8 


Thick- 


ness 


0:25 
0-14 
0-040 


720 
1020 
1330 
1630 F , ‘035 
1930 398 ; 9: ‘031 

024 


‘022 
O18 
014 


768 
892 


LO80 “45. , 011 
1270 ‘014 
1450 010 
1640 OO8 


6140 
7040 
7940 


This experiment gives the dependence of the 


resistivity (p) on only one variable, the thickness 
(t). The formula derived by Fucus®) 
resistivity in terms of four variables: the thickness 


gives the 


t, the bulk resistivity po, the electronic mean free 
path /», and the scattering parameter e«. The 
problem is to determine e, po, and /p by a fit of the 
experimental data to the theoretical curves of 
p/po versus t//p. As shown in Fig. 6, the theoretical 
curves for « 0, 0-2, and 0-5 were plotted* with 
log (p/po) as ordinates and log (tly) as abscissae. 
The theoretical curves were then simple transla- 
tions of a curve with log p versus log t. The experi- 
mental data were plotted as log p versus log ¢ on 
transparent graph paper having the same scale as 

* We are indebted to Professor K. RUEDENBERG of 
Iowa State College for suggesting this technique of curve 


fitting. 
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POTASSIUM AT 100°K 
the theoretical curves. The experimental graph was 
placed on top of one of the theoretical curves and 
shifted, with the axes kept parallel, until the ex- 
perimental points coincided with the theoretical 
curve. The the 
log (t/l/7) = 0 on the abscissa of the experimental 
graph was then /p, and the reading of the theoretical 


reading of theoretical point 


point log (p/po) = 0 on the ordinate of the experi- 


mental graph was po. 





lo 
°9 p/p, 





-10 
log t/l 


-2:0 “oO 


Fic. 6. Comparison of the experimental and theoretical 
resistivity versus thickness curves for three values of the 


scattering parameter. 


Each of the three theoretical curves could be 
fitted to the experimental data over a limited range 
in thickness, and the bulk parameters pg and /p for 
each case are given in Table 3. The bulk resistivity 
was not very different for each of the three cases, 
but the mean free path differed by a factor of almost 


Table 3. The bulk parameters po, lp, and n/nq from 


fitting the experimental data to the theoretical curves 


Po If 
(pQ-cm) (A) 


5 1180 
8 1800 
y 3400 


1- 
1- 
1- 
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The bulk parameters po and /p, which are 
related by « quation {| 1), determine the free electron 
density m and hence the ratio n/nq of electron den- 
sity to atom density. Hall measurements (ZENER"!)) 
have shown that m/mq is very nearly unity, and 
hence Table 3 shows that the only possible value 
zero. For bulk 
that « (), 

1-41 « 102 


the scatte 


ring parameter € 18 
100°K we conclude 


1-85 uQ-cm, J; 1180 A, n 


potassium at 


electron 


5. DISCUSSION 


Among the difficulties in interpreting 


thin-film data is the possibility of lattice distortion 


ik 


many 
lue to displaced atoms. Such distortion may in- 

> resistivity and decrease the density. The 
elimination of distortion depends upon the ability 
of the atoms to migrate within the film, and parti- 
cularly on the surface of the film, and thus find the 
most stable configuration. A rough measure of the 
different metal atoms has been sug- 
WILMAN"*) to be the re- 


ciprocal of the melting point. Since potassium has a 


] 
mobilities of 


gested by Evans and 


ting point (62°C), it should have a low 


low mel 
activation energy for self-diffusion, and might very 
well have an appreciable atomic mobility even at a 


low 


temperature as as 100°K. The annealing of the 
potassium films after deposition suggests a signi- 
cant mobility at 100°K, so that it is probable that 
the vast majority of the potassium atoms could 
This conclusion is 


the annealing 


migrate to stable lattice sites 
confirmed by the small extent of 
which took place when the temperature of the film 
raised. In run KF-19, the resistivity of a film 
800 A thick was measured and the film was then 
to warm up to 121°K. When the film was 


was 


allowed 
1 


—— . 
cooled again to 100°K and the resistance measured 


gain, the decrease in resistance was found to be 
only 4+ per In run KF-18, a film 800 A thick 


llowed to warm up to 187°K. When the film 


cent 
Was a 
was cooled to 100°K, the decrease in resist- 


again 
ance was only 5 per cent. JONGENBURGER’s"!®) cal- 
culations predict an increase in resistivity of copper 


of 1-3 u~22Q-cm (or more than 70 per cent) for 1 


atomic per cent vacancy concentration. Hence our 


cent 


change in resistivity in potassium 


very small vacancy concentration of 


nuch less than 1 per cent. 
Additional difficulties in the preparation of thin 
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metal films arise because the first layers are greatly 
affected by the substrate, are extremely strained, 
and sometimes collect in small aggregates. High 
substrate temperatures promote aggregation and 
our films broke up completely if heated above 
200°K. For these reasons the experimental re- 
sistivities of the thickest films were given the 
greatest weight in determining the bulk parameters. 
The deviation of the experimental curve from the 
theoretical curve below about 500 A (see Fig. 6) 
is not considered to be indicative of a true size 
effect. 

The mean free path (/r) was assumed to be in- 
dependent of the thickness (t). CRITTENDEN ef 
al.14) have suggested a dependence of /p on t¢ for 
small values of ¢ owing to the quantization of the 
electron’s momentum component in the direction 
perpendicular to the plane of the film. The num- 
ber of states in this direction would be reduced and 
hence the thermal scattering probability would be 
reduced. This effect was considered to be small for 
our thicker films and was neglected 

Perhaps the largest source of error in /p and po 
was in the uncertainty of the fit of the experi- 
mental data to the theoretical curve. The value 
ly = 1180 A was estimated to represent the best 
fit within 10 per cent; the value pp = 1°85 pQ-cm 
was estimated to represent the best fit within 5 per 
cent. 

Our result « 0, which indicates completely 
diffuse scattering, is in agreement with the results 
of ReyNoLps and STILLWELL" 5) on copper and 
silver films. It is interesting to note that their 
copper films were also found to anneal after for- 
mation, the resistances falling rapidly during the 
first few minutes and reaching equilibrium after 
1 or 2 hr. They also obtained excellent agreement 
between the bulk parameters obtained by measure- 
ments on thin films and those obtained by mea- 


surements on bulk samples. 
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composition, resistivity, and thermoelectric 
below 500°C* 


The 


power of cerium oxides 


but conflicting 
seemed desirable to 


stoichiometry, 


lings on the re- 


noelectric power of ceria, 


Jo powder wa 
minimizing the possibility 
ties might iffect the 
iss loss of the sample was deter- 
> by use of a quartz-beam micro- 
as built according to 
d as to permit control 
The 


and 


the specimen 

nples suspended from th 
ted in high vacuum to 
At 485°C, 
the 


] 


1 
were hea 


ullibration 


pressure ol 


oxygen at a 
treatment was then re- 


were obtained: (1) Upon 


results 


for the first time, considerable 


idensible) gases were evolved, but 
resistivity of the sample was 
(2) In 

an incipient decomposi- 

1) The ] 


LOSSCS 
les. (3) The sample 


the temperature 


mass 


vacuum in the 


ed stable in high 


600°C, beyond which further 
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Office o 
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tted for any 
the 
\mes 
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oxygen loss set in. (This result was obtained with 
another aliquot as well as with the sample that had 
been the treatment.) (4) 


Corresponding to the mass losses shown in Fig. 1, 


subjected to cyclic 


the resistivity of the oxide decreased by three to 
four orders of magnitude (Fig. 2), whereas the 


thermoelectric power remained essentially constant 


ee. 


Sr 
_ 


> a 
— 


ss loss of ceria as 


11 temperature 
between 160 and 485 


nection of 


(Fig. 3). From the sign of the thermal emf it was 
established that slightly reduced ceria is an n-type 
semiconductor. With every cycle, the changes in 
resistivity became less marked, while differences 
in the thermoelectric-power values began to be 
detectable. A detailed explanation of these latter 


effects will not be attempted until further data are 


I~ 
c _— 
~ _" 


™ 
oR Ne 
= \ 
: SN 


~ 
= 


aay 


Change in resistivity of ceria as a function of 


temperature 1n 


Fic. 2 


successive cycles. 


three 


available. (5) Upon introducing oxygen at 485°C 
the oxide took up approximately 20 yg/0-308g of 
sample at a pressure of 50 microns, and 100 


96 
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ug/0-308g at a pressure of 100 mm Hg. Upon cool- 
ing in oxygen to room temperature, the original 
sample mass was restored. Correspondingly, the 
resistivity returned to its original value (Figs. 2 
and 4). (6) The sample sintered to some extent; 

















Fic. 3. Thermoelectric power of ceria as a function of 
temperature in three successive cycles. @ 1st cycle; 
/\ 2nd cycle; © 3rd cycle. 


upon conclusion of the three cycles, the surface 
areas as determined from nitrogen adsorption 
isotherms at 78°K were 10:1, 9:2, and 8-9 m2/g, 
respectively. 

It is generally believed that thermoelectric mea- 
surements reflect the electronic properties of the 
entire material, whereas conductivity data depend 
strongly on the electronic properties of the grain 
boundaries. In view of (2), (4), and (5), it appears 














log Po, 


Fic. 4. Change of resistivity in second cycle upon 
admission of oxygen gas at 485°C. 


that the reversible oxygen losses encountered at 
these low temperatures originate from regions near 
the surface. Using the surface areas cited in (6) and 
a value of 5-41 A for the edge of the unit cell in 
CeOo, ) the number of unit cells on the surface of 
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the powder is found to range from 0-31 to 0°37 >» 
x 10°9/g of sample. The number of oxygen atoms 
corresponding to the mass loss of the oxide be- 
tween 160 and 485°C is 0°33 x 1029/g. On this 
basis it appears that roughly one oxygen ion is re- 
moved from every unit cell on the surface in the 
indicated temperature range. One may also specu- 
late that the mass losses observed above 600°C 
correspond to an incipient bulk decomposition. 
Further work along these lines is in progress. 


Department of Chemistry A. W. CZANDERNA* 
Purdue University J. M. Honice 
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Endothermicity and Positive Excess Entropy in 
Solid Solutions in Germanium and Silicon 


(Received 25 November 1957) 


A REVIEW of distribution coefficients, &, of a num- 
ber of solutes in germanium and silicon by Hatt") 
has shown that their logarithms are linear in 
reciprocal temperature and that the intercepts at 
(1/7) = 0 are much larger than would be expected 
from the simple relation 


AHof —AHos 


ASof 
RT R- 


Ink (1) 
In this equation, AH! and AS»/ are, respectively, 
the enthalpy and entropy of fusion of the pure 
solute species 2, AHS is the partial molar enthalpy 
of solution of solute into the solid solution at tem- 
perature 7, and Ris the gas constant. HALL’s inter- 
pretation of the largeness of the values of the inter- 
cepts in terms of a temperature-dependent en- 
thalpy constitutes an over-simplification of the 


* Present address: National Carbon Research Labora- 
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problem. We wish to present a more general dis- 
cussion and to try to rationalize the direct re- 
lationship found by HALL") between the values of 
slope and intercept. 

It is best to begin with the equation derived by 
THURMOND and STRUTHERS") for the case where 
the solid phase and the co-existing liquid phase are 
not ideal: 


AHof — AH 


“A SsE—ASof : 
- +1n ta 
RT R 

(2) 
In equation (2), where we will assume for the 
moment that all terms are taken as temperature- 
independent, AS” is the excess partial molar 
entropy of solution of the solute in the solid phase; 
it is defined by AS>5 AS>E. R1n xo%, where 
Xo is the the 
solution. yo” is the activity coefficient of solute in 
: As xo - 0, yok 


constant, and AS» is also constant, so that one 


atom fraction of solute in solid 


the co-existing liquid solution >a 
can expect approximate linearity between Ink 
and (1/7') as the melting point of the pure solvent 
is approached Moreover, the intercept at (1/7)—0 
is equal to the sum of the terms in the brackets in 
equation (2), and not simply to ASo’/R. One may 
expect y2" to be not far from unity, so that In y2" is 
small with respect to the observed values of the 


intercepts oi 2 to 8. Hence, one finds { A Sof R) 


] , 
F pe neaal T m)—AHo25(Tm)—AHel — 


ASo# { Tm )\— A Sof ( )4+- AHol lw ; 


R 


where 7, is the melting temperature of the pure 
solute. Equation (3) is independent of degree of 
dilution of either phase as is also equation (2). 
Only the second term on the right of equation (3) 
produces curvature in a In & versus 1/T plot, but 
because it is a small term, absence of curvature in 
the experimental plot cannot be construed as 
implying zero values for the additional terms in 
the slope and intercept in equation (3). ‘The small- 
ness of these additional terms determines the degree 
of significance of the above conclusions, but these 
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AS»7/R-+-(2 to 8) so that the partial molar excess 
entropy of solution for the solute is about (3 to 9) 
R and is a positive quantity. Inspection of HALL’s 
curves shows that the larger the negative slope (i.e. 
the larger the magnitude of AHs'), the larger also 
is ASo”. Thus, progressively poorer binding be- 
tween solute species and solvent atoms is accom- 
panied by progressively larger excess entropies of 
solution for the solutes. The excess entropy re- 
presents the sum of two contributions, the change 
in volume per atom AV, and the change in vibra- 
tional spectrum accompanying the introduction of 
solute into the solid solution. The sign of the ob- 
served excess entropies is consistent with a posi- 
tive Ava, and a decrease in the vibrational fre- 
quencies or in the Debye 6. Hence, as might have 
been expected, the poorer binding between solute 
and solvent atoms produces a “‘looser”’ lattice. 
These conclusions from equation (2) are 
weakened somewhat if one considers a tempera- 
ture variation of the terms in (2). As a first approxi- 
mation, one may regard the heat-capacity differ- 
ence between pure liquid and pure solid solute, 
ACo, and the partial molar heat capacity difference 
between solute in solution and pure solute, AC38, 
as themselves independent of temperature. Simil- 
arly, the AHo” in (9 In y2"/8T) x, = —AHo”|(RT?) 
may be taken as temperature-independent. The first 
approximation beyond equation (2) then becomes 


ACs —ACpo 
(ACo+AC2')Tm]+ R In(7/Tm) + 


magnitudes must be determined by experiment. 
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LETTERS TO 
On the number of 3d electrons in iron* 


(Received 21 October 1957; revised 3 February 1958) 


Welss and DeMarco") have carried out X-ray 
measurements of the atomic scattering factors of 
copper, nickel, cobalt, iron and chromium to 
determine the outer electron configuration in the 
metallic state. Their most remarkable conclusion 
is that the total number of d-electrons in body- 
centered cubic iron is 2:3-+-0-3 electrons per atom. 
This number of d-electrons agrees quite well with 
the neutron determination®) of the number of 
magnetic d-electrons in iron and suggests, accord- 
ing to WeIss and DeMarco, that the total spin 
per iron atom comes from 3d? electrons in one spin 
direction, and that there are no other d-electrons. 

The purpose of this note is to point out that it 
appears to be difficult, though not impossible, to 
reconcile the proposed electronic configuration of 
iron with the positive values of g—2 and 2—g’ 
found in resonance and magneto- 
mechanical experiments. Here g is the spectro- 
scopic splitting factor and g’ is the magneto- 
mechanical ratio.) We expect theoretically as a 
fairly general rule that the conditions g > 2 and 
g’ < 2 will obtain only if the d bands are more than 
half filled. If they are less than half filled, we ex- 
pect g < 2 and g’ > The qualitative argument 
about the sign of the g-shift may be stated simply. 
Nearly all Bloch states will have <L,> = 0 in the 
absence of spin-orbit interaction. The sign of the 
one-electron spin-orbit interaction AL -S in the 
free atom is to make the state with L antiparallel to 
S lower in energy than the state with parallel orient- 
ation. The effect of the spin-orbit perturbation on a 
Bloch state merely reflects the sign of the effect in 
the free atom, mixing into the lower states some 
orbital momentum antiparallel to the spin and into 
the upper states some orbital momentum parallel to 
the spin. 

Thus, if the band is less than half full, so that 
only the lower states (with ZL antiparallel) are 
occupied, then (g—2) and (2—g’) will be negative. 
If the band is more than half full, the lower states 
will be equally occupied by the two spin orienta- 
tions, and so the net orbital contribution from these 
will be zero, leaving only the positive contribution 


microwave 


» ae 
O- 
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coming from those states in the upper half of the 
band, which are singly occupied. 

Of course, if the configuration is (3d)? (4s)? 
(4p)4, any magnetization of the 4p band might tend 
to increase the g value, because the 4p band is more 
than half filled. As there seems to be no reason to 
believe that the 4p bands are narrower in energy 
than the 3d, there is no compelling reason to sup- 
pose that the 4p contribution to the orbital move- 
ment is greater, per magnetic electron, than the 
3d. Thus, since the number of magnetic 4p elec- 
trons is small, we may neglect this effect. At first 
sight, therefore, we would expect g—2 and 2— ’ to 
be negative, contrary to experiment, for any model 
of iron with just two 3d electrons per atom. 

However, it may be possible to get a positive 
contribution of appreciable magnitude in the 
following way. The conduction band wil! certainly 
contain some admixture of 3d wavefunctions and 
the spin orbit perturbation will, therefore, connect 
these conduction states to the magnetic states made 
of mainly 3d wavefunctions. This coupling to those 
conduction states which lie higher in energy than 
the 3d magnetic states will affect the latter in just 
the same way as the coupling to the mainly 3d 
band. But the coupling to those conduction states 
which lie lower in energy will give a contribution of 
opposite sign, i.e. a positive contribution to g—2 
and 2— g’. If conduction states exist to which there 
are appreciable matrix elements not far removed in 
energy, then this effect could be large. 

We conclude, therefore, that it may be just 
possible to reconcile the We1ss-DEMArco results 
with the positive values of (g—2) and (2— g’). 
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LETTERS TO 
Radiative Surface Effect in Germanium 
(Received 14 November 1957) 

A RADIATIVE surface phenomenon was sought in 
The 


and two small closely spaced con- 


crystal was shaped as a Weier- 


germanium 
strass sphere . 


nections were attached about the center of the 


Weierstrass plane (Fig. 1); one connection formed 
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magnetic field (since it is a bulk effect), the 4-6u 
radiation decreases very markedly in the absence 
of the magnetic field, thus indicating a surface 
effect. 

The 4-6y radiation may be attributed to an inter- 
band transition, as in ref. (1). This mechanism is 
thought possible by the excitation of light holes in 
the strong electric field of the surface inversion 
2, as long as there are no 


amy C 


layer. As shown in Fig. 
collisions, light holes can retain their total energy 
as they enter the inversion layer. However, the 
bending of the bands effectively increases the 
potential energy of the light hole with respect to 
the top of the valence band, so that now a radiative 


transition is possible. The highest energy radiated 
is then limited by the surface potential V, or by 
the maximum separation of the bands, whichever of 
the two limits is lower. The present data sets this 
limit at 0-27 eV, which corresponds to a maximum 
V. of 0°31 eV. 

To eliminate the possibility of the 4-6. radiation 
being a radiative surface recombination, a floating 
p-n junction was introduced (by alloying) between 
the injector electrode and the ohmic connection. 
The floating junction”? has the property of collect- 
ing holes over most of its area and re-emitting them 
at the point nearest the ohmic connection. Since 
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the collected holes become majority carriers in the 
floating region and since no excess electrons are 
introduced, these holes cannot recombine; how- 
ever, the strong electric field in the p-m transition 
can excite the light holes. The surface between the 
electrodes can be scanned to examine the contribu- 
tion from each element of surface. The 4-6, radia- 
tion is in fact maximum at the floating junction. 
When the floating p-» junction is replaced by an 
accumulation layer (also by alloying), the electric 
field at the n*n transition is unfavorable to the 
excitation of light holes (and also to surface re- 
combination). In this case there is a dip in the 
4-64 radiation at the accumulation layer and 
maxima on either side of this region, i.e. where in- 
version layers exist. 

The statistics of the process is currently being 
investigated. At constant temperature, the 4-6u 
radiation increases linearly with the current, and 
at constant current it increases with temperature. 
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Anisotropy of edge luminescence in cadmium 
sulfide* 
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Tue characteristic green luminescence observed in 
CdS crystals at low temperatures, !-?) often called 
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“edge” emission, has been of particular interest 
because of the possibility that it is due to radiative 
decay of excitons, as suggested by KROGER and 
Meyer®) and others. An alternative explanation 
has recently been proposed by LAmpE et al.) 
According to their model, the radiative process 
involved is the recombination of a free hole with 
an electron trapped in an imperfection center lying 
just below the conduction band. The nature of the 
luminescence center is not known, although there 
is partial evidence that sulfide-ion vacancies are 
responsible. The feature of the latter model relev- 
ant here is the indirect character of the excitation 
process, as contrasted with the exciton model in 
which excitation and emission are directly cor- 
related. The purpose of this note is to report some 
brief observations of the luminescence made with 
polarized light, which furnish additional evidence 
for an indirect excitation mechanism and provide 
some information as to the anisotropy of the lumin- 
escence centers and their distribution within the 
crystal. 

The observations were made in connection with 
an investigation of the optical absorption spectrum 
of CdS and employed the same apparatus. The 
specimen, a single crystal in the form of a thin 
platelet, was maintained at 90°K and illuminated 
by monochromatic polarized light, with the direc- 
tion of incidence normal to the crystal face (and to 
the crystalline c-axis). The luminescence was 
detected by an optical system colinear with the 
exciting beam, viewing the opposite face, and con- 
sisting of a lens, polarizer, wedge interference 
filter, and photomultiplier. The filter was used for 
rough determination of the spectral distribution of 
the luminescence, which peaked at 5205 A, and for 
distinguishing the luminescence from any in- 
cident radiation which might have been trans- 
mitted by the crystal. The intensity and polariza- 
tion of the luminescence were measured as func- 
tions of the wavelength and polarization of the ex- 
citing radiation. The results may be summarized 
briefly as follows: (1) the emission at 5205 A is 
strongly polarized, the component with F vector 
perpendicular to the c-axis being 6-3 +-0-2 times as 
intense as the parallel component; (2) This ratio is 
independent of the polarization of the exciting 
radiation, implying that the excitation and emis- 
sion processes are only indirectly related and may 
occur in different states or in different parts of the 
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crystal; (3) although the crystal is opaque to all 
wavelengths within the strong-absorption region, 
the excitation spectrum (see Fig. 1) shows pro- 


nounced peaks coincident with absorption max- 
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ima, ®-7) indicating that the luminescence efficiency 
is appreciably higher near the surface, a property 
already noted for the blue low-temperature 
emission.) There are as yet no quantitative deter- 
minations of the absorption coefficient in these 
peaks, but a lower limit of 104 cm! can be set for 
all wavelengths less than 4880 A, for light polar- 
ized with E vector perpendicular to the c-axis, and 
4860 A for the parallel polarization. It is hoped that 
photoelectric absorption measurements now in 
progress can be extended to these bands, which so 
far have been observed only in photographic 
spectra.~) It is interesting to note that the same 
absorption peaks appear as minima in the photo- 


conductivity spectrum.“ 
Institute of Optics Davip DuTTON 
University of Rochester 


Rochester, N.Y 
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BOOK REVIEW 


A. J. Dekker: Solid State Physics. Prentice-Hall, 
Englewood Cliffs, New Jersey, 1957. 540 pp., $12.00. 


THE present generation of students studying the 
physical properties of solids has the advantage over 
students of a few years ago that excellent intro- 
ductory textbooks are now available. Prior to 
SEITz’s monumental book in 1940, the student had 
to extract an understanding of the behavior of 
solids from a handful of distinguished but highly 
specialized monographs. An analytical under- 
standing of the physics of solids became possible by 
a much wider spectrum of students with the ap- 
pearance in 1953 of KITTEL’s introductory text and 
the subsequent publication of several similar 
books. The book reviewed here belongs to the 
same class as KITTEL and should contribute to the 
broadening of interest and competence in solid- 
state physics. It is intended for senior under- 
graduate and beginning graduate students in 
engineering, physics, chemistry, and metallurgy. 
The first nine chapters of Dr. DEKKER’s book 
present the classical theory of crystals and include 
discussions of dislocations, alloys, ionic conduc- 
tivity and diffusion, and ferroelectrics. Prerequisite 
to these discussions is a knowledge of statistical 
thermodynamics and of the quantized harmonic 
oscillator. Wave-mechanical concepts are not used, 
and subjects treated in this part of the book are 
accordingly not treated so deeply as those in the 
later chapters. The free-electron theory of metals is 
introduced in Chapter 9 and applied to electron- 
emission processes. ‘The Kronig-Penney model and 
Brillouin-zone theory are presented in Chapter 10. 
Subsequent chapters discuss conductivity in 
metals, electron distribution and transport pro- 
cesses in semiconductors and insulators, rectifiers 
and transistors, optical absorption, photoconduc- 
tivity, luminescence, secondary electron emission, 
magnetic properties, and magnetic resonance. In 
the three-fifths of the book beginning with Chapter 
9, wave mechanics is used without apology. 
Solid-state physics encompasses experimental 


and theoretical tools almost as varied as those of all 
physics. A book which attempts to provide an in- 
troduction to such a broad subject is a perilous 
undertaking, and it is easy to find apparent short- 
comings in such a book. The choice of material 
will please the electrical engineer, but will not be so 
satisfying to the other intended readers. For ex- 
ample, superconductivity is not discussed at all, 
and the subjects presented in the first part of the 
book are necessarily not treated deeply; the chief 
material for the metallurgist is in this part, and 
chemists and physicists may both regret that the 
repulsive forces in ionic crystals are explained 
only by the statement that ‘“These forces, as other 
overlap forces, can best be discussed on the basis of 
wave mechanics, because of their nonclassical 
nature.” The reviewer would have preferred a more 
systematic treatment of excitons (which curiously 
are not indexed but are granted three or four pages) 
to the full chapter on secondary electron emission, 
which 1s detailed and in part devoted to speculative 
material. (It is nevertheless a very welcome 
chapter, since most other writers of solid-state- 
physics texts give no space at all to this intriguing 
subject.) One could have hoped for a more 
thorough treatment of the p—n junction, especially 
since the book as a whole emphasizes processes 
which have applications in engineering electronics. 
There are many line drawings, but even more 
could have profitably been included in Chapters 9 
and 10, which will be difficult chapters for non- 
majors in physics. There are no photographs at all, 
and this fact is particularly unfortunate in the 
sections on dislocations and magnetic domains. 

Solid State Physics is clearly written and com- 
petently planned. Its choice of material and ap- 
proach is sufficiently different from the other in- 
troductions to the physics of solids that it should 
be very useful as an undergraduate and graduate 
text and as a book for self-study. It deserves 
examination by any teacher planning a course in 
solids. 


R. L. SPROULL 
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Abstract—The surface impedance of a metal in a high-frequency electromagnetic field and a con- 
stant magnetic field parallel to the surface of the metal is calculated, for arbitrary dispersion law and 
collision integral. The dependence of the surface impedance on magnetic field and temperature is 
investigated over the whole range of magnetic fields. The possibilities of establishing the form of the 
Fermi surface, the electron velocities at the Fermi surface, and the electron transition probabilities 
due to collisions are investigated. The predictions of the theory are compared with experimental 


results on cyclotron resonance in metals. 


1. INTRODUCTION 
CYCLOTRON resonance in metals has been predicted 
and investigated theoretically by the authors.” 
The basic differences between this resonance and 
the well-known diamagnetic resonance in semi- 
conductors“) are that: (1) cyclotron resonance 
occurs not only for a frequency w of the applied 
field equal to the “cyclotron” frequency, Q, but 
also for 2Q, 
3Q, .. . (even for an isotropic metal), (2) cyclotron 
resonance is possible only for strict parallelism 
between the constant magnetic field H and the sur- 
face of the metal (a small angle between them 


harmonic frequencies, w 89 


destroys the resonance). 

Cyclotron resonance has recently been dis- 
covered by Fawcett in tin* and by DExTER and 
Lax‘®) and AUBREY and CHAMBERS"®) in bismuth. 
At the same time, the change of high-frequency re- 
sistance in strong magnetic fields earlier studied 
theoretically has been studied experimentally in 
tin, copper, and bismuth. 

In the following section, we compare the experi- 

* In addition, cyclotron resonance in tin'®®?) and 
lead‘**) has also been observed recently by GALKIN and 
BEZUGLYI, who have kindly informed us of their experi- 
ments at a frequency w = 27 X9-3 kMc/s, at tempera- 
tures of 4:2 and 2°K and in fields up to 10* Oe. In agree- 
ment with theory, tilting the field relative to the surface 
of the metal suppressed the dependence R(H). Very re- 
cently, Krp(**) has informed us that he and his colleagues 
have also observed cyclotron resonance in tin. 


H 


mental results with the theory,“:*-») next, in Sec- 
tions 3-6, we extend the theory previously devel- 
oped for very strong magnetic fields to arbitrary 
fields; we then the 
dependence of the impedance (Section 7), and 
finally we investigate what information about the 
Fermi surface ¢«(p) 
studying the dependence of surface impedance on 
magnetic field. (In Section 8 it is shown that such 
experiments in principle make it possible to estab- 
lish completely the form of the Fermi surface and 
the electron velocities on it.) 

It is particularly interesting that in cyclotron 
resonance, the geometry of the Fermi surface (and 
especially the geometry in the main zones) has a 


determine temperature- 


¢+ may be obtained by 


qualitative influence on the results (see Sections 
4, 5, 8). This allows some conclusions about the 
Fermi surface to be deduced directly from the 
experimental results, without any complicated 
analysis of the resonance curves. 


2. COMPARISON OF THEORY AND EXPERIMENT 

Before comparing the experiments :® 1%) with 
theory, we shall summarize some of the theoretical 
conclusions, including not only those previously 


+ ¢ is the energy and p the quasi-momentum of the 
electrons, and ¢ the chemical potential of the electron 
gas. e(p) is an even periodic function of p with the period 
of the reciprocal lattice. Considerable use is made in 
what follows of the central symmetry of the Fermi sur- 
face, which follows directly from quantum mechanics. 
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but also some which will be proved 


ng sections. We first give the formulae 
juadratic dispersion law; 
form of the dispersion 


1] 


‘ } 
he results only close 


l+iwtp 


effective mean 
is equal to th us 7 of the Larmor 
static conductivity, ¢, the relaxation 
mass of the electrons), the 


47E(0) cH(0) changes only 


ne etrecti\ 


1 ince L 


30*]* Z(0)H? 
128H,2 


Thus in this region R(H) decreases somewhat and 
X(H) Z(H) = R(H)+1X(A)); at 
somewhat higher fields X(H) appears to reach a 
maximum and then to decrease by an insignificant 
H ~ 27H,, the 


is only a few per cent 


erows (where 


whole 


t 


amount. Up to fields 


change in impedance¢ 
If these changes are ignored, then at frequencies 
for which anomalous-skin- 


when the skin depth 


and 
effect conditions hold (i.¢ 
§ < |/*|; for liquid-helium temperatures, this re- 


10° sec-!) the dependence Z(H) for a 


temperatures 


quires Ww 


quadratic law of dispersion, « = p*/2m, may be ex- 
pressed over the whole range of magnetic fields by 
the equation 


Z(H) = Z(0)| 1—exp| — 


and E. A. 


KANER 


(though strictly this equation holds only for 
Q(t, ] w) l ). 
Thus if wt, = 1, the 


monotonically increasing 


impedance decreases 
with field, and for 


() S 27/t,, we have 


Q 0» 

Z(H) ~ H-5, 
If, on the other hand, wf, > 1, then after the 1n- 
significant decrease in weak fields the impedance 
oscillates with increasing field (for 277/t, << Q. < 2w), 
w/q(q = 1, 2, 3,...3 g < (r/5)§, wt,/27) 


resonance occurs: 


and for @2 


Rres/R(O) ~ (wto 27q)-}; 


Yres/ X(0) ~ (wto/27q)-! 

(where Z*®s = Rres +-7XT*s is the surface impedance 
at resonance, and Z(0) the surface impedance in 
zero field). At resonance, R and X pass through 
minima; we may note that R's is independent of 
frequency, since R(0) ~ w*. Finally, for 


TW.Wwo, 


R(A) ~ w2H-4'3, X(H) ~ wH-13, 


and for (2) > TwW.Wwto, 


Z(H) ~ H-*(1/to+31w). 


(2) In the resonance region, the form of the dis- 
persion law (i.e. the form of the Fermi surface) has 
an important effect on the depth and half-width of 
the resonance curve and its anisotropy (see Sec- 
tions 4 and 5). 

The temperature-dependence of the impedance 
may be derived from the equations given above, 


using the result (see Section 7) that 


where ?," is the collision time corresponding to 
residual resistance, 7,’ and 7,° are characteristic 
relaxation times corresponding to scattering of 
electrons by phonons and electrons respectively, 6 
is the Debye temperature, and @, a characteristic 
temperature for scattering by electrons. 

We now turn to a comparison of theory and 
experiment (see Fig. 1). In the derivation of the 


basic theoretical equations it has been assumed 
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that 6 < r, 1, v/w. For all metals at helium tem- 
peratures these inequalities are well satisfied over a 
wide range of frequencies. Thus if wt, > 1 (a 
necessary condition for resonance), and we take 


H/Ho 
2 














Fic. 1. Experimental curves showing the dependence of 
surface impedance on magnetic field. 
(a) Cyclotron resonance in tin (FAwcETT;“) figure taken 
from CHAMBERS).'!°) () experimental points (w = 27 x 24 
kMc/s, T 4-2°K). —theoretical curve. 
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( 


n~ 1022 cm-3, mw 10-7?’ 9, ww 108% cm/sec, 


H ~ 104 Oe, w ~ 10!!sec!, we find the 
>cm, r = mvuc/eH ~ 


skin 


= (mc*/27ne”)? ~ 10 


depth 6 
~ 10-3? cm, | r. 
ception is presented by bismuth, in which the 


and v/w ~ 10-% cm. An ex- 


ano- 


le 


electron density and effective mass are 


malously small, and it is consequently possib 


to have 6 r. In this case the equations previously 


” | 
sag 
*, 
Wy 


—s 





5 8  10x10° 


H, oersted 
(b) Cyclotron resonance in tin (BEZUGLYI and GAL- 
27 X93 kMc/s; T = 4:2°K (upper curve), 
2°K (lower curve). 


KIN) ;{°°) w 





0-3 





-0°3 





AR/R (0), -4X/R(0)s- theor. 





10 107 


H 


(c) Cyclotron resonance in bismuth (AuBREY and CHAMBERS);"9) @ 
4-2°K). Theoretical curves: ————— AR/ R(0); 


— AX/R(0). 


27 X9kMc/s, T 


9 = AX/R(0) (w 


10° 10* 
gauss 
AR/R(0); 
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obtained by the authors“:*->) and the present work 


give only a qualitative picture of the phenomenon; 
this picture agrees with all the available experi- 
(DEXTER Lax,(®) AUBREY and 
A more reliable comparison can be 
(Fawcett,@) BEzuGLy1 and 
al.) copper 


ments and 
CHAMBERS) 
out for tin 


Kip?) ef 


carried 
GALKIN, (*' and 


(FAWCETT) 


Cyclotron resonance in tin (Kip et al.) ;*8 


w 27 x 24kMce/s, T = 4°K 


In Fawcett’s work a resonance was observed 
a monotonic decrease of surface re- 
sistance with field in tin and copper in weak and 
strong fields, for T = 4-2°K, w = 27 24 kMc/s, 
for four different directions of steady field H and of 
r.f. current flow (H < 1-6 104 Oe). The aniso- 
tropy of surface impedance found by FAWCETT is 
not unexpected, and such anisotropy will in general 
occur even for cubic crystals, since it is connected 
not only with the anisotropy of the crystal but also 
with the existence of a special direction—that of 
the field H (for a fuller discussion, see Section 5). 
Moreover, an additional apparent anisotropy may 
also arise if the angle between H and the surface 
of the specimen changes as the specimen is rotated, 
if condition (2.6) is not satisfied (see below). 
The fall in surface resistance R in very small 
fields (H < H, ~ H,\o*l*Z(0) 


per cent, and does not contradict the theory. (Note 


+) was only a few 


that the predicted change in Z in weak fields must 
occur for practically any angle between H and the 
surface.) However, the resonance found by Faw- 
ceTT) was less deep and the fall of R in strong 
fields more gradual than follows from theory, for 


and E. A. 
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the value of wt,(~ 27) given by Fawcetrt.“* 
There seem to be several possible reasons for these 
discrepancies. For the equations given by AZBEL’ 
and KaANER"*) to apply, two conditions must be 
satisfied: 
(1) Over the whole range of H, the angle ¢ 
between H and the metal surface must satisfy 
d: (r 1\(8 r)i (d2r)! l~ H-4, (2.6) 
This condition arises because the electron finds itself in 
an r.f. field only over a very small part of its orbit. If the 
energy acquired in the r.f. field is to depend appreciably 
on H, it is necessary that the electron should repeatedly 
rotate into the skin depth, which is possible only if H is 
strictly parallel to the surface of the metal. The larger 
the more strict does this condition become 
If condition (2.6) is not satisfied, 


H becomes, 
(see equation (2.6)) 
then as H increases, the effective path which the electron 
traverses in an appreciable r.f. field grows more slowly 


than for d Q (see Fig. 2), and the change of Z with H 


VAVAVAVAVAVAVA 





Trajectory of an electron in a magnetic field at 
effective 
total 


Fic. 2 

an angle ¢ to the surface of the metal. Ness 

number of turns reaching into the skin depth. N 
number of turns between collisions 


becomes more gradual, tending for sufficiently large 
values of H to saturation. Just such a more gradual varia- 
tion of R(H) was found by Fawcett") in tin, where the 
angle ¢ was about 1°; for H ~ 10' Oe and wt») ~ 27, 
¢ needs to be of the order of minutes. An inclination of 
H will also have a similar effect in the resonance region. 

Qualitatively, the dependence Z(¢, H) in very strong 
fields can readily be found from the formulae: 


Sen(H) = (c?/27woen)*; sen ~ coNenden/l, 


* FAWCETT suggests) that this gradual fall in R(H) 
may be due to a complicated geometry of the Fermi sur- 


face, or to an anisotropy in the relaxation time, not taken 
\ZBEL’.(°) However, consideration of the 
general leads to the same form for Z(H) in 
strong fields, and differences are possible only at inter- 
mediate fields. (In particular, departure from the quad- 
ratic dispersion law ¢ p?/2m may lead to R(A) being 
less than R(O) for all values of H, which is not the case 
theoretically for a quadratic dispersion law. Cf. Fig. 1.) 


into account by 


Casc 
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where N.» is the effective number of revolutions in the 
skin layer: 


1/2nr( <Sen/l) 
Sen/2nrd(Sen/l <b <Sen/2n1) 
1(¢ > 8en/2z7) 


bent 
enema (2.7) 
2nr[+(Ben/!)] 


Thus for ¢ > 8.4/7, there is no appreciable dependence 
of Z on H in zero approximation with respect to 8,4/r. 
(This conclusion was proved by the authors") by direct 
calculation of the impedance in an inclined field.) 

It is of interest to examine the extent of resonance in an 
inclined field to the next order of approximation in 8,,/r 
CHAMBERS(!") has suggested that a resonance might still 
be shown by those electrons whose velocity vy along the 
direction of H is close to zero, so that they do repeatedly 
return into the skin depth. In the general case, vy varies 
around the Larmor orbit, since it does not depend only on 
the conserved quantity py, and the condition for return 


Nena ~ 


of an electron into the skin depth becomes vn( ©, pu) 0, 
where the averaging is carried out around the orbit. 
The fraction of electrons returning into the skin 
depth (for ¢ > 8.q/27r) is then ~ 8,4//6; their effec- 
tive free path in an appreciable r.f. field is of order 
Legg ~ Seq. L/277 (since 1/27r is the number of revolu- 
tions), and the corresponding effective conductivity is 
O op ™ F(See7/16)(8.4/277). For the other electrons, 
i, and = 4p ™ (5.4/1). Consequently the 
resonant addition to the impedance is smaller by a factor 
2mr¢/ 5.4 than the non-resonant term. 


"ies Betts 


(2) ‘The second factor which may substantially 
affect the experimental results is surface rough- 
ness. The quantity ¢, introduced in previous 
papers”) represents a suitably averaged time of 
free flight of electrons close to the surface, since 
only these contribute appreciably to the current 
density. This surface time of free flight may differ 
substantially from that in the depth of the metal, 
t,®, which determines the d.c. conductivity (see 
Fig. 3). In order that t, ~ ¢,”, it is necessary that 





The ‘‘surface’’ free path time of electrons. 


(¢ = angular size of surface roughness.) 


Fic. 3. 


a = trajectory of electron in the bulk metal. 
trajectories of electrons close to the metal surface. 


b,c 
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any surface irregularities which are comparable 
with the skin depth in size shall have an angle of tilt 
¢ which also satisfies condition (2.6). Otherwise, 
as is clear from the diagram, ¢, will depend on H, 
and the dependence of Z on H will be produced 
only by those parts of the surface which are parallel 
to H. From this it follows that the value of wt,? 
given by Fawcett may be substantially greater 
than the value wt, which determines the depth of 
resonance, and this may explain the considerable 
half-width of the resonance curves. 

(3) It is possible, finally, that the fermi surface 
in tin consists of one or several convex surfaces 
which are not ellipsoids. To obtain a sharp re- 
sonance curve in this case, it may be necessary to 
choose a particular polarization of the r.f. field 
(see Section 5). 

It will be clear from the foregoing that the ex- 
perimental observation and study of cyclotron re- 
sonance is attended with considerable difficulties. 
Besides the need for high frequencies (cm or mm 
wavelengths), strong fields (of the order of 104 Oe), 
low temperatures, and high specimen purities (to 
obtain long mean free paths), one needs also very 
strict parallelism between the magnetic field and 
the specimen surface, and an extremely high qual- 
ity surface. 

AND SOLUTION OF THE 
PROBLEM 

The basic problem of the paper is the deter- 
mination and investigation of the surface im- 
pedance tensor Z,, in an r.f. field under 
anomalous-skin-effect conditions (6 <r, J, v/w), 
when a steady magnetic field is applied parallel to 
the surface. As is well known, the surface im- 
pedance tensor determines the relation between the 
r.f. electric field E(0) at the surface of the metal 
(z = 0) and the total r.f. current /, the relation 


being: 


3. FORMULATION 


E (9) b 3 Ly mY vy ZY y R “1 +1X,, v 
yal 


(u,v =x, y). 


Using Maxwell’s equations, we obtain 
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is necessary to solve Max- 


well s equations 


curl H =4nj/c; curl E=—iwH/c, (3.3) 


relation between the current density / 
ic field strength F in the metal is 
y the kinetic equations for the per- 
to the equilibrium Fermi distribution 


electrons in the metal: 


z fy dpzdpydpz ;. 


Q) 
(3.4) 


idition corresponds to diffuse reflection 


electrons at the surface of the metal). Here 
, and —e are respectively the 
quasi-momentum, energy, and charge of 


he electron, {€ is the chemical potential, and 


collision integral for collision of 
-lectrons, and defects in 


with phonons, « 


illine lattice 
x 


1 of equations (3.2)—(3.4) was solved 


previously We note first that under anomalous- 


skin-effect conditions, and in zero approximation 


with respect to 6// (for r /) or to 6 r (for r l), 
temperature, introduce a 


- the electrons, to Pp): 


at any 


- 


Physically the reason for this is quite simple 
Under anomalous-skin-effect conditions, the elec- 


ition prob- 


tion /) 


and E. A. 
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trons find themselves in an appreciable r.f. field 
only when moving almost parallel to the surface of 
the metal. Thus the increment /, to the equilibrium 
Fermi function is appreciably different from zero 
only for |v,| < v(and thus also |v,F£,}|/|v.E| ~ 8.4/7 
<1). Therefore the important transitions are 
those leadings from states with v, ~ 0 into all 
other states. Now the collision integral has the 


form (see e.g. WILSON“): 
fi(p) | A(p,p’) dp’ — [ Bp, p’)fulp’)dP" 


and since f, has a sharp maximum for v, ~ 0, the 
second term, which involves an average over /,(p), 
may be neglected in the zero approximation with 
respect to 8/r (for 7 l) or to 8/1 (for 1 < r). Thus 


(5.5) follows 


In solving (3.4) it is convenient to choose as variables 

QQ ot as a 
t.(7) Here 
mass in- 


=, €, Pp, (where x is the direction of H) and r 


dimensionless form of the time variable 


Q, eH myc, 
troduced for convenience; 
m, no longer appears. Equation (3.4) can then be written 


. characteristic 
in the final formulae, of course, 


where my, is a 


in the form 


C7] 


° e JA 
twfi+vz 
OR 


fi(0; vz, vy, vz) = 9 (3.6) 


In solving equations (3.3), (3.4), it is convenient to con- 


sider not the unknown functions themselves, but their 
Fourier transforms (for this purpose, of course, the func- 
tions are suitably continued into the region z < 0 out- 
side the metal). After rather complicated trans- 


formations it is then possible to obtain equations for the 


some 


DH 
Fourier transforms alone, i.e. for &,(k) 2 jf E,(2) cos 


kz dz, as follows 


* For simplicity, we shall only formulate and solve the 
equations for the case of a single surface defined by the 
equation e(p) {, with dS de > 0. The generalization 
to the case of several surfaces is straightforward, and 
the final results will be written out for the general case 


(when @S/de > | dS de 


O, (R, R’)é 


(k’) ak 
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where 
z 


| _ 2 5, 


hPQo . € 
0 


2e2mpo 
c 


i 


xX exp | (¥0 dro 


’ 1, dre dr 


ea l 
) rs 


0 


where S(e, p,) is the area of cross-section of the surface 
e(p) ¢ by the plane p, = constant; and finally the 
function f(r) appearing in (3.9) is defined by the con- 
dition 

f(r) 

| v,(71) dr, = 0, 


T 


7 


f(t) <tH+T. 


T < 


2 


= p*/2m, f(r) for 0- 
t << 27.) In what follows we shall suppose 


2n r- 


if 


t for 7 < 


7 


(Thus, t 
4n 
f(r) to be single-valued. 

Having solved (3.7) for &,(k), the surface impedance 


is readily found from 


E (0) =7-1 | &,(k) dk -> Wav (9); 
0 y=] 


4r1w 
vA W 


ll 


(3.10) 


p 


Equation (3.7) may be substantially simplified if we note 
that the dominant role is played by those values of k for 
which 


kv/Qo ~ minfr/deq, 1/Seq} > 1, 
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dpxr 


exp(2ry)—1 4 


cos ( | vzdre) dry 
\ ¢ 


Qo J 


k 


. 


Th 


ry 


0 


dpr 
exp(2zry) 


« 


6 


R’ 


VAC 
m ( Oo 


) exp| | yodrs ) cos| ‘edre) dl 


dr 


tole, Px, T) 


(where, if 8 is the classically calculated skin depth, 
Sere ~™ 8(7/5)1/8) This the integrals in (3.8), 
(3.9) to be calculated by the method of steepest descents. 
It should be remembered, that 7/8. (or 
1/8.4,) is not the only parameter on which these integrals 
depend; in general, all three quantities, r, /, and 4, are 
involved. Because this, convenient asymptotic 
formulae can be found only in the limits of very weak 


rE). 


allows 


however, 


of 


fields (r > 17/8.) and strong fields (r 
In the case of very weak fields (r > /?/5.4), we 
shall consider for simplicity only a quadratic law 
p?/2m;* in this. case only the 
K K, Q Q,y=Q 


YY 


of dispersion, « 


diagonal terms K 


rx Lk 


are non-zero, and 


heme --+ 0(1/K4r4) 
4h2[*24/2 


* The results obtained, however, are true in order of 
magnitude not only for an arbitrary law of dispersion 
but also for arbitrary inclination of the magnetic field to 
the surface of the metal. 
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3c* Ink/k' 30%]* ot /R2]*2 
; ); 31w6 


O(k, k’) + re 0 va px 
2nl* k?—k'2 64ry* I* y tah serene &(k’) dk’. 
where 16c*y* 0 
o vt ‘ 
o* = —; 6 ; [*——— : ; y= (Here account has been taken of the fact that only 
1+twto 1+twto ki*| ~ |1*/5.¢| ~ |1*/8/§ > 1 is significant and 
at lay| > . ay eos 

Equation (5.7) then assumes the form that |y| > |A/*|.) But we have 

‘ a ? 1c? 
—k?&(k)—2E'(0) = —— - x &(k') dk’ = 7E(0) = —-ZE'(0), 

. Ww 

0 


| x. 


(Sk) 2 f &(k’)Ink/k’ 
x wemrenemee aR so that putting 6 (k) G(k)[1+-30*1*Z 128y*], we 
0 obtain 


| 


&(k) ou 14 
128y? 
4riw 3n0*(G(k) 2 [ G(k’)Ink/k’ 


—k?G(k)—2E'(0) 


2 fm \k =a f2— hk’? 
0 


[his equation is identical in form with that obtained for & (k) in the absence of a magnetic field,“ so 


that using the results of reference (9) we at once obtain: 


Z(0) = (47w/t1c?) ( G(k) dk/E'(0) = [4rwE(0) 1c2E"(0)] [1+360*/*Z 128y2]-! 
0 


ZI +30*/*Z 128y2]-1. 
That is, 


30*/*Z(0) 
Z(H) = Z(0)(1+ —); Z(0) 


\ 23 arwel s 
FQ. ,2 | 
128y 


) (143i). (3.12) 


ac4 
Equation (3.12) represents the first two terms in an expansion of Z(H) in powers of the small para- 


meter o*/*Z(())/y’ 
For sufficiently strong fields, where r = /, equation (3.7) assumes the form: 


327tw N* (A,, 
—k°& (k)—2E,,'(0) ™ fai é (k)— 
ce ao ' k 


E& Jk’) dk’ 2c. Tf & ,(k’) \n(k/k’) dk’ 
) « 7 
, kk'(k+k’) me, k2—k’2 
) 


+d_,6 (Rk)k-0(1/+/kr), 
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where 


max 
PD, 


*, min 


Se 


tS 


fv 


a 
a Cfo 
— —de 
PB Ce 
0 


3h3 Zy 


a 


x 
8e? nn, 
dé | 


3h3 . 


t 


Here ny(d) = cos d(p 1), sin A( 2) a 
(v sin @ cos 4, vsin @ sin d, v cos 0); K(6, 4) is the 
absolute value of the Gaussian curvature of the 
Fermi surface, and / is now the length of arc mea- 
sured along the curve «(p) = e, p,, = constant; the 
values of all quantities are to be taken at the point 
1=1,(p,), U(lap,) =9 (i.e. where 
0 q/2). 

If the Fermi surface breaks up into several sur- 
faces, the sum over all surfaces must be taken in 
(3.14) and (3.15). (Parabolic point (K = 0) on the 


0) are generally isolated and contribute 


where 


curve v, 
nothing to the integrals.) If there are several curves 
with v, = 0 (and therefore with extreme values of 
py, since v, = —m, 'dp,/dr), so that for given p, 
there are several points around the orbit at which 
v, = 0, resonance will occur for only one of these, 
that for which p, has its greatest value. This is be- 
cause electrons will only be able to return re- 
peatedly into the surface layer z ~ (.¢ if the 
highest point of the whole trajectory, z = 2,,jn, lies 
in this layer (see Fig. 4);* since z = Q)f{v,dr 


* This result does not follow directly from (3.14) and 
(3.15), because in deriving them it was assumed that the 
curve vz = 0 was unique. However, the correctness of 
this condition is evident from the physical argument 


given in the text. 


dpz 


lvy dvz a. 1—exp(—2miw/Q—2n/Nto) 


dd 
1 —exp(—2z1w/Q—27/Qto) 


{1—4[1—exp(—2tw/Q—27/Qto) }} dpz 
Vz =( 


{]— rab —exp(—27iw Q—2n Qto]} dd; 


— 2 m,'p (7), this leads to the requirement that 
p, shall have its biggest value. 





Fic. 4. An electron trajectory, in a magnetic field, for 

which there exist several points with vz = O(A,... .Ag). 

a trajectory which remains in the depth of the metal. 
b = trajectory which participates in the resonance. 


c = trajectory which collides with the surface. 


In general, the collision time t, will depend on 
temperature through collisions with phonons and 
electrons; if it changes significantly in the interval 
|je—¢| ~ RT, the integral over ¢ in (3.14), (3.15) 
cannot be evaluated explicitly. However, if scatter- 
ing by phonons and electrons can be neglected 
compared with scattering by impurities, lattice 
defects, surface irregularities, &c., so that 1/tp is 
independent of temperature and varies only slowly 
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e replaced by a delta-function, and we obtain: 


dp, 


0 1—exp(—2z1w Q—27 (dito) 


dd 


l—exp(—271w/Q—27/Qto) 


(equations identical 


for the omission o 


It turns out, in fact (see Section 7), that in all the 


th 


ting Cases the 


lependence of 1/f, on € and ¢ 


has 


ul 
no effect on the dependence of surface im- 


pedance on frequency, magnetic field, or tempera- 
ture, so that in what follows, except in Sections 7 
and 8, we shall for simplicity consider 1/f) as in- 
dependent of «, ¢, and shall use equations (3.14a) 
3.15a) 


and (39.i5a 


Equation (3.13) may be solved by iteration, 
taking as the zero approximation the solution of 


the equation 


37771w ] on 
\S A ,,6 ,(k) 


—k& (k)—2E,'(0) 
S k ,— 


(3.16) 


using (3.2), we obtain 


From (3.16), 
(Gitle)lilot+Ayy rx 


C1C0(Ci--+ 4142+ Co") 


1—}[1—exp(—271w 


+L 


where that cube root is taken whose argument lies 
in the range +-7 6 (such a root exists, since the real 
part of the expression {...} is positive). This choice 
of root ensures that the real part of Z will be 
positive. 

Generally speaking, the complex tensor A,, (and 
therefore Z,,,) cannot be reduced to principal axes. 
If, however, such a reduction is possible (due to 
proportionality of R,, and X,,), these principal 


values Z, are given by: 


(3.17a) 


where A, are the principal values of A,,. 

In order to examine the form Z,,(H) it is suffi- 
cient to consider the approximation (3.16), since 
the higher approximations lead only to corrections 
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of about 10 per cent, weakly dependent on mag- 
netic field. For instance, if these terms are in- 
cluded in the case of a quadratic dispersion law, we 
obtain 


2riw 


Z(H) 1.2,(0)| 1—exp| _ 


Q) 


la 


where Z,(0) = 2et7/%(4 
face impedance in zero field (B, are the principal 


37w?/ctB,)'/3 is the sur- 


values of the tensor 


9 


T 
. 


B,, = (8e?/3h3) | n,n, d6/K); 


7] 


I= Io+l; Ip 


x (1+e-277)2+.0-0236(3-+e-277)( 1 —e-2 


Thus if e-27” 


~ 1, we have 
lo +h ~16/94/3; (lot h)/lo~2/1/3 (3.19) 


4. THE SURFACE IMPEDANCE OF A METAL IN 
THE RESONANCE REGION 

In the previous section an expression was ob- 

tained for the surface impedance of a metal in a 

(not too weak) magnetic field, in terms of the tensor 


A 


pv: 


1 —exp(—2niw/Q—2n/Qto) 


The form of the function A,,(H) depends inti- 
mately on the dispersion law of the electrons, 
« = «(p). We may note first that if all sections of 
the Fermi surface «(p) = ¢ by planes p.H 
stant are open, the resonance effect vanishes, since 


con- 


(2 = 0. Physically this is because the motion of the 
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electron in the field is then unbounded; it passes 
through the skin layer only once between colli- 
sions, so that the effective skin depth is independ- 
ent of field (see Section 2). If, however, even a frac- 
tion of the sections of the surface by planes 
p.H 
have a resonance behaviour, if 27 Ot, < :: 
2a Qt, 


constant are closed, then A,, will in general 
and 
indeed, in the limit 0, the denominato1 
in the integrand of the expression for A,, be- 
comes zero whenever w = gQ (where g is an in- 


teger). Several different cases may then arise: 


(1) The Fermi surface is an ellipsoid or a system 
of ellipsoids, i.e. the law of dispersion is quadratic 
or sufficiently nearly so: 


«(p)— 3 4ikPiPe 
C 
The cyclotron frequency Q is then independent of 
¢, and given by 


Q (eH C)(LyyPzz— yz”)? (4.2) 


(where x is the direction of H). All the electrons in a 
given ellipsoid participate in the resonance, and 
A,,, can be reduced to principal axes: 


A B,[1—exp(—27tw/Q—27/QOto)|-}, 


a 
where B,, as before, are the principal values of the 
tensor By, = (8e?/3h*)[°"n,n,ddé/K;* the principal 
values of the impedance Z, have the values (see 


(3.18) and (3.19)): 
Z(H) ~ Z ,{O)[1—exp(—271w Q-—27 Qto) }}, 


(1+ 31). 
Graphs of the variation of R(H)/R(0), 
X(H)/X(0), and X(H)/4/3R(A) with w/Q ~ 1/H 


for a single ellipsoid are shown ‘in Fig. 5 for various 


Z,(0) 


values of wt,. Resonance occurs for any direction 
of H, and the number of fundamental resonances 
(w - Q)) is the same for all directions of H, unless 
the resonances from different ellipsoids happen to 
coincide; for instance, if the surface of the metal is 
perpendicular to one of the principal axes of the 


* If several ellipsoids are present, the value to be taken 
for Ay, in general, 
however, the different ellipsoids will show resonant be- 
haviour at different values of H. 


will be the sum over all ellipsoids; 
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crystal, and the field is directed along another 
principal axis, the apparent number of funda- 
mental resonances may be reduced. If only one 


w/S 
Fic. 5. Dependence of surface impedance on w/Q ~ 1/H, 


for quadratic law of dispersion and constant wtp, 
plotted for several values of wtp. 


(a) R(A) R(O): (b) X(H) X(0): 
(c) X(H)/4/3R(H) 


ellipsoid is present, the relative depths of resonance, 


and the resonant frequencies, are given by: 


Rtes/R(0) 


(27q wrTo)*: 
(4.3) 


(w/g)(1+1/w79); 


2(27q wo)” ?; 


(w q)[1 —(1 mgw7)?}; 


27g WT < 
As will be the resonant fre- 
quencies are not exactly equal to wd; the displacements 


and arise from different 


seen from equation (4.3), 


are different for R, and X,, 
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causes. The relative shift in resonant frequency, 
1x7" |qQyes— @|/@, has for X the value (w7,)~!, and 
this shift arises becauses a small increase in field, which 
hardly alters the resonance condition, leads to a “‘profit- 
able’’ increase in the number of revolutions of the elec- 
tron collisions. For R, the shift |x,"| ~ 
~ (27qwry) arises from the change in phase of the 
electric field with depth. To maximum 
acceleration to the electrons, it is profitable that this 
change in phase shall be small, and this requires that X 
shall be large compared with R. But the ratio X/R de- 
pends on frequency and field, and it can easily be seen 
that a relatively small change in one of these will lead to 
X R; the shift |x,'*| therefore turns out to be pro- 
fitable even though it means that after w79|x,'| revolu- 
tions the electron finds close to the surface an r.f. field 


between 


give the 


which has changed in phase by z. 


2) We now consider the case where the Fermi 
surface does not form a system of ellipsoids. In 
this case Q depends on ¢, and resonance occurs 

values 22... = Q(¢) 
For all other values of Q in the 
not too close to Q,., (in 
Q 4 Q.,,), the quantity 


werent 


only for extremal 
2reH c(dS/de)....* 
region w~ @), and 
particular, for w 
27 (Qt, may in general be put equal to zero, if the 
integral A, is taken as a principal value, and the 
surface impedance is then independent of the 


collision integral and is a smooth function of 


frequency and magnetic field. Physically this is 
because, if (2 depends on 4, only electrons in a 


narrow layer close to ¢ = ¢, will find themselves 
near resonance (QJ » w/q). The number of such 
electrons will be a maximum when 2 changes most 


slowly with ¢, i.e. near the extremal values Q,,,, 


and only these values of ( will give rise to a re- 


sonance. 


* A possible exception arises when, for some direction 
of H, 2 is independent of ¢ over an appreciable range of 
angles. This case will be analogous to the ellipsoidal case 
in properties 

It might seem that if the curve e(p) C, vz = 0 con- 
tains a parabolic point (K(¢) Q), the section contain- 
ing this point would rise to a resonance, even 
though the effective mass (27)~!'d.S/de is not extremal. It 
can be seen from equation (4.1), however, that this is 
because in the integral with respect to p,, the 
quantity |v,dvz/dl| does not vanish at this point. For 
resonance to occur, it is necessary for 2 to be extremal 


give 


not so, 


with respect to the variable ¢. In terms of p,, this means 
(cf. (4.1)) that resonance is possible under two con- 
first at points where dS/de is extremal with re- 
0, i.e. 


ditions: 
, and secondly at points where vy, 


spect to p 
0) at “limiting points’’ of the Fermi surface 


(since vz 
for the given field direction (see Section 5). 
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We now calculate the integral A,, close to re- 
sonance, 1.e. for 


g I WT 9 < l 274, xy w—qQex| quer < h7rq. 


For this purpose A,, may be conveniently ex- 
pressed in the form: 


sinh 27/Qro 
dd— 


K_ cosh 22/Qro—cos 27w/Q 


sin 27w 8. 


dd. 


1 as 
3h3 Pi K cosh2z Qr9— cos 27rw/Q 


0 

An appreciable contribution to the second integral 
is made only by the regions ¢ ~ ¢,, where 
Q(¢;) = Qe, © w/g, so that its value in zero 
approximation with respect to é and x, is easily ob- 
tained. The third integral is slightly more trouble- 
some, because for s = sgn (d*S/dedd*)4_4, = 1* 
and for a fixed ratio of x, to €, the integrand has no 
singularity with respect to €. However, it can be 
shown that in this case the second integral is con- 
siderably larger than the third, and that in con- 
sequence the latter may generally be neglected in 
calculating Z from equation (3.17). Thus in cal- 
culating Z,, it is permissible to use for the third 
integral a formula which is strictly valid only when 
this integral has a resonance character. It should be 
noted that if the imaginary part of A,, shows a 
resonance but the real part does not, the latter 
nevertheless cannot be neglected, since a purely 
imaginary value of A,, will lead to a purely imagin- 
ary surface impedance. For the same reason, it is 
generally speaking necessary to retain the contri- 
bution to A,, from the first integral, although this 
never has a resonance character. Taking all these 
factors into account, we find: 


27 


4e2 


nn, 


8e2 "By 
—-— 
3h3 \ ZY Kv/B 
j 


where 
x = (w—qext) qQext; 
Qext 


= 2reH/c\0S/d€| ext; 


x = (€2+x7)! < 1/27q; 


€ = 1/w79 
s = sgn(03S/ded$?), -4,; 
B; = 4|(2.S/de0p?)/(0.S/Ge| 45. 


1/wto; 


The summation is to be taken over all non-centro- 
symmetric points ¢; at which Q(¢) has an ex- 
tremal value Q(¢,;) © w/q. (The points ¢,; will in 
general occur in centro-symmetric pairs on the 
Fermi surface, giving equal contributions; only 
one of each such pair is to be taken.) 

Evidently the resonant part of the tensor A,, 
may always be reduced to principal axes (along 
with the tensor 2(mutr Ky/)g.g,)- In these axes 


(x’, y’), we have (taking into consideration (3.19)): 


> 2\4 
V/ Sarw* 


‘ 2y)1/6 
c44_(0) —* 


Vi X+ SX] 


a+s arctan (4.6) 


\ ‘x—sx1+9xa, 


Here A," are the principal values of the second- 
rank tensor A,,), given by 


(0) 
A 
pv 


or 


(8e2/3h3) (n,n, dd/K. 
“0 
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» substantially 
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ipal values 
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resonance 
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we oe oe 
iri\ pOlarizea alion? 
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(Rres R(O))?: if 
(27) I ads de 


and if m,~ 1s a 


see equations (4.5) and 


lire 
point Uv U, 0; 


Ca whel 


Symmetric points d . vA d re 


1 resonance character, so that resonant 


tor 


ot power takes place 
f the incident r.f. field 


for the 


ve the equations 


resonant impedances Z, 
t 


point gy, 


and E. 


mnily if the in- 

axis 
x’ does 
if the effective mass is 
this 
minimum, 
1 (4.9)), 


ection parallel to the velocity of 


are two or more 


arbitrary 


resonant 
res (in the 


b,, for that principal value of 
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Z, which does show a resonance). These depend 
on the effective mass 


IS a Minimum Or a maximum: 


xt 


appreciably whether 


dS de F 


(277) 


if dS/de| has a minimum, 


$ 


l6wro 


g-a 2” 


G(wTod, 


has a maximum, 


dS de 


(4.9) 


and as before 


2reH,.</¢ AS dé \.x4s 
l/t,. As can be seen from (4.8), 
- Aealien, 16: 


previously, the non- 


res 
Xy 


~ (qagw7,) 4? for and 


remarked depends on 
resonant contribution a, to A,,. In the other cases, 
(w7,)-1, and the quantity a, may be 


as ~ 
neglected, as may the imaginary non-resonant 


contribution to A,, 


Of course, all these calculations for the non- 


ellipsoidal Fermi surface are approximations, valid 
To achieve an 


only for rather large values of w7 . 
we need Ss b-? for 
If WT, 18 


of order 3, 
OS/G€\ max OF WT b-* for 0S/d¢ 


not large enough, it is necessary to use the general 


accuracy WT 9 


min’ 


formulae (3.13)—(3.17). 
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5. THE INFLUENCE OF THE GEOMETRY OF THE 
FERMI SURFACE ON THE RESONANCE 

In the last section it was shown that the aniso- 
tropy of the surface impedance in the resonance 
region depends essentially on the number of 
points ¢,; at which the quantity dS(¢)/de reaches 
an extremum. (Notation as in Section 4.) We now 
examine how the geometry of the Fermi surface 
influences the number and position of these points. 
In the general case, the surface €(p) ¢ breaks up 
into a number of separate surfaces, among which 
there may be both centro-symmetric surfaces (Fig. 
6a) and surfaces without central symmetry (Fig. 
6b). The latter can occur only in pairs of mutually 


centro-symmetric surfaces. 





(a) 


/ 
A / 
= 7 
_ / 
oy 
/ | ) 
o* 
4 : 
& H 
/ 


/) 
/ vA 
/ 1 


(b) 
Fic. 6. Central sections of the Fermi surface e(p) = £. 
(a) = centro-symmetric surface; (b) 
and A,, 


a set of mutually 
B and B, are 


symmetrical pairs of limiting points. 


centro-symmetric surfaces. A 


Clearly, different surfaces will, in general, re- 
sonate at different values of H, and any particular 
resonance will be associated with just one centro- 
symmetric surface or with two mutually centro- 


symmetric surfaces. We shall therefore consider 


only one such surface, or pair of surfaces. We note 
first the important role played by “‘limiting points”’ 


IN METALS 127 


on the surface; points at which the electron velocity 
is parallel to the field H, i.e. the surface itself is 
perpendicular to the field. At elliptic limiting points 
(Fig. 7), a resonance always occurs, because at 
these points the quantity dS(d¢)/de always has an 
extremum. Thus, for an arbitrary point ¢, on the 
curve v, = 0, close to the limiting point, another 
point ¢, can always be found on the other side of 
the limiting point (Fig. 7) for which dS(¢,)/de 

dS(¢.)/de; there must therefore be an extremum 


Elliptic limiting points of the Fermi surface 
(po and p""). 


Fic. 7. 


of dS/de between 4, and ¢,, and it is easy to 
see that this occurs at the limiting point d = 0 
(or at the second limiting point ¢ ar). At 
hyperbolic limiting points, 
sonance is impossible, because if an electron with 


* 


on the other hand, re- 


given p, is to have its whole trajectory within the 
metal, so that it will return repeatedly into the skin 
layer, the point on the trajectory in real space cor- 
responding to the hyperbolic limiting point in 
momentum space will be outside the skin layer, 
because the value of p, at this point is not the 


t 


largest (see Fig. 4).+ 


Note that resonance at the ‘“‘limiting’’ effective masses 
corresponding to the elliptic limiting points is possible 
only if the frequency is not too high. The basic condition 
for cyclotron resonance is that the effective skin depth 
shall be small compared with the electron Larmor radius. 
But the Larmor radius for electrons taking part in a re- 
sonance close to a limiting point is extremely small (at 
the limiting point itself, r 0); on the average, it is of 
order r,|x,"|*#, where 7, is the value of v/Q at the limit- 
ing point, i.e. of the order of 7,(Q27,)~+ if the effective 
0) will 

curve 


* Note that parabolic limiting points (K - 
occur only in exceptional cases; i.e. on the 
vz=O0,¢ ¢, they can only appear as isolated points. 

+ This result does not follow directly from the equa- 
tions given earlier, but its truth is physically obvious (see 
also Section 3). 
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'/3 for a minimum. Thus 
Q (in 


naximum or 7,( $27,) 


r,|x,"*|t we obtain a limitation on 


weak one) 


6)4 7 if dS de ext dS de max, 


5.1) 


if |d.S/de| ext dS/de| min. (5.2) 
, these conditions make possible the cal- 
integrals in equations (3.8) and (3.9) by 
method, for which it is necessary that 
mm 7 )x |? / Bore 1 (where v, is 
the velocity on a plane perpendicular to 
mportant range of ¢ is that for which 
#; see equation (4.4)) 

to obtain a convenient expression for the 
the limiting effective mass in terms of the elec- 
and the Gaussian curvature of the surface 
From Fig. 8, 
5S of the surface e(p) C 

limiting point p,? of the Fermi surface e(p) 

\ K. But at the point p,,” 2 Uz 

that 4S 27sevy K, and m5 
1 (vw, K), where the values of v and K 


it is clear that the 
de at the 
¢ is given 


y point 


he limiting point 


It is clear that each limiting point always gives 
rise to just one value of ¢; (since the points A and 
A,, B and B, in Fig. 6 are centro-symmetric). 





Fic. 8. Illustrating the proof of the formula for m,, at 
an elliptic limiting point. p,? is the value of p, at the 
limiting point 
Consequently, as shown in the previous section, 
resonance at the limiting cyclotron frequencies will 
occur only if the r.f. field is polarized along the 
direction of the electron velocity at the limiting 
points, i.e. from the definition of limiting points, 
along the direction of H. The total number of 
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fundamental limiting resonant frequencies (Q°~w) 
is equal to the number of different limiting effective 
masses, that is, equal to half the total number of 
limiting points for all the surfaces defined by 
e(p) = ¢. 

There exists one other case for which resonance 
occurs only for a particular polarization of the r.f. 
field.* This is the case of a closed central section of 
a centro-symmetric surface, for which the point 


$j is evidently unique. The effective mass cor- 


responding to this section is always an extremum: 
on either side of the central section 6 = ¢, we can 
always find two sections with equal effective 
masses, so that the proof follows as for the limiting 
effective masses. In general, it is only for these two 
cases of central sections and limiting sections that 
we can assert that the effective mass must reach an 
extremum. If there are in fact no other sections 
giving extremal effective masses, then as we have 
seen cyclotron resonance can occur only for parti- 
cular polarizations of the r.f. field. If, on the other 
hand, there do exist other sections giving extremal 
effective masses, they always occur in pairs, and in 
this case resonance will be observed, for a given 
direction of the magnetic field, for any polarization 
of the r.f. field. The conclusions which may thus 
be drawn about the geometry of the Fermi surface 
from an experimental study of cyclotron resonance 


are discussed in Section 8. 


Finally, we may note one further point: that the tensor 
Z,,y in general will never reduce to a scalar, whatever the 
degree of symmetry of the crystal (unless the Fermi sur- 
face is a surface of rotation about the z axis), because the 
field H’ defines a unique direction in the metal surface, 
so that after rotation of the axes through an angle cor- 
responding to the symmetry of the crystal, Z,,,’ # Zyy. 
Thus for instance, for a single convex Fermi surface 
having cubic symmetry, Zr’z’ will show a resonance from 
is the direction of electron 

0), while Zy y will show 


the central section (where x 
velocity at this section for vz 
no resonance. 


6. THE SURFACE IMPEDANCE IN STRONG? 
AND WEAK MAGNETIC FIELDS 


The dependence of surface impedance on H in 


* Note that for a polycrystal, resonance for a particular 
direction of polarization may turn out to be totally sup- 
pressed. 

+ The asymptotic behaviour of Z in strong fields was 
obtained previously.) Note that it follows directly from 
equations (2) and (3) of reference (1). 
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strong and weak fields may be obtained from 
equations (3.7)—(3.10) and (3.13)—(3.17a) of Sec- 
tion 3. For 


(6.1) 


Q > 27/70, 27rw(1 TT) = | to), 


> 9 aa 
8e? (nn, 1 


lw OQ+1 Qrotrw?/Q2 , 


A —|- 
py 3 - 
h3 \ tK 
If Q > zw?r,, the tensor A,, may be reduced to 
principal axes x’, y’, and its principal values A, are 
given by 


A, = (8¢?/3h3)(tw+ 1/79)“"(n,?Q2/K), 


(6.2) 


a 


where u = (27)! | u(d) dd. 


0 


Hence, from (3.17a) and (3.19), we have: 


8e2 / ny?Q TO a 
Pz: 
3h3 K 1+iwro 
~ H-*wi(1+ w?r9?)!/6 exp i(7+arctan wr9)/3 (6.3) 


(for a quadratic law of dispersion, this result was 
obtained in reference (5)). In particular, at low 
frequencies (w7, < 1), 


37rw2 \ 4 8279 ( n42Q -4 * 
- sa | K ] (1+ 31) 
~ (w?/H7,)*(1+ v/32) (6.4) 


and at high frequencies (wr, > 1), 


32 3m \tP 8e? / n,2Q \]-*/. l 
4 sal K | (+5) 


X, ~ wH-1, 


R, ~ H-7971; (6.5) 


For high frequencies, wr, > 1, simple formulae 
may also be obtained for intermediate fields, for 


which 
(6.6) 


27w < Q << TW. WT). 


In this case we have: 


Q7 
Ayy = —1(4e?/37h3w) [ nn Q db K+ 
0 
(6.7) 
QT 
+(4e2/3h3) | n,n, .db/K 
0 
so that the impedance is independent of 75, and 


R,,~w*H*: X (6.8) 


py 


~ wH-}., 


The equation for Z in a weak field was found in 
Section 3: 
Z(H)/Z(0)—1 = 30*/*Z(0)/128y? ~ 
~ (3/128)(H/A;)?, 


(6.9) 


where 
Hy, ~ mce/e|to*||o*l*Z(0)|* 


The physical significance of H, can be clarified by notic- 
ing that the influence of a magnetic field on the behaviour 
of the metal begins to become appreciable when the 
length of arc s which the electron travels in the skin 
depth becomes comparable with the mean free path 
\(/*| = 1/|1+iw7o| (see Fig. 9), i.e. when 


(r8en)t ~ |l*|, r ~ |I*|2/Sen. (6.10) 


Te 





Fic. 9. Electron trajectory in a weak magnetic field, in 
the region z ~ 8, close to the surface. 


Here 38,,; is the effective skin depth, given by 


| * F 
Cet ~ |o*Sen/*| ; 


Sen ~ (c2/27woen)?; (6.11) 
D. 


i.e. Sen ~ [5*2/*(1 
From (6.10) and (6.11), we have 


H me 2| t”* de [/*| re 
1 ~ (mce/e|to*|)(Sen/|/*|) (6.12) 


~ (mc/ero)(c?2/2mwal?)*(1 + w?r9?)-}, 





on distribution 


sound, and x; 


entum space, 


J 


27 /Qdto)—2 sin 


1 —cos 27w/Q2 
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Here all quantities except 1/t) change only slowly with 


e, and except in 1/t), « may be replaced by ¢. We are thus 


concerned simply with: 


Cfo (1 
| tof Jan 


( 


] 
28:8 ax(k0)3 
Ug? Ce 
so that 
4e2 
Poel fe 
3h . K 


1] 


’ £2 
x 


( 7 ())[1 to +(T 0)3 tof ]—7 sin 27w 
x ; 


l — COS 27w Q) 


Similar equations may be derived for the other cases we 
have considered (e.g. for the strong-field parameters) 
Here we shall simply give the final expressions for the 
temperature-dependence of surface impedance in the 


case when phonon collisions are dominant. 


(1) Quadratic law of dispersion: 
Rres ~ (T/0)?;— |w—qOres| ~ (T/0)*; 
Xres ~ T/6: 


(X/R)res ~ (T/6)-?; 


(7.4) 
| 


2) Non-quadratic law of dispersion; 0S/d¢ has a 


(2) 


w—qQres| ~ (7/0) 


w—qQrrés ~ (T/6)? 


minimum: 
Rres ~ (7T/6)4/3; 
Ares ~ (7/6); 

(X/R)res ~ (T/6)-; 


w—qQres| ~ (7/0); 


~ (7/6); 


w—qoares 
w—q2dres ~ (7 G)-. 
(3) Non-quadratic law of dispersion; 0S @ 
maximum: 


Z°e8 ~ (T/6) 


w— QQrres ~ (T/0)3. (7.6) 


magnetic fields (Q > 27a, Pix 
1, Z, is proportional to temperature; 


and X, 


strong 


(4) In 
2m) To) 


9): for wr, 
for wT, 1, R, ~(T, 6) is independent of tem- 


perature. 
(27w Q 


intermediate magnetic fields 


at high frequencies, the surface impedance 


(5) In 
< TW.WT))! 
is independent of temperature. 

Similar results can readily be obtained if electron 
taken into account. 
POMERANCHUK, '!® 


collisions are 
results of LANDAU and 
shown that the temperature-dependence of surface im- 


electron 
it is easily 


pedance in the general case may be obtained from the 
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equation 


1 /ro" + (7/8)3r0f +(T/00)2/7 


1/r9 
where 7, is a characteristic time of free path corre 


ing to electron—electron interactions. 


8. THE POSSIBILITY OF ESTABLISHING THE 
FORM OF THE LIMITING FERMI SURFACE 

The determination of the limiting Fermi surface 
e(p) 


is an important problem in the electron theory of 


¢ and of the velocities of the electrons on it 


metals, but a very difficult one, because nothing is 
known a priori of the form of the Fermi surface 
apart from its overall central symmetry and its 
periodicity in the reciprocal lattice. Its topology 
may be very complicated: it may be multiply- 
connected, it may be self-intersecting; it may not 
form a closed surface. This renders difficult, and 
to some extent ambiguous, the theoretical inter- 
pretation of even those experiments (e.g.“”)), which 
do in principle permit the determination of the 
Fermi surface and the electron velocity on it. Thus 
it is very desirable to be able to clarify first simply 
the general topology of the Fermi surface—for 
instance, the number of non-self-intersecting sur- 
faces into which it separates. 

From the results of Section 5, it will be seen that 
a study of the anisotropy of cyclotron resonance 
should enable us to draw a number of conclusions 
about the geometry of the Fermi surface. 

(1) If a resonance is observed for any direction 
of magnetic field, and for arbitrary polarization of 
the r.f. field, and the relative depth of resonance 
is given by R's/R(O) ~ (27q/w7,)*, then this re- 
sonance is due to an ellipsoid. ‘The number of 
ellipsoids present is equal to the number of funda- 
mental resonances (w = (2) observed having this 
depth of resonance. 

(2) If resonances are observed, for some direc- 
tions of steady field and polarizations of r.f. field, 
having relative depth R'*/R(0) ~ (q?/w7,)’ or 
~ (q°/w7,)’, then the Fermi surface includes one 
or more surfaces which are not ellipsoids. Reson- 
ance then takes place when the effective mass has an 
extremal value, (277)"'|dS/de|.,,, and the two cases 
above correspond to minimal and maximal effec- 
tive masses, respectively. 

(3) The number of fundamental resonances ob- 
served when the r.f. field is parallel to the steady 
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magnetic field will, in general, be greater than for 
any other nearby polarization. The number of 
these additional resonances is equal to half the 
number of elliptic limiting points on the Fermi 
surface, for the given direction of H, and is equal 
to or greater than the number of closed convex 
surfaces. In particular, if no elliptic limiting points 
at all are found for some field directions (or even 
for only one field direction), then there are no 
closed convex surfaces present at all. In this case 
there must be, in the direction H, either no limiting 
points at all—the surfaces are open—or the limiting 
points are either hyperbolic or parabolic. A know- 
ledge of the number of elliptic limiting points in 
all directions may permit a determination of the 
number of non-self-intersecting surfaces and the 
number of open surfaces present. 

(4) If, for a given direction of H, extra funda- 
mental resonances appear for some polarizations 
of the r.f. field (not parallel to H), then the Fermi 
surface includes some centro-symmetric sections, 
equal in number to the total number of extra re- 
sonances thus found as the r.f. field polarization 1s 
varied. As the direction of H is varied, some of 
these “‘extra’’ resonances may disappear (m4 —> ©, 
H., 
total number of different 
served as the direction of H is varied, and if only 
N of these are observed for all directions of H, then 
the N closed 
centro-symmetric surfaces, and there exist also 


open surfaces having altogether M—N central 


-oo), and others may appear; if M is the 


“‘extra’’ resonances ob- 


Fermi surface contains altogether 


sections 
(5) If, 
served only for particular directions of r.f. field 


for all directions of H, resonance is ob- 


polarization, then it occurs only at central sections 
and elliptic limiting points; the effective mass does 
not reach an extremum with respect to ¢ anywhere 
else on the Fermi surface, and it reaches an ex- 
tremum with respect to p, only at the central sec- 
tions 

Clearly, an experimental study of the geometry 
of the Fermi surface in this way will be extremely 


laborious, since it involves a study of the anisotropy 


of surface impedance with respect to both the 
direction of H and the polarization of the r.f. 
field. However, these difficulties are inherent to 
any study of such a complicated geometry, and it 
that cyclotron-resonance 


must be emphasized 
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studies do permit a great clarification of the struc- 
ture of the Fermi surface, which may substantially 
simplify the more detailed problem of determining 
its precise shape. We now turn to this more de- 
tailed problem.* 

Generally speaking, a given resonance will be 
associated with just one centro-symmetric surface 
or with two mutually centro-symmetric surfaces. 
Therefore it is sufficient to consider the construc- 
tion of just one surface (if this surface should not 
be central, there will be a second surface centro- 
symmetric with it). For simplicity, suppose this 
surface to be convex. Then from measurements of 
Rres, Xtes, and the corresponding resonant fre- 
quencies, we may determine |dS/de|, 1/t , and 
K*\d*S/dedd*| at the points corresponding to the 
extreme values of |dS/de| with respect to ¢, and 
from the anisotropy of the effect (see above) we 
may decide which of these points are on central 
sections and which are limiting points. Moreover, 
for these points, the resonance occurs only when 
the r.f. field is polarized parallel to the direction of 
the electron velocity, so that this direction can be 
determined (see Section 5). At the elliptic limiting 
points, I]t, = |] to(p), and dS de _— 2r VA K, 
so that from measurements on such points the 
collision frequency and the quantity v,/K are 
determined directly at a single point on the Fermi 
surface. More generally, a knowledge of dS/de and 
d*S dedd* will often enable the form of the sur- 
face and the velocity of the electrons on it to be 
determined. As an example, consider a closed con- 
vex centro-symmetrical surface. Then from the 
direction of r.f. field polarization (not parallel to 
H) which gives the resonance from the central 
section, we may find the directions of the normals 
at all points on the surface, and hence deduce the 
shape (though not the size) of the surface. Know- 
ing this and (dS de).,,, we may find the value of 
the velocity at all points on the surface.“%) The 
actual size of the surface may be found for instance 
from. the Xres | determines 
K*\d°S/dedd¢*| (or, for an ellipsoid, 1/K) if 1/t, is 
known. An additional check on the accuracy of the 
determination is available from the knowledge of 


value of which 


v4/K at all points on the surface. 
The form of the Fermi surface, and the velocity 
* Some of the results given below have already been 


published (2) 
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of the electrons on it, may also be determined from 
measurements of the surface impedance outside the 
resonance region.* However, such measurements 
are less convenient for this purpose, since the 
surface impedance is then determined by all the 
surfaces which together comprise the Fermi sur- 
face «(p) = ¢, and we shall therefore limit our- 
selves to the case of only one surface. As has been 
shown, 2) the principal values of the surface 
impedance Z, under anomalous skin-effect con- 
ditions in zero magnetic field are given by: 


Z, = R,+iX, = (V37w2/cAB,)(1+ 1/3), (8.1) 


a = 
where B, are the principal values of the tensor B,,, 
given by: 
Q7 
By = (8e?/3h°) | n,n, dd/K. 
0 
(Notation as in previous sections.) Consequently 
measurements of R, make it possible to find the 
mean value 1/K on the equator v, = 0: 
Q7 
1/K = (2m)-! | db/K(4) 
0 
(8.2) 
(Bret Byy)(3h3/167e?). 


In reference (13) an equation was obtained with 
the aid of which the value of a function at all points 
could be obtained from its mean value round all 
equators. ‘Therefore from measurements of R, as a 
function of the angles between the crystallographic 
axes and the normal to the surface of the metal, we 
may calculate the Gaussian curvature at all points 
on the Fermi surface.+ If this surface is convex, 
the Gaussian curvature then determines it com- 
pletely. Moreover, measurements of the surface 
impedance in strong fields (QQ > 27/79, 277w) and at 
low frequencies (wr) < 1) give (Section 6): 


16 / V/37w? 4 


ie = —— ) x 


* CHAMBERS") has recently reached similar conclu- 
sions independently. 


+ Such measurements may be made by experiments 
analogous to PIPPARD’s.'!*) 
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(in which it is not necessary to assume 1/r, = 1/t, 
independent of ¢), from which we may find the 
average value (Q7,/K), and so from the known 
form of the surface and the velocities on it we may 
find 1/t,(v). Knowing 1/t,(v) and e(p), we can ina 
similar way find 1/t,(p), which enables us in prin- 
ciple to determine the transition probabilities of 
electrons from one state to another. It should be 
emphasized, however, that the value of ¢,(p) so 
found coincides with the value for bulk metal only 
if the conditions discussed in Section 2 are satis- 
fied. Finally, measurements of the surface re- 
actance in intermediate fields (27w < Q. < 7w?75) 
and at high frequencies (wr, > 1) give 


n,Q 


(=—)} 


from which it is possible to obtain an independent 
estimate of (Q2/K) and thus of Q/K at all points. 
Unfortunately, there is at present a complete 
absence of the experimental data necessary for a 
study of the dispersion law of electrons. In any 
case, almost all the conclusions of this section are 
quantitatively valid only for large enough values of 
wT, (in particular, the conclusions concerning re- 
sonance at limiting points). Nevertheless, even a 
qualitative experimental investigation would be of 
great interest, since it appears to be the only 
known way of obtaining information about the 
general geometrical structure of the Fermi surface. 


4 Qe2 


3hFw 


9. CONCLUSIONS 

(1) In metals at high frequencies and low tem- 
peratures, in a magnetic field strictly parallel to 
the surface (¢ < (r/l)(8/r)), cyclotron resonance 
occurs, at integral multiples of the fundamental re- 
sonance frequency: w = Q, 20, 3Q,... 

(2) The form and half-width of the resonance 
curve, and the anisotropy of the effect, depend 
essentially on the form of the Fermi surface 
e(p) = ¢. For an ellipsoid, resonance should be ob- 
served for arbitrary direction of the steady field H 
and for arbitrary polarization of the r.f. field. The 
relative depth of the resonance is given by 

Rres/R(O) ~ (wro)73; Xres X(0) ~ (wro)3. 


(3) On surfaces which are not ellipsoids, re- 
sonance occurs for extreme values of the effective 
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he product 
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depends on 


“(mum Or a 


imum. 
resonance the behaviour 


depend appreciably 


region, 
' form of the 
sion law. The dependence of Z on H in 

mc(1 UT,)/ETo), 


on the 
not 
the 


ap- 


with 
rallel to the surface, is given 


he equation, valid for a quadratic 


—exp( —271w/Q— 
. " y Geld 
ror strong nheids ({ 


the behaviour for any dispersion law 


Z ~~ H-wi(1+ w2707) exp U(7-+- arctan w79) 9 


At high frequencies (wr, > 1), a simple formula 


Z(w, H) in 


Q) 77 WwW WT): 


can also be given for intermediate 


R ~ w*H- > X ~ wH- . 


f the surface of the metal is not strictly parallel to 


the magnetic field, the surface impedance will be 


practically independent of the field, in general. 


and | 


KANI 


1 


(9) In wea : y-+1/7,), the impedance 


hardly cha per cent at most). In 


y weak fields (H < H,), 


Z/Z(0) 1+36 


particular, in 


Z(0)/128y2. 


(10) ‘The temperature-de pendence of Z is deter- 
by that of 1/7, 


mined 


— ee : 
zed electromagnetic 


wave ° . th face of a metal in a 


nagnetic field (parall | to the surface B there is 


; 
always a slight rotation of 


the plane of polarization, 


resonance beh 


1} 
SNOWS 


tviour, 


An experimental 


of cyclotron re- 


sonance enables one to draw a number of con- 
clusions about the form of the Fermi surface and 


time of free path, and in particular: 


(a) to determine the number of ellipsoids present 
in the Fermi surface; 
(b) 


present are not ellipsoids; 


to determine whether any of the surfaces 

(c) to find an upper limit to the number of closed 
convex surfaces; 

(d) to find the number and directions of central 
sections of open surfaces; 

(e) to find the total number of centro-symmetric 
surfaces; 

{ Ls |} or / 5 ond anee ° me l . >] 

(f{) in anumber of cases, to determine completely 
the limiting Fermi surface and the velocities and 
collision times of the electrons at all points on it. 
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STALLEN MIT DEFINIERTEN ZUSATZEN 
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Institut fiir Angewandte Physik der Universitat, Erlangen, Deutschland. 


(Received 10 October 1957) 


Zusammenfassung—Es wird iiber ein Verfahren berichtet, nach welchem Zinkoxydkristalle mit 

lefinierten Zusatzen aus der Dampfphase hergestellt werden k6nnen. Messungen iiber Zusatzkon- 

zentration, Leitfahigkeit und Ultraotabsorption an Kristallen, die mit Kupfer bzw. Indium dotiert 
werden mitgeteilt 

Abstract—A method is given by which zinc oxide crystals of a definite composition can be de- 


osited from the gas phase. Measurements on the composition, conductivity, and infra-red absorp- 


ls which are doped with copper or indium are discussed. 


1. EINLEITUNG ScHAROWSKY 8) und RuppRECHT.'9) Im besonderen 
quantitativen Kenntnisse, die wir wird berichtet tiber die Ziichtung von Kristallen 
heute iiber die Eigenschaften von Halbleitern mit definiertem Gehalt eines Fremdzusatzes und 
besitzen, wurden durch Untersuchungen an_ liber einige an ihnen untersuchte elektrische und 
Einkristallen gewonnen. Polykristallines und optische Eigenschaften 
mikrokristallines Material (in Form diinner Auf- 
| | , : . Thermoelement 
dampfschichten) zeigt infolge seiner Geometrie ‘| 
Struktur ein so starkes Hervortreten von | N INL | Ring 
Oberflachen-und Randschichteffekten, dass an ihm WI JINGS<<444 Kopf 
nur schwer Aufschliisse tiber die Verhaltnisse im 
Volumen gewonnen werden konnen Andererseits N N | Ofen II 
sind quantitative Untersuchungen itiber Ober- 


lacheneffekte wegen der undefinierten Ver- 
Quarzrohr 


t 
haltnisse schwierig. Es ist daher eine entscheidende 


Frage der experimentellen Halbleiterforschung, ob 


und wie gut es gelingt, einwandfreie und chemisch Metaliring 


definierte Einkristalle herzustellen. Fiir viele Sub- Wasserkuhlung 


| 


| 


stanzen sind dafiir Verfahren bekannt und z.T. 


fiir technische Serienfabrikation ausgearbeitet. (1-5) 


— 


Dabei kann die Kristallisation aus der Schmelze, Zinkwonne 
aus einer Lésung oder aus der Dampfphase er- Thermoelement 
folgen 

Wir beschreiben im folgenden ein iiber die 
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Dampfphase laufendes Verfahren zur Herstellung Quorzrobhr 
von Zinkoxydeinkristallen, das ausgehend von O,Zufihrung al \ Wasserkiihlung 
einer Methode zur Praparation zusammengesint- 

erter Schichten) im Laufe der letzten Jahre im Not H,Zufuhrung 

hiesigen Institut entwickelt wurde. Vorarbeiten ,, 4. Anordnung zur Herstellung von ZnO-Ein- 
wurden bereits beschrieben _ bei TISCHER, (7) kristallen durch Oxydation von Zinkdampf. 
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2. ZUCHTUNG VON KRISTALLEN OHNE 
ABSICHTLICHEN ZUSATZ 
(1) Apparativer Aufbau 

Das Verfahren wird am besten erlautert an 
Hand der in Abb. 1 dargestellten Apparatur : 
Zwei senkrecht iibereinanderstehende elektrisch 
beheizte Réhrenéfen befanden sich auf je einem 
vertikal verschiebbaren Schlitten. Beide Ofen 
waren in einem Rahmen durch je 3 Schrauben 
genau auf gleiche Achse justierbar. Ofen I (unten) 
bestand aus einem Gewinderohr aus Pythago- 
rasmasse mit einer Wicklung aus Megapyrdraht. 
Ofen II (oben) war der kaufliche Molybdanrohro- 
fen der Fa. Heraeus (Heraeus MD 400). Als 
Schutzgas fiir die Molybdanwicklung wurde reiner 
Wasserstoff verwendet. Innerhalb des Heizrohres 
befand sich ein Quarzeinlegerohr, das von unten 
durch einen vernickelten, wassergekiihlten Metall- 
ring gehalten wurde. Oben war der Ofen zur 
Herabsetzung der Kaminwirkung bis auf eine 
kleine Offnung abgedeckt. 

Im Ofen I wurde metallisches Zink verdampft 
und der Dampf durch ein Tragergas in den oberen 
Ofen II transportiert. Die Verdampfung erfolgte in 
einem Quarzrohr. Das untere Ende dieses Rohres 
wurde durch einen wassergekiihlten Ring gehalten 
und konnte mittels einer wassergekiihlten Ab- 
schlussplatte und eines Gummiringes gasdicht ver- 
schlossen werden. Durch eine Offnung in der 
Abschlussplatte wurde das Tragergas (H2+ Ne) in 


den Verdampfungsraum eingefiihrt. Das metal- 
lische Zink befand sich in einem Quarzschalchen 
am Ende eines Quarzrohrsockels. Die ‘Temperatur 
bei welcher das Zink verdampfte, wurde mit einem 
unmittelbar unter dem Quarz- 


Thermoelement 
schilchen gemessen. 

Das Quarzrohr, in dem die Verdampfung des 
metallischen Zinks erfolgte, iiberragte den Ofen I 
betriachtlich. Kurz vor dem Austritt aus dem Ofen- 
raum verengte es sich auf etwa 15 mm Aussen- 
durchmesser. Dadurch sollte das Eindringen von 
Sauerstoff entgegen dem Strom des ‘Tragergases 
vermieden werden. Kurz oberhalb der Einengung 
wurde von aussen durch ein zweites eingeschmol- 
zenes Quarzrohr Sauerstoff zugefiihrt und koaxial 
in dem verengten Quarzrohr nach oben geleitet. An 
seinem oberen Ende erweiterte es sich wieder und 
bildete den sogen. Kopf auf dessen Rand Ringe aus 
verschiedenem feuerfesten Material gut passend 
aufgesetzt werden konnten. Verwendet wurden 


Ringe aus Porzellan, Pythagorasmasse, AloO3 und 
uarz. Bei Betrieb wurden die beiden Ofen nahe 
zusammengeschoben, so dass der obere Rand 
eines auf den ,,Kopf* aufgesetzten Ringes in die 
obere Hilfte des Ofens II hineinragte. An dieser 
Stelle befand sich ein von oben eingefiihrtes 
Thermoelement. Um Kondensation des 
Zn-Dampfes an der Ubergangsstelle zwischen 


eine 


Ofen I und Ofen II zu verhindern, wurde hier ein 
III angebracht. Er bestand aus 
Rohr 


mit 


weiterer Ofen 
Megapyrwicklung auf einem 
Pythagorasmasse und 
Schutzrohr aus Quarz umgeben. 

Beim Austritt aus dem oberen Ende der Anord- 


einer aus 


War aussen einem 


nung (Kopf) wurde der Zinkdampf oxydiert. Die 
Lage der Reaktionszone konnte durch Anderung 
der insbesondere_ der 
Grosse des ‘Tragergasstromes, an den oberen 
Rand des Abschlussringes gelegt werden. Dort 
wuchsen bei geeigneten Versuchsbedingungen die 
Kristalle radial von aussen nach innen und von 


Versuchsbedingungen, 


innen nach aussen. Dabei musste Sauerstoff nicht 
nur durch das Zentralrohr, sondern auch von 
aussen zugefiihrt werden. Wurde aussere 
Luftsauerstoff durch Abdichten an 


die 
Zufuhr von 
der Ubergangsstelle zwischen Ofen I und Ofen II 
unterbunden, so trat kein Kristallwachstum auf. 


(2) Ergebnisse 

Als Ausgangsmaterial fiir die Zinkverdampfung 
wurde méglichst reines Zinkmetall verwendet, und 
ZWar : 

(a) Zink-Granulat (Merck p.a.). 

(b) Zinc Metal ,,Super Purity’ von E. J. Du 
Pont de Nemours & Co.* 

Nachdem die aus (a) und (4) erhaltenen Kristalle 
keine feststellbaren Unterschiede ihrer Eigen- 
schaften zeigten, wurde weiterhin nur Praparat 
(a) verwendet. Seine Verunreinigungen waren : 


Cd = 4- 10-38%, 
Pb <5-10-2% 


Cu =2:-10°°% . 
Mg = 3-10-4% 
Fe =9-10-?% 
Die verwendeten Gase (‘I ragergas No+He und 
Sauerstoff) wurden den iiblichen Stahlflaschen 
durch Nadelventile entnommen. (Die einfachen 
* Wir verdanken dieses Praparat der Freundlichkeit 
von Herrn Direktor I. J. KRCHMA. 





irchmessern von U,. 
Sie hatten eine 
elektrische 
,3 und 5 Ohm-!em-}1, 
auf AloO..~ oder Quarz- 
die Form kleiner 
von 0,05-0,15 


nen Kristalle 
Dicke 


m und eine Lange 


eine 


Blattchen waren farblos, ihre 


lag zwischen 0,1 und 


Befund kénnte der Einbau von 


Fremdatomen, die in sehr geringer Menge aus dem 


qgiesem 


Ringmaterial herausdampften, die Kristalleigen- 
] Diese Vorstell- 


wesentlich beeinflussen 
entscheidend gestiitzt durch folgenden 


Wachstumsunterlage diente ein 
Kopf einige 
yon Tiegel- 


Kristalle in 


in den 

in Form 

uchsen die 

agonaler Prismen mit Durchmessern von 
Ohne diese Beig: ntstanden unter 
nd ‘J emperatur- 

oben erwahnten * wesentlich 
hexagonalen 


schwach griin, thre 
im  allgemeinen 


Es wurden aber 


Kristallen) Leitfahig- 


oder auch (bei be- 


Reinheit adel Kristall 
Der Er 
Wachstum und andererseits auf die 


und optischen Eigenschaften der Kristalle machte 


elektrischen 


h anal he Untersuchung 


] o 
chemisch des 


eine 


Kristallmaterials wiinschenswert. Sie wurde auf 


spektralanalytischem Wege vorgenommen* Be- 
le der Quarzspektrograph Fuess 110c 


einer 


nutzt wurde 
Mit einer einzigen Aufnahme, die 
Ilprobe von 10 29 hergestellt werden konnte, 


Kristal] 
wurde der Wellenlingenbereich von 220 vis 450 


mit 


Anregung der Lichtemission 
Gleichstrombogen (13A) 
Die 
der Spektralaufnahmen erfolgte auf 
mit dem 


mu erfasst. Die 
durch einen 


spektral reinen Graphitelektroden 


geschah 

zwischen 
A + 
Auswertung 


Grund photometrischer Vermessung 


Zeiss-Schnellphotometer nach dem Verfahren von 
HARVEY, 

Proportionalitaét zwischen der 
intensitat und der Konzentration 
wird. Als Fehlergrenze wird der Faktor 2 angege- 
Wegen Einzelheiten verweisen wir auf eine 


10) bei welchem fiir kleine Bei1mengungen 
emittierten Linien- 


vorausgesetzt 


ben 
Arbeit von GOLLING 
Das Ergebnis war fiir Kristalle, 


1 
die auf Unter- 
lagen aus Pythagorasmasse oder auf Quarz unter 
Beigabe von Pythagorasscherben oder allein auf 
Quarz gewachsen waren, das gleiche. Die Kristalle 
enthielten 


*Herrn Dr. E. GoLuinc, der diese Messungen im 


Forschungslaboratorium der Siemens-Schuckert-Werke 
seine bereit- 


Erlangen ausfiihrte, danken wir sehr fii 


willige Unterstiitzung 





HERSTELLUNG VON ZINKOXYDEINKRISTALLEN MIT 


Cu 
Me 


‘19-49. Si 


1,5-10-8° 


oe eae oe Al 


2,2° 10-3 
Dabei bedeutet 


vor der Nachweisgrenze : Element bei man- 
chen Proben qualitativ, bei anderen Proben nicht 
nachweisbar. 
< vor der nicht 


Nachweisgrenze Element 


nachweisbar. 


Die Elemente K, Na, Ca, Ba, Fe, Ni, Ti, 
den 


Cd, Pb 
nicht n ichgewiesen 


Nachweisgrenze 


konnten in Kristallen 
Die 


hatte bei dem verwendeten Analysenverfahren fol- 


werden. dieser Elemente 


gende Werte 


Cd 
Ni -10-8% Pb 


5-10-89 2-10-2 


2+ 10-39/ 8. 19-30 
3. ZUCHTUNG VON KRISTALLEN MIT 
DEFINIERTEN FREMDZUSATZEN 

(1) Apparativer Aufbau 

Um fiir Untersuchungen der elektrischen und 
optischen Eigenschaften der Zinkoxydkristalle de- 
finierteres Ausgangsmaterial zur Verfiigung zu 


absichtlich 
Fremdzusatze in grésserer Konzentration in die 


haben, erschien es zweckmiassig, 
Kristalle einzubauen. Bei dem von uns benutzten 
Verfahren wurden Zink- und Zusatzmetall gleich- 
zeitig verdampft und in die wachsenden Kristalle 
eingebaut. Dazu wurde die Anordnung in fol- 
gender Weise verindert : (Abb. 2). 

An das enge Quarzrohr, durch welches der 
Zinkdampf aus Ofen I in den Ofen II transportiert 
wurde, schloss sich oberhalb des Ofens III ein 
Quarzrohr grésseren Durchmessers an. Am oberen 
Ende erweiterte sich dieses Rohr und diente un- 
mittelbar als Unterlage und Trager fiir die wach- 
senden Kristalle. Die Rohrerweiterung war an 
ihrer Innenseite mit zwei gegeniberliegenden 
radial nach innen gerichteten Haken aus Quarz 
versehen. An diesen konnten kleine Quarzbehilter 
mit verschieden langen Halterungen in das Quarz- 
rohr eingehangt werden. Die gewiinschten Fremd- 
zusatze wurden in die Quarzbehilter gefiillt und 
bei einer passenden Temperatur, die man durch 
die Linge der Aufhangung einstellen konnte, zur 


DEFINIERTEN ZUSATZEN 


Behalter fiir 
Fremdzusatze 


Quarzrohr 


CISRESAAS ELISA TITIES AM 
SETITETIITINIIT ET ITs 


| 


— ) 
BB. £Z 


\nordnung zur Herstellung 


Teil der 2 
ZnO-Einkristalle 


Bereic h de 1 


Der Ver- 
dampfungstemperaturen lag zwischen 800-1400°C. 


Verdampfung gebracht. 


Sie konnten auf 20°C genau bestimmt werden 
Eine vorzeitige Oxydation der Fremdzusatze war 
nicht méglich, da sie sich im Strom des reduzieren- 
den Tragergases (H2+ Ne) befanden. 
(2) Einbau von ein-wertigen Metallen 

(a) Alkalien. Der Einbau von Alkalien durch 
Verdampfung von Alkalimetall oder von Alkali- 
hydroxyden war in der beschriebenen Apparatur 
nicht méglich, da das Quarzglas bei den ver- 
wendeten Temperaturen in kurzer Zeit durch 
chemische Einwirkung zerst6rt wird. 

(b) Silber. Als Ausgangsmaterial fiir die Her- 
stellung eines Silberzusatzes in den ZnO-Kristallen 
diente sogen. Feinsilber der Fa. Heraeus in Draht- 
form. Es wurde bei Temperaturen zwischen 
1050°C 1400°C verdampft. Diesen Tem- 
peraturen entspricht eine Sattigungsdampfdichte 
des Silbers von 1014 


und 


4-1016Atome/cm®. Von den 
0,4 bis 0,5 g Silber, die in einen der beschriebenen 
Quarzbehalter verdampften 
10-10-8g pro Ziichtung. Verdampfte 


gegeben wurden, 
ungefahr 1 


Zinkmenge, Gasstréme und Ofentemperaturen 





G. BOGNER 


Die so er- 


hatten die oben mitgeteilten Werte. 
} 


1altenen ZnO-Einkristalle hatten iiberwiegend die 
Ihre Dicke betrug 0,05 
0,6 mm und ihre Lange 


Form diinner Blattchen 
n, ihre Breite 3 
10—20 mm 
Die spektralanalytische Untersuchung der Blatt- 
dem Ver- 
Die Nachweisgrenze lag bet 


chen wurde nach 
hgefiihrt 
Atome cm®. In keinem Falle gelang 
Sie ent- 


bereits erwahnten 


Proben Silber nachzuweisen 


dieselben Verunreinigungen wie 
lle ohne absichtlichen Zusatz 
Die Messung Leitfahigkeit der ZnO- 


g de I elektr 
Zimmertem- 


wurde zuniachst 
mit Hilfe zweler 
Spannungselektroden (Sonden) durchgefiihrt Die 
mit einem Elektrometer- 


Frieseke 


nur be! 


Strom- 


Blattchen 
peratu zweler und 
Sondenspannung wurde 
verstarker (Schwingkondensator) der Fa 
& Hépfner 

Die Messungen ergaben fiir die elektrische. 


gemessen 


Leitfahigkeit der in einer Silberdampfatmosphare 
gew: ZnO-Blattchen praktisch dieselben 
Werte wie fiir Kristalle ohne absichtlichen Zusatz 
Es ist nicht sicher, ob die teilweise festgestellten 
Kristalle 


achsenen 


LeitfahigkeitserhGhungen der 


Einbau von sehr geringen Mengen Silber 


geringen 

inen 
auf Zwischengitterplatzen) zuriickzufiihren sind 

Nach dem beschriebenen Verfahren gelang es 

t Silber in spektralanalytisch nachweis- 

baren Mengen in die Kristalle einzubauen. Sicher 

ist das ZnO-Gitter nicht als reines Ionengitter auf- 

zufassen. Trotzdem soll in diesem Zusammenhang 

die Ionenradien von Zink und Silber hinge- 


wiesen Wwe rden 


Zn**+ : 0,83 A Ag 1,13 A. 


Danach erscheint ein Einbau des Silbers durch 
Substitution im Grundgitter unwahrscheinlich 

(Cc) Kupfer 
eines Kupferzusatzes in den ZnO-Kristallen wurde 
vakuumgeschmolzenes Elektrolytkupfer der Fa. 
Heraeus Die Ver- 
dampfung erfolgte in der beschriebenen Anord- 
Temperaturen zwischen 1100°C 
Sattigungsdampf- 


Fiir die Versuche zur Herstellung 


Vakuumschmelze verwendet. 


nung bei und 
1400°C 
dichte des Cu von 5-10}? 
verdampften dabei pro Ziichtungsversuch unge- 


einer 
8-1014Atome/cm?). Es 


(entsprechend 


fahr 10 10-2g von der etwa 0,1 g betragenden 
Gesamtmenge 


strome und Ofentemperaturen hatten wiederum die 


Verdampfte Zinkmenge, Gas- 


und E. 


jeweils 


MOLLWO 


Im Gegensatz zur 
beim 


bereits angegebenen Werte 
Verdampfung des Silbers ergaben sich 
Kupfer Schwierigkeiten durch ungleichmiassige 
Verdampfungsgeschwindigkeit und Zerspratzen 
der Kupferschmelze. 

Es wurden zwei Versuchsreihen mit je 20 
Ziichtungsversuchen ausgefiihrt. Bei Versuchs- 
ZnO-Einkristalle 


mit 


auf einer 
starker 


reihe I wurden die 


reinen Quarzunterlage verschieden 
Kupferdampfdichte ohne sonstige Zusiatze ge- 
ziichtet. Die so erhaltenen Kristalle hatten Blatt- 
chenform und waren schwach gelbgriin gefarbt. 
Ihre Abmessungen waren etwa dieselben wie bei 
ZnO-Bilattchen ohne absichtlichen Zusatz (0,05 
0,15 mm dick; 0,3—0,5 mm breit; 10-20 mm lang). 
In Versuchsreihe II wurden die Kristalle wie in 
Versuchsreihe I geziichtet, jedoch unter gleich- 
zeitiger Erhitzung einer geringen Menge Pytha- 
gorasmasse im Reaktionsraum (siehe oben). Die 
erhaltenen ZnO-Einkristalle waren als hexagonale 
Prismen ausgebildet. Ihre Dicke betrug bis zu 1,3 
mm, ihre Lange bis zu 20 mm. Sie waren gelbgriin 
bis braungriin gefarbt. 

An den Kristallen der Versuchsreihe I und II 
wurden Bestimmungen Cu- 
Konzentration und der elektrischen Leitfahigkeit 
Zimmertemperatur Aus Ver- 
wurden fiir die Spektralanalyse 
Ziichtungsver- 


der eingebauten 


bei ausgefihrt. 
suchsreihe | 
etwa 1—2-10-"gr eines 
suches ausgesondert und die Leitfahigkeit durch 
Mittelung iiber die Messungen an vier Blattchen 
dieser Probe bestimmt. Bei Versuchsreihe II 
wurden aus verschiedenen Ziichtungsversuchen die 
elektrischen Leitfahigkeit 
2-10-2 


Kristalle nach ihrer 
geordnet und jeweils in Proben zu etwa 1 
gr (das waren 3-4 Kristalle) zusammen gestellt. 
Diese Proben wurden dann _ spektralanalytisch 
untersucht. 

Die Nachweisgrenze lag bei einem Kupfergehalt 
von 2,6:1017 Cu-Atome/cm®. Die Genauigkeit der 
Leitfahigkeitsmessungen wurde bei 
Kristallen mit hohem Kupferzusatz durch Kon- 
taktschwierigkeiten beim Aufsetzen der Sonden 


besonders 


zur Spannungsmessung beeintrachtigt. Die Werte 
waren deshalb nur bis auf den Faktor 2 zuver- 
lassig. 

Die Ergebnisse sind in Abb. 3 fiir beide Ver- 
suchsreihen aufgetragen. Ein Unterschied zwi- 
schen den Proben, die mit und ohne Pythagoras- 
zusatz hergestellt wurden, ist nicht festzustellen. 
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10” 
Kupfer-Konzentration, Atome/em* 


Ass. 3. Zusammenhang zwischen elektrischer Leit- 
fahigkeit (Zimmertemperatur) und Kupferkonzentration 
in ZnO-Kristallen. () Werte fiir Versuchsreihe I, J 


Werte fiir Versuchsreihe II vgl. Text. 


Es ergibt sich eine Abnahme der Leitfahigkeit mit 
steigendem Kupfergehalt und zwar fiallt die 
Leitfahigkeit nach den bis jetzt vorliegenden 
Messungen etwa quadratisch mit der Konzentra- 
tion des Kupfers. 

Die elektrische Leitfahigkeit dieser Kristalle 
zeigt praktisch keine Veranderung durch Tempern. 
Erhitzung in Luft auf 1200°C ergab auch nach 4 
Stunden keine wesentliche Anderung. 

Kupfer lasst sich nach unserem Verfahren also 
im Gegensatz zu Silber mit betrachtlicher Kon- 
zentration in die wachsenden ZnO-Kristalle ein- 
bauen. (Bis zu 10!9 Cu Atome/cm?.) Es diirfte vor- 
wiegend als Cu* im Grundgitter substituiert vor- 
liegen. Das ist plausibel auf Grund der Tatsache, 
dass das Kupfer im Oxyd bei héheren Tempera- 
turen (> 1025°C) einwertig auftritt: 2 CuO > 
CugO0+1/202. Mit dem gleichen Vorbehalt, wie 
bei den Versuchen zur Silberdotierung, soll hier 
ferner auf den vergleichsweise geringen Unter- 
schied der lIonenradien hingewiesen werden 
(Rena4 = 9,83 A Roy 0,92 A). Im 
der Vorstellung eines substitutionellen Einbaus 
liegt die beobachtete Herabsetzung der Leit- 
fahigkeit mit steigendem Kupfergehalt (Cu* wirkt 
als Akzeptor). der beobachtete 
Zusammenhang zwischen Kupferzusatz und Leit- 
fahigkeitserniedrigung nicht ohne weiteres ver- 
standlich. Eine Deutung scheint uns voreilig, 
bevor nicht genauere Messungen insbesondere 


Sinne 


Indessen ist 


141 


auch der Konzentration der Elektronen zur Ver- 
fiigung stehen. Uber die Temperaturabhiangigkeit 
der Leitfahigkeit von stark mit Cu dotierten 
Kristallen. (vgl. literatur 12, Abb. 4). 
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D cna! 


5, 


Leitfahigkeit J5., 





3. 





10? 0° 


Indium-Konzentration, Atome/cm? 
elektrischer Leit- 
Indiumkonzentra- 


Ass. 4. Zusammenhang zwischen 

fahigkeit (Zimmertemperatur) und 

tion in ZnO-Kristallen. Werte fiir Versuchsreihe I, 
Wi Werte fiir Versuchsreihe II vgl. Text. 


(3) Einbau von dreiwertigen Metallen 


(a) Aluminium. Versuche, nach dem beschrie- 
benen Verfahren Aluminium durch Verdampfung 
von Aluminiummetall in die wachsenden Kristalle 
einzubauen, blieben erfolglos. Dies kann im 
wesentlichen daran gelegen haben, dass es nicht 
gelang, eine hinreichend starke Verdampfung des 
Aluminiummetalls zu erreichen (Oxydhaut). 

(b) Indium. Das fiir die Zusatze benutzte 
Indiummetall hatte einen Reinheitsgrad von 99,9% 
(Fa. Dr. Franke, Frankfurt/Main). Die Ver- 
dampfung erfolgte wie bei den Silber- und Kup- 
ferzusatzen. Die bei Temperaturen von 1000°- 
1400°C (entsprechend einer Sattigungsdampf- 
dichte von ungefahr 2-1014—3-1016 In-Atome/cm?) 
verdampften Mengen pro Ziichtung lagen bei 
5—100-10-3 g (Gesamtmenge 50 —200-10-3g). 
Stérungen und Ungleichmissigkeiten des Ver- 
dampfungsvorganges wurden nicht beobachtet. 

Wie bei den Versuchen mit Kupferzusatzen 
wurden wieder zwei Versuchsreihen mit je 20 
Zichtungsversuchen durchgefihrt. Die erste Ver- 
lediglich mit Indiumzusiatzen ver- 
Konzentration Quarzunterlage 
gezichtet, lieferte Blattchenform, 
wenn die Indiumkonzentration < 3-10! Indium- 
Bei héheren In-Dotierungen 


suchsreihe, 
schiedener auf 
Kristalle in 


Atome/cm? war. 
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seren Versuchen in spektralanalytisch gut nach- 
weisbarer Konzentration eingebaut wurden, hatten 
nur einen Einfluss auf die elektrische Leit- 
sondern gleichz iuf die Lichtab- 
sorption. Die Lage der Eigenabsorptionskante 
iach langen Wellenlangen 
ischliessende Spektralbereich blieben ungean- 
lert. Im kurzwelligen ultraroten Spektrum traten 
Anderungen auf. Die Messungen 
irden mit einem Spiegeldoppelmonochromator 
und Thermoelement durchgefihrt 
‘rgebnisse sind fiir einige typische Falle in 
zusammengestellt. Wie man sieht, steigt 
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Welleniange, ,4 


yn ZnO-Kristallen mit 


i€ 
teils ohne absicht- 


die Ultrarot-Absorption der Kristalle mit steigen- 
der Leitfahigkeit an. Die Kristalle mit Kupfer- 
—_ x) Zusatz besitzen die niedrigste Leitfahigkeit und die 

runrte 3 ; : * 
geringste Absorptionskonstante. Bei den Kristallen 
einer Ernie- ' : ’ 
‘ Ol ‘ ; Indiumzusatz erreicht die Leitfahigkeit die 
S00 Ohm +cm aul 
, échsten Werte. Die Ultrarotabsorption wird so 
dann del . 
' dass ihr Auslaufer bis ins sichtbare Spek- 
1iCne s Verhalten, =a : > 
; tralgebiet hereinreicht und eine Blaufarbung zur 

rreichen eines 
, Folge hat 
inderen Leit- 
ituren beobacl 

\bsinken der Leit- I in der Einleitung genannten Herren war bei 
rbeitung d Verfahrens auch Herr Dr. 
ND mit guten Rat cl lagen beteiligt. Die Arbeite n 
wurden unterstiitzt durch die Deutsche Forschungsge- 


meinschaft. 


4. ULTRAROT-ABSORPTION VON ZnO-KRIST- 
ALLEN MIT KUPFER-UND INDIUM-ZUSATZ 
* Die Messungen der | -Absorption wurden von 
Die Zusatze K ipre1 und Indium, die bei un- R. ARNETH am hiesigen stitut ausgefuhrt. 
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Zusammenfassung—Es werden elektrische Leitfahigkeit und Halleffekt an synthetischen Zink- 
oxydeinkristallen mit Fremdzusatzen im Temperaturgebiet von 65 bis 700°K gemessen. Dabei er- 
gibt sich ein 4hnliches Verhalten wie bei anderen Halbleitern, z.B. Germanium, Silizium. Die nach 
Konzentration und Beweglichkeit ausgewerteten Ergebnisse werden mit den bekannten theoreti- 
schen Vorstellungen verglichen. Es gelingt unter bestimmten Voraussetzungen einen Wert fiir die 


tive Elektronenmasse abzuschatzen 


Abstract—The electrical conductivity and Hall effect of synthetic crystals of zinc oxide with foreign 
atoms has been measured from 65 to 700°K. Similar results to other semiconductors, such as ger- 
manium and silicon, are found. The values of carrier concentration and mobility deduced are com- 
pared with the well-known theoretical formulae. It is possible with certain assumptions to deduce a 


value for the electron effective mass 


1. EINLEITUNG 

KLARE Aussagen iiber den Leitungsmechanismus 
in Halbleitern lassen sich nur dann machen, wenn 
es gelingt getrennt die beiden charakterisierenden 
Groéssen der elektrischen Leitfahigkeit co, namlich 
die Ladungstragerkonzentration m und die elek- 
trische Beweglichkeit 1, sowie deren Abhangigkeit 
von der Temperatur zu bestimmen. Diese Auf- 
gabe wird z.B. gelést durch Messung des Hall- 
effekts, der unmittelbare Angaben iiber die Trager- 
konzentration liefert. Aus der ebenfalls gemessenen 
Leitfahigkeit c = en erhalt man dann die Beweg- 
lichkeit uw. An Halbleitern 
Wege Daten 

3ei1 Germanium, Silizium und den Ver- 


mehreren sind auf 


diesem einwandfreie gewonnen 
worden 
bindungen vom Typ A,,;By im besonderen liegen 
Werten Material auch 


absichtlich dotiertes Material vor. 


ausser den fiir das reine 


solche fiir 6) 
Im Rahmen der am hiesigen Institut laufenden 
Arbeiten tiber Zinkoxyd war es wiinschenswert, 


Material 
Angaben sowohl fiir reines als auch absichtlich 


auch iiber dieses méglichst prazise 


dotiertes Material zu erhalten. Bislang lagen fiir 
Zinkoxyd Halleffektsmessungen nur an diinnen 


Schichten,?) Sinterproben und stark verunreinig- 


8.9 


ten Kristallen vor. 


2. HERSTELLUNG DER KRISTALLE MIT ZUSAT- 
ZEN 

Die Einkristalle wurden nach einer bei BOGNER 

und MoLtiwo? Methode durch 

Oxydation von Zink in der Dampfphase und an- 

Kondensation hergestellt. Zur Er- 


beschriebenen 


schliessende 
zeugung eines Wasserstoff- oder Zinktiberschusses 
wurden die Kristalle in der entsprechenden Atmo- 
sphire nachtraglich erhitzt.“!1*) Durch zusatz- 
liche Verdampfung von Kupfer oder Indium 
wahrend der Ziichtung liess sich je nach Ver- 
dampfungstemperatur ein definierter Gehalt an 
Indium oder Kupfer erzeugen."°? 

Kristalle mit einem Zink-, Wasserstoff- oder 
Indiumgehalt zeigten bei Zimmertemperatur eine 
Leitfahigkeitszunahme, welche fiir Indiumzusatz 
bis 400Q-1cm-! betrug gegeniiber einer Leit- 
fahigkeit von 1922-!cm~! bei undotierten Kristallen, 
Kupferzusatz bewirkte eine Leitfahigkeitserniedri- 
gung bis auf o(300°K) = 10-°Q-!cm-!. Die bei 
den Messungen verwendeten Kristalle waren in 
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Form hexagonaler Prismen (Bleistifte) gewachsen. 
Ihre Lange betrug zwischen 8 und 10 mm, der 
Durchmesser etwa 0,5 mm. Um bei den Messun- 
gen unterhalb Zimmertemperatur einen guten 
Kontakt zwischen Sonden und Kristall zu er- 
zielen, wurde an den entsprechenden Stellen 
fliissiges Indium (Schmelzpunkt : 156°C) mit 
einer erwarmten Stahlnadel aufgetragen. 


3. BESCHREIBUNG DER APPARATUR 
Die Apparatur bestand aus einem zylindrischen 
Vakuumgefiss (Messing), in welchem die Pol- 
schuhe eines Magneten (Fabrikat : Leybold) weich 
eingelétet waren (Abb. 1). Der Luftspalt zwischen 
den Polen betrug 13 mm, der Durchmesser der 
Polflachen 12 mm. Damit liess sich eine Kraft- 
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Ass. 1. Vakuumgefiss mit Einsatz fiir Messungen unter- 
halb Zimmertemperatur. 
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flussdichte von 6300 Gauss erreichen. Bei dieser 
Geometrie ist mit Inhomogenitét des Magnet- 
feldes zwischen den Stirnflachen der Polschuhe zu 
rechnen. Da sich der Kristall jedoch wahrend 
einer Messreihe immer an der gleichen Stelle im 
Magnetfeld befand, und bei den kleinen Kristall- 
dimensionen das Feld im Kristallinnern konstant 
ist, kann eine etwaige Inhomogenitat nur zu einem 
konstanten Fehler fiir alle Messergebnisse fiihren, 
die Temperaturabhangigkeit wird nicht beein- 
flusst. 

Die Eichung des Magnetfeldes geschah durch 
Messung des Spannungsstosses beim Ein- bzw. 
Ausschalten des Magnetfeldes mittels einer Pro- 
bespule bekannter Windungsfliche. Als Anzei- 
geinstrument diente ein spannungsempfindliches 
Galvanometer (HSG Ruhstrat, 17 sec. Schwing- 
ungsdauer). Als Vergleichsnormal wurde das Feld 
einer langgestreckten Spule verwendet (2 cm 
Durchmesser, 40 cm Lange). 

In das Vakuumgefiass konnten je nach Wahl des 
Temperaturgebietes ober- oder unterhalb Zimmer- 
temperatur zwei verschiedene Einsiatze einge- 
(Abb. 1 und 2.) Bei hohen 
verhinderte ein zusatzlicher, 
Kupferbehalter zwischen den 


bracht werden. 
Temperaturen 
wassergekihlter 


» Wasserkihlung—, 


ae Gummi 


Neusilberrohr 








Glimmer- | 

















Heizung 


Kristal 

















Ass. 2. Einsatz fiir Messungen oberhalb Zimmertem- 
peratur. 
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Polschuhen eine unerwiinschte Erwarmung der- 
selben durch Abstrahlung des Kristalltragers. 

Die Kristallhalterung erfolgte in beiden Fallen 
auf die gleiche Art (Abb. 3). Elektroden und 
Sondenfiihrung waren auf eine Kupferplatte mit 
einer diinnen Glimmerfolie isoliert aufgeschraubt. 
Die Sonden aus Kupfer standen sich paarweise 
gegeniiber, um einen einseitigen Druck auf den 
Kristall zu vermeiden, und durch 
schwache Wolframfedern angedriickt. Als Sonden- 


wurden 


schneiden dienten fiir Messungen oberhalb Zimm- 


ertemperatur Platinfolien. Um bei Messungen 


Kristall 


Stromzufiihrungen 


RUPPRECHT 


Zwischentemparaturen liessen sich durch elek- 
trisches Aufwarmen eines Kupferklotzes an der 
Grundplatte einstellen. Der Einsatz fiir ‘Tempera- 
turen iiber 300°K glich bis auf das hier fehlende 
Kiihlsystem dem eben beschriebenen. 


4. MESSANORDNUNG UND MESSTECHNIK 

Die Leitfahigkeit wurde nach der iiblichen 
dem  Spannungsabfall 
lings der Stromrichtung mit einem Elektro- 
meterverstarker (Frieseke & Hopfner, FH 408, 
schwingender Kondensator) bestimmt. Die Hall- 


Sondenmethode aus 


Sonden 





Wolframfedern 
— — 





Sonden 


Glimmerisolierung 








Kupferplatte 


ABB, 3 


effektsmessungen 


unterhalb Zimmertemperatur auch an den Strom- 
zufiihrungen einen guten Kontakt zu erreichen, 
waren die Kupferflachen mit einer diinnen 


Indiumschicht iiberzogen. Ein guter Warme- 
kontakt zwischen Kristall und Grundplatte wurde 
dadurch erzielt, dass eine Stromzufiihrung direkt 
ohne Glimmerisolierung angeschraubt war. Die 
Temperaturmessungen oberhalb Zimmertempera- 
tur erfolgten mit einem Pallaplat- Thermoelement, 
unterhalb Zimmertemperatur mittels eines Man- 
ganin-Konstantan- Thermopaares. 

Fiir die Messungen unterhalb 300°K war die 
Grundplatte an ein Kiihlgefass aus Kupfer festge- 
schraubt. Ein zweites Kiihlsystem hielt Warme- 
strahlung aus der Wand des Vakuumtopfes fern. 
Beide Kiihlgefasse waren durch Neusilberrohre an 
Abschlussdeckel 
Durch 
Temperaturen 


Einsatzes_ be- 
fliissigen Luft 
65°K_ erreicht. 


den des ganzen 


festigt Abpumpen der 


wurden bis zu 


Kristallhalterung mit Sonden fiir Leitfahigkeitsund Hall- 
(Der Kristall ist stark vergréssert gezeichnet.) 


spannung wurde in Belastung der Hallstrecke mit 
einem (Ruhstrat Roy. = 272) 
gemessen. Die Spannungsempfindlichkeit der ge- 
samten Anordnung (etwa 5-10-’ V/Skt.) wurde 
bei jeder Messung kontrolliert. Eine Verfalschung 
der Messwerte durch Kontaktwiderstande an den 


Galvanometer 


Hallsonden war in der benutzten Anordnung 
(Abb. 4) nicht méglich. Da bei der verwendeten 
grossen Anzeigeempfindlichkeit infolge des starken 
Potentialabfalls langs des Kristalls (etwa 0,5 V/cm) 
bereits ohne Magnetfeld eine merkliche Spannung 
Hallsonden auftrat, wurde diese 


zwischen den 


durch ein Potentiometer kompensiert. Die Pro- 


portionalitét der Hallspannung mit Magnetfeld 


und Stromstarke wurde wiederholt gepriift. Um 
storende Temperatureffekte auszuschliessen wurde 
Fall fiir beide 
Richtungen Magnetfeldes bestimmt. Bei 
Messungen oberhalb Zimmertemperatur wurde 


die Hallspannung in jedem 


des 
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Ass. 4. Schema der Messanordnung. Uber einen Eichteiler 


(10 :100 kQ) konnte 


die Empfindlichkeit 


der gesamten 


Anordnung bei jeder Halleffektsmessung gepriift werden. Mit 


dem zweiten 


Magnetfeld vorhandene 


Potentiometerkreis 
Potentialdifferenz 


wurde eine bereits ohne 


zwischen den 


Hallsonden kompen-siert. 


ausserdem noch die Stromrichtung kommutiert. 
Um Temperaturausgleich zu erhalten, wurde bis 
zu einer Stunde abgewartet. Besteht namlich ein 
Temperaturgradient in Langsrichtung der Probe, 
so tiberlagert sich bei Anlegen eines Magnetfeldes 
der Hallspannung eine sogenannte Nernstspan- 
nung. Diese ist unabhangig von Stromrichtung 
und -stirke. ©) 

Bei Proben mit rechteckigem Querschnitt gilt fiir 
die Hall spannung: 

I-B 
Ry—. 


a 
flen(f=1 bzw. 32/8 e 

Ladungstragerkonzentra- 

Kraftflussdichte ; 


Ux (1) 
Ry Hallkonstante 
Elektronenladung, 
tion) ; J = Stromstirke ; B 
a = Probendicke. 


Ass. 5. Zur Hallspannung in Proben mit sechseckigem 
Querschnitt. (Naheres im Text.) 





Nimmt man an, dass bei Proben mit Sechseck- 
profil nur der in Abb. 5 schraffierte Teil des 
Querschnittes zum Halleffekt beitragt, so muss bei 
Anwendung obiger Formel der durch den Kristall 
fliessende Gesamtstrom im Verhiltnis der beiden 
Flaichen reduziert werden. Dies ergibt den Faktor 
2/3. Die Auswertung der Halleffektsmessungen 
wurde also in unserem Falle nach folgender 
Formel vorgenommen : 

2 IB 


Ug =—-Ry—. 
” 3 a 


(2) 


Um diese Uberlegungen experimentell nachzupriifen, 
wurden aus Wismutmetall Proben mit den entsprechen- 
den Profilen hergestellt. (Kantenlange 2 mm.) Das Ex- 
periment ergab den Faktor 0,5. Diese Abweichung vom 
theoretischen Wert 0,66 ist wohl auf Unterschiede im 
kristallinen Gefiige der beiden Probestiicke zuriickzu- 
fiihren. 

Zur Verbesserung des Kontaktes zwischen 
Kristall und Sonden war bei Messungen unterhalb 
Zimmertemperatur Indium aufgetragen worden. 
Da nach Abb. 6 die Hallspannung wesentlich vom 
Verhialtnis ,,Sondenbreite“‘ zu Kristalldurchmesser 
abhangt, sollten diese Indiumstreifen méglichst 
schmal gehalten werden. Dieser Effekt wurde bei 
der Berechnung der Hallspannung mitberiick- 
sichtigt. 

Die Ladungstragerkonzentration wurde aus der 
Gleichung : 
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l 
f bestimmt. 
eRy 
Dabei wurde gesetzt: f = 37/8 bei Kristallen mit 
geringen Zusatzkonz entrationen. (Fall der Nich- 
tentartung). f= 1 z.B. bei hohen Indiumkon- 


zentrationen (Entartungsfall). 





NWHKRUQYAOS 
S55 83888 


Hallspannung in rel. Einheiten 
© 





O02 O4 O6§ OB 10 
““Sondenbreite7 Kristalldurchmesser 


Ass. 6. Abhangigkeit der Hallspannung vom Verhiltnis 
der Breite der Indiumstreifen zum Kristalldurchmesser. 


Fiir die Hallbeweglichkeit y,, gilt 


Ry: o. (4) 


Die Stréme durch den Kristall betrugen bei 
Zimmertemperatur zwischen 0,1 mA und 50 mA 
je nach Leitfahigkeit der Probe, und waren so be- 
messen, dass eine Stérung durch Joule’sche Er- 


MH 


wairmung des Kristalls ausgeschlossen war."%8) Mit 
abnehmender Temperatur wurde im allgemeinen 
auch die Stromstarke vermindert. Bei konstanter 
Maenetfeld und kon- 
Volumen 


Geometrie, konstantem 
stanter Leistungsaufnahme pro 
Probek6érpers ergibt sich aus Gl. (1) folgende Ab- 
hangigkeit der Hallspannung von Beweglichkeit 


des 


und Elektronenkonzentration. 


(5) 


p\/2 
Un const { -} : 
n 


Die Hallspannung nimmt also, wenn die Be- 
weglichkeit unabhangig von der Elektronenkon- 
zentration ist, mit steigender Elektronenkonzentra- 
tion ab. Gutleitende Proben miissen also bei glei- 
cher Hallspannung starker als schlechtleitende be- 
lastet werden. Genaue Messungen oberhalb Zim- 
mertemperatur waren an Kristallen mit hohem 
Stérstellengehalt nicht mehr méglich. 


5. MESSUNGEN 

(a) Kristalle ohne Zusdtze 

Kristalle ohne Zusatze erwiesen sich in ihrem 
elektrischen Verhalten sehr unterschiedlich. So 
kann die Leitfahigkeit langs der c-Achse um den 
Faktor 10 schwanken. Sondenmessungen von 
Mollwo zeigen, dass auch iiber den Querschnitt 
hin, also senkrecht zur c-Achse, mit starken In- 
homogenitaten zu rechnen ist. Da durch solche 
Schwankungen in der Stoérstellenverteilung Leit- 
fahigkeits- und Halleffektsmessungen erheblich 
verfalscht werden kénnen, wurde versucht durch 
eine nachtragliche Erhéhung der Donatorendichte 
solche durch die Ziichtung bedingten Stéreffekte 


zu beseitigen. 


(b) Kristalle mit nachtrdglicher Wasserstoffbehand- 
lung 

Die bei einer Wasserstoffbehandlung"?? zusatz- 
lich homogen verteilten Stérstellen lassen sich ohne 
Schwierigkeiten nur in Konzentrationen herstellen, 
die zu Leitfahigkeiten von etwa o(300°K) = 15 
Q-lcm—! fiihren. Um die erwahnten Stérungen 
durch Inhomogenitaten zu beseitigen, schien es 
zweckmiassig Kristalle mit geringer Grundleit- 
fahigkeit zu beniitzen. Die bei diesen Messungen 
verwendeten Kristalle waren mit einem geringen 
Kupferzusatz hergestellt worden und hatten bei 
Zimmertemperatur eine Leitfahigkeit von 0,1 
Q-lcm-!. Lag die Gesamtleitfahigkeit unterhalb 
o(300°K) 102-1cm-! so verfalschten bei tiefen 
Temperaturen Oberflicheneffekte Messun- 
gen.(13:14) Zudem traten dann Kontaktschwierig- 


die 


keiten an den Sonden auf. 

Abb. 7 zeigt den Verlauf von Leitfahigkeit und 
Elektronenkonzentration gegen 1/7 aufgetragen. 
Nach Abb. 7 steigt die Leitfahigkeit unterhalb 
Zimmertemperatur zunachst an, erreicht bei etwa 
200°K ein Maximum und sinkt dann wieder ab. 
Die Konzentration der Ladungstrager verlauft in 
dieser Auftragungsweise, In m gegen 1/7, linear und 
zeigt bei héheren Temperaturen keine merkliche 
Sattigung. Messungen oberhalb Zimmertempera- 
tur wurden wegen der bald einsetzenden Ausdiffu- 
sion und anderen von R. POHL zur Zeit unter- 
suchten Effekten nicht ausgefiihrt. Die ‘Tempera- 
turabhangigkeit von Leitfahigkeit und Elektronen- 
konzentration wird mit steigender Dotierung ger- 
inger. Die Beweglichkeit wachst bei abnehmender 
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Ass. 7. Leitfahigkeit und Elektronenkonzentration von 
wasserstoffbehandelten Kristallen als Funktion der abs. 
Temperatur. Kristall (a) war bei 50 at und 600°C 20 
min erhitzt worden, Kristalle (6), (c) bei 40 at und 700°C 
5 min ; Kristalle (d), (e), (f) bei 70 at und 700°C 5 min. 


Temperatur naherungsweise mit 7-%? an und 
zwar umso weiter zu tiefen Temperaturen hin, je 
kleiner der Stérstellengehalt ist, erreicht dann ein 
Maximum und nimmt bei noch tieferen Tem- 
peraturen wieder ab (Abb. 8). 


(c) Kristalle mit Zinkiiberschuss 

Die Kristalle wurden nach der bei ScHAROWsKy“!?? 
beschriebenen Methode in einer Zinkdampfatmo- 
sphire erhitzt. Wegen der langsamen Eindiffusion 
waren besonders unterhalb 1000°C lange Zeiten 
nétig, um eine homogene Storstellenverteilung zu 
erreichen. Bei 950°C z.B. wurden Kristalle mit 
einem Radius von etwa 0,3 mm 50 Stunden der 
Zinkdampfatmosphiare ausgesetzt. Wegen der um 
Gréssenordnungen rascheren Ausdiffusion “5 kann 
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Ass. 8. Hallbeweglichkeit der in Abb. 7 gemessenen 
Kristalle als Funktion der abs. Temperatur. 


man jedoch bei Temperaturen iiber 1200°C trotz 
sofortigen Abschreckens der Ampulle in Wasser 
keine homogene Storstellenverteilung erwarten, 
die Uberschusskonzentration wird zum Kristall- 
rand hin abnehmen. 

In Abb. 9 ist wieder In c und In n gegen 1/7 auf- 
getragen. Die Leitfahigkeit zeigt das gleiche Ver- 
halten wie bei wasserstoffbehandelten Kristallen. 
Ihre Temperaturabhangigkeit nimmt mit steigen- 
dem Zinkiiberschuss ab. Nach Abb. 9 konnte auch 
bei zinkdotierten Kristallen keine Sattigung der 
Elektronenkonzentration festgestellt werden, ob- 
woh] bis 700°K gemessen wurde. Bei grésserem 
Zinkiiberschuss verlaufen die Kurven der Elek- 
tronendichte in dieser Auftragungsweise nicht 
mehr linear, sondern gekriimmt. Die Beweglich- 
keit wichst bei Kristallen mit geringem Zinkiiber- 
schuss ebenfalls prahtisch mit T7-°/2 an, geht dann 
iiber ein Maximum und fallt schliesslich wieder 
ab. Mit steigendem Zinkgehalt riickt das Maxi- 
mum zu héheren Temperaturen vor. (Abb. 10). 


(d) Kristalle mit Indiumzusatz 

Kristalle mit Indiumgehalt zeigen eine blauliche 
Farbung, die mit wachsender Dotierung immer in- 
tensiver wird.“0) Die Leitfahigkeit lag zwischen 
50Q-!cm-! und 400Q-1cm-! bei Zimmertempera- 
tur. In ihrem elektrischen Verhalten streuten die 
Kristalle einer Ziichtung nur geringfiigig. Die 
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Kehrwert der abs. Temp. grad~' 
Ass. 9. Leitfahigkeit und Elektronenkonzentration von 
Kristallen mit Zinkiiberschuss als Funktion der abs. 
Temperatur. Kristall A war bei 850°C 8 Std. in einer 
Zinkatmosphire erhitzt worden, Kristall B, C bei 950°C, 
50 Std., Kristall D, E bei 1200°C, 4 Std., Kristall F, G 
bei 1320°C, 1 Std. 


Anderung der Leitfahigkeit mit der Temperatur 
wurde, wie Abb. 11 zeigt, mit steigendem Indium- 
gehalt geringer. An Kristallen mit Leitfahigkeiten 
iiber 200 Q-1cm-! konnte keine Anderung der 
Leitfahigkeit in dem Tempera- 
turgebiet festgestellt werden. Die Ladungstrager- 
konzentration war fiir alle Kristalle von 7 un- 
abhangig. Selbst bei Verwendung eines héchst- 
empfindlichen Anzeigeinstruments (Zernicke Zc 
Galv. Empf. 10-8 V/Skt) konnte innerhalb der 
Messgenauigkeit keine Anderung festgestellt wer- 
den. Nach Abb. 12 nimmt die Beweglichkeit bei 
Zimmertemperatur mit wachsendem Indium- 
iiberschuss geringfiigig ab. 

In Abb. 13 wird die 


untersuchten 


elektrisch bestimmte 
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Ass. 10. Hallbeweglichkeit der in Abb. 9 gemessenen 
Kristalle als Funktion der abs. Temperatur. 


Elektronenkonzentration als Funktion der Leit- 
fahigkeit mit dem spektralanalytisch gemessenen 
Indiumgehalt verglichen.9) Die spektroskopischen 
Werte | stellen Mittelung iiber mehrere 
Kristalle dar. 


eine 

















Spez. LeitfGhigkeit 























2a ae ae 
Kristal! 

ea | TT apydesg 

10°! bh BL 

0 2 4 6 8 WW 12 14 16x10 


Kehrwert der abs. Temp., grad™' 








Elektronenkonzentration 





3 


Ass. 11. Leitfahigkeit und Elektronenkonzentration von 
Kristallen mit Indiumgehalt als Funktion der abs. 
Temperatur. 
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ABB. 12. Hallbeweglichkeit von Kristallen mit Indium- 
gehalt bei Zimmertemperatur als Funktion der Elek- 
tronenkonzentration. 
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AsB. 13. Leitfahigkeit bei Zimmertemperatur in Ab- 
hangigkeit von Elektronenkonzentration bzw. Indium- 
gehalt. 


6. DISKUSSION DER HALLEFFEKTSMESSUNGEN 


(a) Inhomogene den 
Kristallquerschnitt 

Unbehandelte oder nur kurze Zeit in einer 
Wasserstoffatmosphiare erhitzte Kristalle zeigen 
eine ahnliche Temperaturabhiangigkeit ihrer La- 
dungstrigerkonzentration, wie sie fiir Kristalle mit 
sehr hohem Zinkiiberschuss gefunden wurde. 

Die Vermutung, dass eine derartige ‘Tempera- 
turabhangigkeit der gemessenen Elektronenkon- 
zentration auf inhomogene Stérstellenverteilung 
senkrecht zur Langsachse der Kristalle zuriickzu- 
fiihren ist, wird durch ein bei KROGER et al.,‘5) 
diskutiertes Modell gestiitzt. Der Probekérper ist 
dabei aus zwei in sich homogenen Bereichen auf- 
gebaut. Dann kann man wie bei einer ganz homo- 
genen Probe die Hallspannung durch eine Glei- 
chung der Form Uy = RyIB/a darstellen. Die 
Konstante Ry ist dabei in komplizierter Weise von 
den Geometrieverhaltnissen und den elektrischen 


Stérstellenverteilung — tiber 
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Eigenschaften der Einzelbereiche abhingig. Setzt 
man in die massgebende Formel 5) plausible 
Werte fiir die Teilbereiche ein und berechnet die 
Elektronenkonzentration nach n = f/eRy so ergibt 
sich in Abhangigkeit von der Temperatur eine 
ahnlich gekriimmte Kurve, wie sie die in Zink- 
dampf hochdotierten Kristalle zeigen. Es bestehen 
jedoch auch andere Méglichkeiten, die Kriimmung 
der Kurven zu erklairen, z.B. Verschiebung des 
Ferminiveaus in einem Kontinuum von Haft- 
stellen. 


(b) Diskussion der Ladungstragerkonzentration bei 
homogener Stérstellenverteilung 

In den Kristallen sind neben den absichtlich 
eingebrachten Donatoren auch durch den Ziich- 
tungsprozess bedingte Verunreinigungen enthal- 
ten. Uber Konzentration und energetische Lage 
dieser Stérstellen lassen sich keine bestimmten 
Aussagen machen. Wir wollen von der Vorausset- 
zung ausgehen, dass die Konzentration der Ver- 
unreinigungen klein ist gegeniiber der zusatzlich 
eingebrachten Donatorendichte. Diese Annahme 
wird gerechtfertigt durch die starke Dotierung der 
Kristalle. Die zusatzliche Leitfahigkeit war stets 
gross gegen die der undotierten Kristalle. Ebenso 
wird fiir die theoretische Auswertung der Einfluss 
von andersartigen Haftstellen (z.B. Gitterbau- 
fehler) vernachlassigt. Wir betrachten also nur 
eine Stérstellenart mit einem diskreten Ener- 
gieniveau. Dann wird die Elektronenkonzentration 
im Gleichgewicht nur durch die Dissoziation 
dieser zusatzlichen Donatoren gegeben, also der 
Zink-, Wasserstoff- oder Indiumatome. Das 
Gleichgewicht ist durch folgende Reaktion be- 
stimmt : 

D*+e-= D* 
(e- Elektron ; D+ dissoziierte Stérstelle ; D”* 
neutrale Stdrstelle). 

Wendet man auf obige Reaktionsgleichung das 
Massenwirkungsgesetz an, so erhalt man fiir die 
Konzentration der freien Ladungstrager im Fall 
der Nichtentartung die Beziehung 

n2 


—d-1K (6) 


Np oon 98 


\ 3/2 
T3/2 exp(—Ep/kT). 


h2 
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Np = Gesamtkonzentration der Stérstellen ; 
n = Elektronenkonzentration ; E, = Abtrennar- 


beit -@ 


Entartungsfaktor der Stérstelle. 


d nimmt die Werte 2 oder 1/2 an, je nachdem ob 
bei den ionisierten Donatoren die Spins kom- 
pensiert sind oder nicht. Daraus ergibt sich fir 
tiefe Temperaturen die Naherungsformel : 


Sal : 277Merk \ 3/4 
V(Np: K) = (2Np)2(—— } 


he 7) 


x 73/4 d-1/2 exp(—Ep/2kT). 


Tragen wir nun den Logarithmus der experi- 
mentell ermittelten Elektronenkonzentration n 
multipliziert mit dem Faktor T~3/4[(27m,¢k)/h2}-3/4 
gegen 1/7 auf, so erhalten wir durch Extrapolation 
des Kurvenverlaufs bei tiefen Temperaturen fiir 


) 


T — wonach Gl. (7) als Ordinate (2N p)'/2d-¥/?, 




















14 16x10 
=| 
Kehrwert der abs. Temp., grad 


Zur Berechnung der Storstellendichte Np. 
(Naheres im Text.) 


Daraus kénnen wir bei behanntem dN, berechnen 
(Abb. 14). Aus der Steigung der Kurven bei tiefen 
Temperaturen lasst sich die Abtrennarbeit nach 
Gl. (7) bestimmen. Fiir wasserstoffbehandelte 
Kristalle lag E,, zwischen 0,06 eV und 0,03 eV. 
Unter Verwendung freien Elektronen- 
masse fiir m._ erhalten wir Werte fiir Np, welche 


der 


wesentlich niedriger liegen, als die bei Zimmer- 
temperatur gemessenen Elektronendichten. Nun 
muss N p einerseits grésser sein als die Elektronen- 
konzentration bei Zimmertemperatur, andrerseits 
sollte Np niedriger liegen als der aus den Tief- 
temperaturwerten extrapolierte Grenzwert fiir 
T — o. Man kann diese Werte aus den experi- 
mentellen Punkten mit Hilfe der Gl. (7) gewinnen, 
wenn man eine von der freien Elektronenmasse 
abweichende effektive Masse beniitzt. Mit den 
beiden genannten Grenzwerten erhialt man fiir den 
Fall der Wasserstoffbehandlung folgende Ab- 
schatzungen 

Meft 


(a) 0,14 - 
mo 


Mert 


Kristal] (b) 0,23 - 


mo 


Mert 
(c) 0,36 < < 

mo 
Dabei war mit einem Entartungsfaktor d= 2 
gerechnet worden, den beiden Einstellméglich- 
Elektrons im Wasserstoffatom ent- 


keiten des 


sprechend. 


(c) Beweglichkeit 

Der Zahlenfaktor f in Formel (3) liegt zwischen 
1 und 1,9 und lasst sich fiir die einzelnen Streu- 
prozesse exakt angeben.-18) Tragen nun mehrere 
Streuvorginge gleichzeitig zur Beweglichkeit bei, 
ist eine genaue Bestimmung des Zahlenwertes un- 
sicher. Es wurde daher in unserem Fall bei 
Kristallen mit Zink- oder Wasserstoffdotierung 
immer mit dem Faktor f= 37/8 gerechnet 
(Grundgitterstreuung). Im Falle der indiumdoti- 
erten Kristalle liegt die Elektronenkonzentration 
so hoch, dass mit Entartung des Elektronengases 
zu rechnen ist. Hier wurden daher die Beweglich- 
keiten mit f = 1 aus den Messungen berechnet. 

Kristalle mit Zink- oder Wasserstoffdotierung. 
Bei Kristallen mit Zink- oder Wasserstoffdotier- 
ung dndert sich die Beweglichkeit im Gebiet der 
Zimmertemperatur etwa mit 7-3/2, Nach Berech- 
nungen von SHOCKLEY und BARDEEN"8) ist eine 
derartige Temperaturabhangigkeitauf die Streuung 
von Ladungstrigern am Grundgitter zuriickzu- 
fiihren. 





UBER KONZENTRATION UND BEWEGLICHKEIT VON ELEKTRONEN 


Es gilt : 


AT-3/2, (8) 


Dieses Gesetz konnte bei Kristallen mit Wasser- 
stoffgehalt zwischen 120°K und 300°K mit guter 
Naherung bestatigt werden, bei Kristallen mit 
Zinkiiberschuss waren die Messungen bis zu 
Temperaturen von 700°K fortgefiihrt worden und 
ergaben die gleiche Temperaturabhiangigkeit. Deut- 
liche Abweichungen von dem 7-3/2-Gesetz, wie 
sie bei Beriicksichtigung der anisotropen Bander- 
struktur"9) oder der Streuung der Ladung- 
striger an optischen Gitterschwingungen neben 
den akustischen 2°) zu erwarten sind, wurden nicht 
beobachtet. Bei steigender Dotierung und _ bei 
tiefen Temperaturen ist ein Ubergang zur Streu- 
ung der Elektronen an ionisierten Stérstellen zu 
erwarten. Dieser Streuprozess ist zuerst von Con- 
well-Weisskopf®!-3) rechnerisch behandelt worden. 
Danach ergibt sich fiir die Beweglichkeit naher- 
ungsweise folgende Abhangigkeit : 


BT3/2, 


LH 


(9) 


Dabei wachst B mit abnehmender Konzentration 
der ionisierten Stérstellen.) Die experimentellen 
Ergebnisse scheinen durch diesen Prozess erk- 
larbar zu sein. Qualitativ lasst sich also der experi- 
mentell gemessene Verlauf der Hallbeweglichkeit 
als Funktion der Temperatur durch die Wirkung 
der Streuung an Schallquanten und ionisierten 
Stérstellen beschreiben : 

Kristalle mit Indiumiiberschuss. Nehmen wir bei 
Kristallen mit Indiumgehalt ebenfalls eine effek- 
tive Masse von mg ~ 0,3mpo an, so befinden wir 
uns auf Grund der hohen Ladungstragerdichten 
bereits im Entartungsgebiet, und es miissten die 
von JOHNSON und Lark-Horovitz") angege- 
benen Beziehungen zwischen Beweglichkeit und 
Elektronenkonzentration gelten. 


4[n113 
ml 


HLH 


(10) 


(11) 


Experimentell ergibt sich aber nach Abb. 13 eine 
viel geringere Abhangigkeit zwischen p bzw. o und 
n. Dabei stimmt die Ladungstragerkonzentration 
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m gut mit der spektralanalytisch bestimmten 
Indiumkonzentration iiberein.2°) PEARSON und 
BARDEEN") konnten bei ihren Messungen der 
Elektronenkonzentration an Silizium ebenfalls die 
von JOHNSON und LarK-Horovitz") aufgestellten 
Gleichungen nicht bestiatigen. Uber eine neuere 
theoretische Behandlung der Beweglichkeit im 
Entartungsgebiet vgl. °°) 


7. ZUSAMMENFASSUNG 

In der vorliegenden Arbeit wird iiber Leit- 
fahigkeits- und Halleffektsmessungen an synthe- 
tischen Zinkoxydeinkristallen mit  definierten 
Fremdzusatzen im Temperaturintervall von 65°K 
bis 700°K berichtet. Die experimentellen Ergeb- 
nisse beziiglich Elektronenkonzentration in Ab- 
hangigkeit von der Temperatur lassen sich, wie an 
wasserstoffbehandelten Kristallen gezeigt wurde, 
unter Annahme eines einzigen Donatorenniveaus 
und einer effektiven Elektronenmasse von m.g ~ 
0,3mo erklaren. Als Abtrennarbeiten ergaben sich 
aus diesem Modell Werte zwischen 0,06 eV und 
0,034 eV. 

Die Beweglichkeit der Ladungstriger wird im 
Gebiet der Zimmertemperatur durch Grundgitter- 


streuung bestimmt, py = AT~*/2. Zu tieferen 


Temperaturen hin macht sich eine Streuung an 
ionisierten Stérstellen bemerkbar. 

Indiumdotierte Kristalle zeigten wegen der 
hohen Stoérstellendichte nur noch eine geringe 


Temperaturabhangigkeit in ihrem elektrischen 


Verhalten. 


Herrn Professor Dr. E. MoLLwo michte ich fiir die 
Anregung zu dieser Arbeit und sein stets forderndes 
Interesse aufrichtig danken. Herrn Dr. G. HEILAND 
danke ich fiir manche Hilfe. 

Die Arbeit wurde durch Leihgaben der Deutschen 
Forschungsgemeinschaft unterstiitzt. 
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FELDEFFEKT UND PHOTOLEITUNG AN 
ZnO-EINKRISTALLEN 


GERHARD HEILAND 
Institut fiir Angewandte Physik an der Universitat Erlangen, Erlangen, Deutschland 


(Received 30 October 1957) 


Zusammenfassung—Auf der Oberfliche von ZnO-Kristallen kann durch Einwirkung von 
atomarem Wasserstoff eine n-leitende Anreicherungsschicht erzeugt werden. Die hierbei auf- 
tretende grosse Oberflichen-Leitfahigkeit lasst sich wieder herabsetzen durch Adsorption von 
Sauerstoff oder durch Erwérmen im Vakuum. Auf diese Weise wird der bei 90°K gemessene Ober- 
flaichenleitwert in einem Bereich von fiinf Gréssenordnungen variiert, wobei er stets gross gegen den 
Volumleitwert ist. 

Drei verschiedene Methoden werden benutzt, um die Dichte der Ladungstraiger an der Ober- 
fliche bei konstanter Gasbeladung zu verandern: Feldeffekt, Anregung mit Wechsellicht und An- 
regung mit Gleichlicht. Aus dem Feldeffekt (Influenzierung von Ladungstragern) oder aus der 
Photoleitung bei Bestrahlung mit Wechsellicht im Bereich der Eigenabsorption ergibt sich eine 
Driftbeweglichkeit der Elektronen. Beide Methoden fithren zu gut iibereinstimmenden Ergebnissen. 
Die Driftbeweglichkeit steigt mit der Oberflachen-Leitfahigkeit iiber mehrere Gréssenordnungen 
an und erreicht 30 cm?/Vsec als gréssten Wert. Messungen der Oberflachen-Photoleitung bei 
Bestrahlung mit Gleichlicht im Bereich der Eigenabsorption ergeben mit Hilfe der Driftbeweglichkeit 
Werte fiir Dichte und Lebensdauer der angeregten Elektronen. Die Lebensdauer sinkt von 0,5 sec 
auf 7-10-* sec, wenn die Bestrahlungsstarke um 4 Grossenordnungen gesteigert wird. Wird dagegen 
die Oberflachen-Leitfahigkeit durch Adsorption oder Desorption im Bereich von 4 Grédssen- 
ordnungen variiert, so bleibt die Lebensdauer konstant. Sie ist daher unabhangig von der 
Gasbeladung der Oberflache. 

Ein einheitliche Deutung der experimentellen Ergebnisse gelingt durch die Annahme je eines 
Haftstellenkontinuums fiir Elektronen nahe an der Kante des Leitungsbandes und fiir Defektelek- 
tronen an der Kante des Valenzbandes. Damit sind Aussagen iiber die Dichte dieser ,,schnellen 
Oberflachenzustande“‘ méglich. 


Abstract—It has been shown that atomic hydrogen produces an n-type accumulation layer on the 
surface of ZnO crystals. The high surface-conductivity associated with this layer can be lowered by 
adsorption of oxygen or by heating in a vacuum. In this way the surface conductance, which is large 
compared to the bulk conductance at 90°K, is varied over a range of five orders of magnitude. 

Three different methods are used to change carrier density at the surface without changing the 
gas coverage: field-effect, photoexcitation with chopped light and photoexcitation with steady 
illumination. From field-effect (change of carrier density due to transverse electric fields) and from 
surface photoconduction, using chopped light in the intrinsic absorption region, a drift mobility is 
derived. The results of these two methods are in good agreement. The drift mobility increases with 
increasing surface conductivity for several orders of magnitude and reaches 30 cm?/Vsec. Measure- 
ments of surface photoconduction, using continuous irradiation in the intrinsic absorption region, 
combined with the drift mobility, yield information on the density and lifetime of excited electrons 
at the surface. As the irradiation intensity is increased through four orders of magnitude, the life- 
time decreases from 0°5 sec to 7 X 10-4 sec. However, if the surface conductivity is changed by four 
o1ders of magnitude by adsorption or desorption, the lifetime remains constant and is therefore in- 
dependent of adsorbed gases. 

A consistent explanation of the results is possible with a surface model containing two sets of 
continuously distributed surface states, one just below the conduction band and one just above the 
valence band. An estimation for the density of these fast surface states is given. 
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1. EINLEITUNG 

Bet vielen Halbleiterpraparaten hangen die elek- 
trischen Eigenschaften ganz entscheidend vom 
Zustand der Oberflache ab. Verarmungsschichten 
quer und Anreicherungsschichten parallel zur 
Strombahn kénnen den Leitwert iiber Grdéssen- 
ordnungen andern und zu Einfluss ad- 
sorbierter Gase auch bei dicken Proben fiihren. 

Uber die Ausbildung gutleitender Oberflachen- 
schichten ’ ZnO-EinkristalJen 
wurde bereits mehrfach berichtet.“-®) Im Volu- 
men zeigten diese Kristalle bisher stets n-Leitung 
(Halleffekt) bei einem Bandabstand von etwa 3 
eV (Absorptionskante). Durch zwei verschiedene 
Methoden der Behandlung mit Wasserstoff kénnen 
an der Kristalloberflache Donatoren erzeugt 
werden, die zur Entstehung einer Anreicher- 
ungsschicht von Elektronen fiihren. Bei der ersten 
Methode (Typ B) wird der Kristall kurze Zeit in 
Wasserstoff erhitzt, bei der zweiten (Typ A) wirkt 
atomarer Wasserstoff bei tiefen Temperaturen auf 
den Kristall ein. Sauerstoff wird auf der Ober- 
flache der Kristalle adsorbiert und bildet Ober- 
flachenakzeptoren, die alle Elektronen aus der An- 
reicherungsschicht binden kénnen. Damit ver- 
schwindet die Oberflachenleitung wieder. 

Bei Typ B geniigt ein Erwarmen im Vakuum auf 
600°K, um den Sauerstoff zu entfernen und die 
Oberflachenleitung wieder herzustellen. Erst bei 
wesentlich héheren Temperaturen verschwinden 
auch die Donatoren. Wahrscheinlich entsteht bei 
der Anreduktion Kristalles Zinkiiber- 
schuss, der in die obersten Schichten des Gitters 
eingebaut wird, z.B. in Form von Sauerstoffliicken 


einem 


an synthetischen 


des ein 


mit Elektronen. 

Bei Typ A dagegen werden bereits durch Er- 
warmen im Vakuum auf 500°K die Donatoren be- 
seitigt. Auch nach Wegheizen von adsorbiertem 
Sauerstoff kommt die Oberflachenleitung nicht 
wieder zum Vorschein. Wahrend fiir Oberflachen- 
leitung Typ B (vorhergehender Abschnitt) bei der 
Sauerstoffadsorption eine ,,kompensierte“ Ober- 
fliche vorliegt, lasst sich fiir den Typ A nicht 
unterscheiden, ob der Sauerstoff ebenfalls nur 
Akzeptoren bildet, oder aber die Donatoren durch 
direkte Reaktion irreversibel ausschaltet. Die 
Donatoren sind hierbei wohl adsorbierte Wasser- 
stoff- oder Zink-Atome, die Elektronen an das 
Kristallgitter abgeben. Der positiven Ladung 
ionisierter Donatoren auf der Oberflache steht die 
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von den Elektronen gebildete Raumladung ge- 
geniiber. Zwischen Oberfliche und Kristallin- 
nerem bildet sich eine Diffusionsspannung aus, die 
das tiefere Eindringen der Elektronen in den 
Kristall verhindet und zu einer Verringerung des 
Abstandes zwischen Ferminiveau und Kante des 
Leitungsbandes an der Oberfliche fihrt.“4) Es 
handelt sich also um Anreicherungsschichten von 
der Oberfliche von n-leitenden 


Elektronen an 


Kristallen (Abb. 14). 

Neuerdings wurde auch iiber die Erzeugung von 
Oberflachendonatoren an ZnO Kristallen durch 
Einwirkung von Zinkdampf berichtet.® 

Die Oberflichenleitfahigkeit wird gemessen als 
Leitwert eines quadratischen Flachenstiickes : 


(1) 


ut, = Beweglichkeit der Elektronen in der An- 
reicherungsschicht ; v, = Flachendichte der Elek- 
tronen in der Anreicherungsschicht. Die ,,Photo- 
leitfahigkeit“* hat in dieser Arbeit stets die Dimen- 
sion einer Flachenleitfahigkeit, da sie nur als Ober- 
flacheneffekt beobachtet wurde. Das Gleiche gilt 
fiir die ,,Dunkelleitfahigkeit‘‘, soweit sie nicht 
ausdriicklich als Volumleitfahigkeit bezeichnet ist. 

Allen drei Verfahren zur Erzeugung von Ober- 
flachenleitung ist gemeinsam, dass ein Sattigungs- 
wert G~10-4Ohm-! nicht wesentlich iiber- 
schritten wird. 

Bei Untersuchung der Volumleitung gelingt es 
mit Hilfe des Halleffektes, das als Leitfahigkeit 
gemessene Produkt von Tragerkonzentration und 
Beweglichkeit aufzuspalten. Bei der Oberflachen- 
leitung erscheinen Messungen des Halleffektes 
schwierig. Es bieten sich jedoch andere Wege, um 
zu Aussagen iiber Elektronendichte und Beweg- 
lichkeit zu gelangen. Hierzu werden im Rahmen 
der folgenden Arbeit drei verschiedene experi- 
mentelle Methoden herangezogen, die zusammen 
nicht nur Angaben iiber Flachendichte und Beweg- 
lichkeit, sondern auch iiber die Lebensdauer op- 
tisch angeregter Elektronen (Defektelektronen) lie- 
fern. 


G = eueve(Ohm-}). 


2. VERSUCHSANORDNUNG 
Zu den Messungen wurden synthetische ZnO- 
Einkristalle in Form von Blattchen verwendet. 
Ihre Dicke betrug etwa 0,1 mm, die Breite 0,4 
mm und die Lange 10 mm. Gegeniiber den sechs- 
seitigen Prismen (,,Bleistiften‘‘) bieten die Blattchen 





FELDEFFEKT UND PHOTOLEIT 


fiir Feldeffekt und Photoleitung den Vorteil, dass 
fast die Halfte der Oberflache in einer Ebene liegt. 
Bei den Blattchen handelt es sich um Einkristalle. 
Dies wurde durch Untersuchungen mit polari- 
siertem Licht und mit Réntgenstrahlen gezeigt. 
Die c-Achse liegt in der Blattchenebene. Die 
Oberfliche der Kristalle wurde vor und nach den 
Messungen im Mikroskop mit Auflicht- Dunkel- 
feld gepriift. Es wurden nur Kristalle mit ein- 
wandfreier Oberflache verwendet. Auch nach den 
Messungen mit Wasserstoffbehandlung waren die 
Oberflichen glatt und reflektierend und zeigten 
nur wenige Streuzentren. Zur Messung des Leit- 
wertes wurden zwei Platinelektroden mit einem 
Abstand von 0,5 mm auf den im Vakuum ausge- 
heizten Kristall aufgedampft. Wie bereits friiher 
gezeigt, erhalt man auf diese Weise sperrfreie 
Kontakte. ?? 

Alle Messungen des Leitwertes erfolgten in 
einem Vakuum, das besser war als 5:10-?Torr 
(Ion. Manometer). Die Vakuumapparatur wurde 
bereits friiher beschrieben.) Der Kristall befindet 
sich an einem ersten Kihltopf in einer Kupfer- 
abschirmung, wahrend ein zweiter Kihltopf ein 
ausseres Blendensystem tragt, das nach Ausheizen 
beider Systeme stets auf 90°K bleibt, um Dampfe 
vom Kristall fern zu halten. 

Fiir die Experimente dieser Arbeit wurden die 
Kristalle stets mit einer Oberflachenleitung, Typ 
A, versehen (vgl. Abschn. 1). Zur Herstellung des 
atomaren Wasserstoffes diente ein gliihendes 
Wolframband.%) Abb. 1 zeigt den Leitwert eines 
ZnO-Kristalles als Funktion der Temperatur. Bei 
Abkihlung auf tiefe Temperaturen sinkt der 
Volumleitwert (untere Kurve) um viele Gréssen- 
ordnungen, wahrend der Oberflichenleitwert nur 
wenig von der Temperatur abhingt. Alle weiteren 
Messungen dieser Arbeit wurden bei 90°K durch- 
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Ass. 1. Kristall 11. Leitwert g als Funktion der Tem- 

peratur. Gleicher ZnO-Kristall wie Abp. 5. I: 

Volumleitwert nach Erhitzen im Vakuum 10 min auf 

630°K. II: Oberflachenleitwert nach Einwirkung von 

atomarem Wasserstoff, gliihendes Wolframband in 0,1 
Torr H,, 2 min bei 300°K. 


bei 


gefiihrt. Der Oberflachenleitwert konnte daher 
ohne Stérung durch den parallel geschalteten 
Volumleitwert itiber 5 bis 6 Gréssenordnungen 
abgesenkt werden. Im Allgemeinen geschah dies 
schrittweise durch Erwarmen im Vakuum oder 
durch Einlass geringer Sauerstoffmengen, die nach 
wenigen Sekunden wieder abgepumpt wurden. 
Ein Schema zur Messung des Feldeffektes®) 
zeigt Abb. 2. Die Feldelektrode war durch ein 
Glimmerblatt von etwa 0,1 mm Dicke vom 
Kristall isoliert. Eine Spitzenlagerung ermég- 
lichte es der Elektrode, sich parallel zur Kristall- 
oberfliche einzustellen. Wahrend des Ausheizens 
und der Behandlung mit Gasen wurde die Feld- 
elektrode mit dem Glimmerblatt zusammen durch 
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Ass. 2. Anordnung 


aufged. Pt- Schicht 


zur Messung des Feldeffektes. 
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Drehen eines Schliffes abgehoben. Diese Vorrich- 
tung arbeitete so sicher, dass in keinem Falle nach 
dem Wiederaufsetzen eine Anderung des Feld- 
effektes, die den Rahmen der Messfehler iiber- 
schritten hatte, gefunden wurde. Auch Feld- 
elektrode und Glimmerblatt wurden vor jeder 
Messung im Vakuum bei 650°K ausgeheizt. Vor 
dem Einsetzen in die Apparatur wurden Kristall- 
oberflache, Glimmerblatt und Feldelektrode mit 
einem feinen Pinsel und Alkohol von Staub ger- 
einigt. Der Einfluss eines doch vorhandenen, nicht 
von Glimmer erfiillten Spaltes zwischen Feld- 
elektrode und Kristall wird in Abschn. 3 dis- 
kutiert. Die elektrische Schaltung ist in Abb. 2 
dargestellt. Der umschaltbare Vorwiderstand war 
stets gross gegen den Kristallwiderstand. Ander- 
ungen des Leitwertes wurden daher als Ander- 
ungen der Spannung iiber dem Kristall gemessen, 
wahrend der Strom praktisch konstant blieb. Als 
Elektrometer diente ein Verstarker mit Schwing- 
kondensator (Frieseke & Hopfner FH 408). Die 
Registrierung erfolgte mit einem Kompensations- 
schreiber (Philips PR 2200 A/25). 

Ein Schema zur Messung der Photoleitung mit 
Wechsellicht zeigt Abb. 3. Ein Quarzmonochro- 
mator sonderte die Hg-Linie 366 my (hv = 3,4 
eV) aus. Sie liegt im Bereich der Grundgitter- 
absorption des ZnO. Die Bestrahlungsstarke wurde 
mit Hefnerlampe und Thermoelement gemessen. 
Die Modulation erfolgte durch eine vor dem Spalt 
umlaufende Scheibe mit rechteckigen gestanzten 
Loéchern. Vor den abstimmbaren Verstarker 
(Rhode & Schwarz UBM) war wegen der hohen 
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Kristallwiderstinde eine Elektrometerréhre T114 
geschaltet. Zur Messung der verstirkten Wechsel- 
spannung diente ein Oszillograph (Philips 5653). 
Die Vergleichsgréssen zur Bestimmung der Modu- 
lationsfrequenz und der Wechselspannungsampli- 
tude lieferte ein Schwebungssummer mit einge- 
bautem Réhrenvoltmeter und Eichteiler (Rhode & 
Schwarz SIT). Die Messung ging folgendermassen 
vor sich : Zunachst wurde die Frequenz mit Hilfe 
der Photozelle und des Schwebungssummers durch 
Lissajou-Figuren bestimmt. Die Wechselspan- 
nung iiber dem Kristall ergab sich dann durch 
Vergleich mit der auf gleiche Amplitude geregelten 
bekannten Spannung des Schwebungssummers. 
Bei hohen Kristallwiderstinden macht sich die 
Parallelkapazitét bemerkbar. Sie wurde durch 
eine Messbriicke zu 1,3-10-19F bestimmt und 
durch eine Korrektur beriicksichtigt. Zur Messung 
des Dunkelleitwertes und des stationéren Leit- 
wertes wahrend der Bestrahlung diente die gleiche 
Schaltung wie beim Feldeffekt. 

Fiir die Untersuchung der Photoleitung mit 
Gleichlicht wurden Hg-Lampe und Monochro- 
mator benutzt wie bei Wechsellicht. Mit Aus- 
nahme von Abb. 7 erfolgte die Bestrahlung stets 
mit der Hg Linie 366 my. Die Leitwertmessung 
erfolgte in gleicher Weise wie beim Feldeffekt. 


3. MESSERGEBNISSE FUR DEN FELDEFFEKT 

Bei Anlegen einer Spannung zwischen Feld- 
elektrode und Kristall erfolgt eine Anderung der 
Flaichenleitfahigkeit, die bei der Einstellzeit der 
Messapparatur von | sec keine merkliche Tragheit 
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Ass. 3. Anordnung zur Messung der Photoleitung mit Wechsellicht. 
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zeigt und wahrend der Beobachtungszeit von 
Minuten konstant bleibt, solange die Spannung 
wirkt. Nach Abschalten der Spannung geht die 
Anderung des Leitwertes ohne messbare Ver- 
zogerung vollstindig zuriick. Bei sehr kleinen 
Leitwerten treten langsame Einstellungen auf, die 
aber durch die in diesem Falle grosse elektrische 

Zeitkonstante des Messkreises zu erkliren sind. 
Das Vorzeichen des Feldeffektes entspricht bei 
Oberflachenleitung, die durch Einwirkung von 
atomarem Wasserstoff hervorgerufen ist (Typ A), 
stets einer m-Leitung, auch wenn die Leitfahigkeit 
durch Erwarmen im Vakuum oder durch Zutritt 
einer geringen Sauerstoffmenge nachtraglich wie- 
der herabgesetzt ist. Eine positive Spannung der 
7 e 4 
/ ie aw: 

G=4x10 


ohm' 1 
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Spannung U 
Ass. 4. Kristall 11. Anderung AGr, der Flichenleit- 
fahigkeit durch Feldeffekt als Funktion der Spannung U 
zwischen Feldelektrode und Kristall fiir vier verschie- 
dene Werte der Flachenleitfahigkeit G. 90°K. Dicke des 
isolierenden Glimmers 7,4:10-%cm. 


Feldelektrode gegeniiber dem Kristall vergréssert 
also die Flachenleitfahigkeit, eine negative Span- 
nung verringert sie. Die Stromrichtung durch den 
Kristall wird zur Kontrolle oft umgekehrt, ist aber 
stets ohne Einfluss auf den beobachteten Feld- 
effekt. Nur fiir kleine relative Anderungen der 
Leitfahigkeit besteht Proportionalitat mit der 
Spannung, bei grésseren Anderungen findet man 
einen Zusammenhang der Anderung AGpq der 
Leitfahigkeit mit der Spannung U, der sich durch 
eine Exponentialfunktion darstellen lasst (Abb. 4). 
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Die Anfangssteigung dieser Kurve bzw. die 
Anderung der Leitfahigkeit bei kleinen Spann- 
ungen lasst sich fiir eine ,,Feldeffekt-Beweglich- 
keit‘‘ rq auswerten : Die Flachendichte der in- 
fluenzierten Ladung e-Avprg folgt aus der angeleg- 
ten Spannung sowie der Dicke und dielektrischen 
Konstante des Glimmers. Einfacher ware hier eine 
Kapazitétsmessung, aber bei den geringen Kristall- 
dimensionen schien sie aussichtslos. Der Quotient 

AGpra/e + Avra = pra (2) 
stellt nach Gl. (1) die ,,Driftbeweglichkeit dar, 
mit der die gesamte influenzierte Ladung zur 
Flichenleitfahigkeit beitragt. Vgl. Abschn. 10, 
Gl. (17). 

Besteht zwischen Feldelektrode und Kristall- 
oberflache ein nicht von Glimmer erfiillter zusatz- 
licher Spalt, so ist die influenzierte Ladung 
geringer als die berechnete. Dann ergibt sich fir 





e Kristal 11 Iii 
; 44 Kristall 12 == —5 


+ 
+ 








s [L,,(Feldeffekt) 





weer 
bat 





F ldchenleitfahigkeit G, ohn’ 


und 12. Driftbeweglichkeit der 

Elektronen als Funktion der Flachenleitfahigkeit G. 

Zwei unabhangige Messmethoden: Feldeffekt (yp,4) 
und Photoleitung mit Wechsellicht, 10* sec! (yp). 


Ass. 5. Kristalle 11 


die Driftbeweglichkeit ein zu niedriger Wert. 
Dieser Effekt diirfte hier keine entscheidende 
Rolle spielen. Dafiir sprechen folgende Griinde : 
Nach Abschn. 4 stimmen die aus Feldeffekt und 
aus Photoleitung mit Wechsellicht erhaltenen 
Driftbeweglichkeiten gut iiberein. Ferner bleibt 
die Feldeffekt-Beweglichkeit bei grosser Leit- 
fahigkeit nur um den Faktor 2 unter der an stark 
dotierten Kristallen gemessenen Hallbeweglich- 
keit (Abschn. 6). 


Fiihrt man das bei 


Feldeffekt-Experiment 


}4,(Photoleitung)} 


_ 
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verschiedener Flachenleitfahigkeit aus, die durch 
H-Einwirkung, O2-Einwirkung und Erwarmen im 


Vakuum eingestellt wurde, so kann man die 


Feldeffekt-Beweglichkeit als Funktion der Leit- 
fahigkeit G darstellen (Abb. 5). Sie steigt zunachst 
proportional mit G. Es gilt also AGra ~ G. Dann 


folgt ein flacherer Anstieg iiber mehrere Grdéssen- 
ordnungen. Schliesslich erreicht die Feldeffekt- 
Beweglichkeit bei G 3-10-° Ohm! einen Wert 
30 cm2/Vsec (Kristall 11) bzw. bei G 


MFad 
26 cm?/Vsec 


1,5:10-4 Ohm-! einen Wert pra 
(Kristall 12). Hierbei ist es gleichgiiltig, auf wel- 
chem Wege die Flachenleitfahigkeit (Typ A) 
erreicht wird, ob durch Erwirmen des Kristalles 
im Vakuum nach H-Behandlung, oder durch Ein- 
lass kleiner Sauerstoffmengen. Nach kraftiger 
Sauerstoffeinwirkung (300°K, 1 Torr, 3 min) ver- 
schwindet zusammen mit der Oberflachenleitung 
auch der Feldeffekt véllig. 

Es soll noch hervorgehoben werden, dass die 
Beobachtungen gut reproduzierbar sind, auch nach 
Abheben und Wiederaufsetzen der Feldelektrode, 
wie es beim Ausheizen und bei Gasbehandlung 


geschieht ; 


4. MESSERGEBNISSE FUR DIE PHOTOLEITUNG 
MIT WECHSELLICHT 

Die Messungen des Feldeffektes k6nnen durch 
Untersuchungen der Photoleitung bei Bestrahlung 
mit Wechsellicht kontrolliert und erganzt werden. 
NIEKISCH hat Wechsellicht- 
messungen auftretenden Probleme fiir den Fall der 
homogenen Anregung im ganzen Kristallvolumen 
(Auslauferabsorption des CdS) eingehend be- 
handelt Bei Einstrahlung in die Grundgitter- 
absorption des ZnO betragt die Reichweite des 
Lichtes etwa 10-5cm. Die Trager der Photo- 
leitung werden also nahe der Kristalloberflache 
befreit. Im folgenden wird vorausgesetzt, dass 
jedes absorbierte Lichtquant einen Elektronen- 
iibergang aus dem Valenzband ins Leitungsband 
bewirkt und dass die hierbei gebildeten Defekt- 
elektronen keinen merklichen Beitrag zur Leit- 
fahigkeit liefern.* Dann lasst sich eine Wechsel- 


die bei solchen 


* Fiir Elektronen als Trager der Photoleitung sprechen 
Messungen des Halleffektes an diinnen photoleitenden 
ZnO-Schichten,'®) sowie der Anstieg der Photoleit- 
fahigkeit mit der Dunkelleitfahigkeit (Abb. 9). Die 
Dunkelleitfahigkeit ist nach dem Vorzeichen des Feld- 
effektes stets mit einem Uberschuss von Elektronen ver- 


knupft. 
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licht- Beweglichkeit bestimmen nach der Bezie- 
hung 
ifn "“W 
(3) 
(vgl. Abschn. 10) 


Ein Vergleich mit der entsprechenden Formel 
beim Feldeffekt zeigt, dass hier an die Stelle der 
influenzierten Elektronendichte Avg die Ampli- 
tude der lichtelektrisch modulierten Elektronen- 
dichte J_ /w tritt und der Anderung der Ober- 
flachen-Leitfahigkeit beim Feldeffekt AGpg die 
Amplitude der Oberflachen-Photoleitfahigkeit G_ 
entspricht. 

Die Verwendung der Gleichung (3) ist mit ver- 
schiedenen Voraussetzungen verkniipft : Es muss 
gelten G_ <G. Hierbei ist G die waihrend der 
Bestrahlung gemessene stationare Flachenleit- 
fahigkeit. Sie setzt sich aus der Dunkelleitfahigkeit 
und aus einer zeitlich konstanten Photoleitfahigkeit 
zusammen. Ferner muss, wenn sich eine von Be- 
strahlungsstarke J_ und Frequenz w unabhingige 
Beweglichkeit ergeben soll, G_ ~ J_ und G_ ~ 
L/w Beziehung ist iiber zwei 


sein. Die erste 
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Asp. 6. Kristall 11. Amplitude G_ der Photoleitfahigkeit 
als Funktion der Frequenz des Wechsellichtes w/27 fiir 
verschiedene Werte der Flachenleitfahigkeit. Amplitude 
der absorbierten Bestrahlungsstirke J~ 21015 Quan- 


ten/cm? sec. Quantenenergie 3,4eV (90°K). 
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Gréssenordnungen gepriift und streng erfiillt. 
Messergebnisse zur zweiten Beziehung sind in 
Abb. 6 dargestellt und zeigen, dass sie annahernd 
erfiillt ist. Das bedeutet : Die Periodendauer ist 
klein gegen die Rekombinationslebensdauer. 

Die nach Formel (3) bestimmte Driftbeweglich- 
keit ist in Abb. 5 als Funktion der Flachenleitfahig- 
keit, die wahrend der Bestrahlung gemessen wird, 
aufgetragen. Es zeigt sich eine sehr gute Uberein- 
stimmung mit der aus dem Feldeffekt erhaltenen 
Beweglichkeit. Als grésste Werte ergeben sich bei 
der Leitfahigkeit G = 7-10-5Ohm—' fiir Kristall 11 
up = 30 und fiir Kristall 12 pp = 23 cm?/Vsec. 


5. MESSERGEBNISSE FUR DIE PHOTOLEITUNG 
MIT GLEICHLICHT 


Beispiele fiir den zeitlichen Verlauf der Photo- 
leitfahigkeit wurden bereits friiher gegeben. 2) Die 
spektrale Verteilung der Photoempfindlichkeit ist 
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Ass. 7. Kristall 56. Spektrale Verteilung der Photo- 

empfindlichkeit. Photoleitfahigkeit AGp bezogen auf 

gleiche eingestrahlte Quantenzahl : 3,1:10'® cm~-? sec}. 
Dunkelleitfahigkeit G» = 2:10-* Ohm. 


in Abb. 7 dargestellt. Sie geht parallel zum Ab- 
sorptionsspektrum. Den Einfluss der Bestrah- 
lungsstarke I auf die Photoleitfahigkeit AGp gibt 
Abb. 8 wieder. Die fiir Wechsellicht gefundene 
Proportionalitat gilt hier nicht. Die Kurven lassen 
sich beschreiben durch AGp ~ J™, wobei m von 
1/2 mit wachsender Bestrahlungsstarke auf 1/3 
und darunter sinkt. Auch fiir sehr kleine Bestrah- 
lungsstirken mit AGp < Go erreicht m nicht den 
Wert 1. Ahnlich wie bei Messung der Driftbeweg- 
lichkeit ist die Dunkelleitfahigkeit durch H- 
Einwirkung, Og- Einwirkung und Erwarmen im 
Vakuum iiber einen Bereich von 4 Gréssen- 
ordnungen variiert. Die Photoleitfahigkeit zeigt als 
Funktion der Dunkelleitfahigkeit (Abb. 9) einen 
ahnlichen Verlauf wie die Driftbeweglichkeit 
(Abb. 5). Geringe Abweichungen treten auf fiir 
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Rel. Bestrahlungsstdarke 


Asp. 8. Kristall 12. Photoleitfahigkeit AGp als Funktion 

der Bestrahlungsstarke J fiir verschiedene Werte der 

Dunkelleitfahigkeit Go. Ip = 4,8-10'5 Quanten/cm? sec. 
Quantenenergie 3,4 eV (90°K). 


AGp > Go. Bei kleiner Dunkelleitfahigkeit und 
Bestrahlungsstarke gilt AGp ~ Go. In weitem 
Bereich ist eine angenaherte Beschreibung durch 
ein Potenzgesetz méglich : AGp ~ Go?/3. Bei 
grossen Werten von Gp scheint eine Sattigung 
einzutreten. Zwischen der Oberflachen-Leitfahig- 
keit Go und der Photoleitfahigkeit besteht also ein 
enger Zusammenhang. Dieser bestatigt erneut, 
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dass sich die Photoleitung an der Oberflache 
abspielt, entsprechend der geringen Reichweite des 
verwendeten Lichtes (10-cm). 

Die Ergebnisse zeigen weitgehende Uberein- 
stimmung mit den entsprechenden Messungen an 
Kristall 11, sowie mit friiheren Untersuchungen an 
Kristallen mit Oberflachenleitung Typ B (Er- 
hitzen in Wasserstoff)) und an diinnen aufge- 
dampften Schichten.“-1!1) Allerdings wurde die 
Photoleitung an den Kristallen bisher nur bei 
tiefen Temperaturen beobachtet. 

In diesem Zusammenhang soll noch erwahnt 
werden, dass sich bei Bestrahlung mit Wechsel- 
licht fiir die Photoleitfahigkeit die 
gleiche Verkniipfung mit Bestrahlungsstarke und 
Dunkelleitfahigkeit ergibt, wie bei Bestrahlung 
mit Gleichlicht. Wahrend also die Wechselkom- 
ponente der Photoleitfahigkeit proportional zur 
Bestrahlungsstarke anwichst, steigt gleichzeitig 
die stationare Photoleitfahigkeit nur mit der 
zweiten bis dritten Wurzel der Bestrahlungsstarke 
an. 


stationare 


6. DISKUSSION DER DRIFTBEWEGLICHKEIT 
(Feldeffekt und Photoleitung mit Wechsellicht) 


Nach dem Vorzeichen des Halleffektes wurden 
ZnO-Kristalle im Volumen immer 2- 
leitend gefunden. Fiir die Oberflachenleitung 
wurde aus dem Einfluss Wasserstoff und 
Sauerstoff geschlossen, dass es sich ebenfalls um 
n-Leitung handelt, die durch Oberflachendona- 
toren hervorgerufen wird. Durch das Vorzeichen 
des Feldeffektes wird diese Auffassung bestitigt. 
Bei positiver Spannung an der Feldelektrode wird 
die Dichte der Leitungselektronen an der Ober- 
flache durch Influenz vergréssert und die Flachen- 
leitfahigkeit steigt. Eine negative Spannung wirkt 
im umgekehrten Sinne. 

Zum Vergleich fiir die in Abb. 5 angegebenen 
Werte der Driftbeweglichkeit ist in Abb. 10 die im 
Volumen gemessene Hallbeweglichkeit dargestellt 
und zwar als Funktion der Volumleitfahigkeit fiir 
verschieden dotierte Kristalle.“*) Bei grosser Leit- 
fahigkeit (Elektronenkonzentration 6-10!%m_-~%) 
sinkt die Hallbeweglichkeit bis auf 55 cm?/Vsec 
ab. Die Driftbeweglichkeit an der Oberflache 
dagegen steigt fiir grosse Leitfahigkeit bis auf 30 
cm?/Vsec und bleibt damit nur um den Faktor 2 
unter der im Volumen gemessenen Hallbeweglich- 


bisher 


von 
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keit in stark dotierten Kristallen. Der Vergleich 
wird durch die Temperaturabhiangigkeit gerecht- 
fertigt : Die Oberflachen-Leitfahigkeit ist bei 
10~4Ohm-~! von 60 bis 200°K ebenso unabhangig 
von der Temperatur, wie die Volumleitfahigkeit in 
den stark dotierten Kristallen.) Bei schwacherer 
Dotierung wird zwar eine gréssere Hallbeweglich- 
keit gefunden, aber die Leitfahigkeit hingt dann 
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Ass. 10. Hallbeweglichkeit als Funktion der Volum- 
Leitfahigkeit in verschieden dotierten Kristallen. Nach 
Messungen von RUPPRECHT."?) 


empfindlich von der ‘Temperatur ab. Ferner ergibt 
sich mit einer Beweglichkeit u, in der Anreicher- 
ungsschicht von 100 bis 50 cm?/Vsec eine grésste 
Flichendichte der Donatoren von 6 bis 12 - 1012 
cm. Der mittlere Abstand zwischen den Dona- 
toren ist dann ebenso gross, wie bei einer Volum- 
dichte von 1,5 bis 4 + 1019 cm=3. Es ist dann nicht 
nur mit dem Auftreten von Stérbandleitung, son- 
dern auch mit dem Verschwinden der Aktivier- 
ungsenergie der Donatoren (bzw. Haftstellen) in- 
folge Uberlappung der Wellenfunktionen zu 
rechnen. Eine temperaturunabhingige Beweglich- 
keit ist im Entartungsfall“) bei Stdérstellen- 
streuung zu erwarten, da die Elektronenergie kon- 
stant ist. 

Der Anstieg der Driftbeweglichkeit mit der 
Flachenleitfahigkeit kann nicht durch zusatzliche 
Streuung der Elektronen in der Raumladungs- 
schicht%) erklart werden. Hierbei ware ein Ab- 
sinken der Beweglichkeit mit wachsender Flachen- 
leitfahigkeit zu erwarten. Damit soll nicht aus- 
geschlossen werden, dass solche Streuprozesse die 
Beweglichkeit beeinflussen. 

Eine einfache Erklérung der Verkniipfung 
zwischen Leitfahigkeit und Driftbeweglichkeit lie- 
fert die Vorstellung, dass nur ein Bruchteil der in- 
fluenzierten bzw. lichtelektrisch abgespaltenen 
Elektronen frei beweglich ist, wahrend die 
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Mehrzahl in Haftstellen festgelegt wird. Mit dem 
einfachsten Modell, das ein diskretes Haftniveau 
an der Kristalloberflache annimmt, lasst sich der 
gefundene Zusammenhang zwischen Beweglich- 
keit und Flachenleitfahigkeit nicht beschreiben. 
Durchzieht das diskrete Haftniveau die ganze 
Raumladungsschicht, so scheint zwar eine Er- 
klarung der Beobachtungen méglich, eine Berech- 
nung der Haftstellenbesetzung erfordert jedoch die 
Kenntnis des Potentialverlaufes in der Raum- 
ladungsschicht. Am einfachsten lasst sich der 
Zusammenhang zwischen Driftbeweglichkeit und 
Flachenleitféhigkeit deuten durch die Annahme 
eines Haftstellenkontinuums S,(£) auf der Kri- 
stalloberflache. Dieses muss sich wenigstens iiber 
den ganzen Energiebereich erstrecken, den das 
Ferminiveau bei der Anderung der Flachenleit- 
fahigkeit von 10-® bis 10-4 Ohm=! iiberstreicht. 
Die Frage solcher Haftstellenkontinua wurde fiir 
die Photoleitung im Volumen bei Kristallphos- 
phoren von Rose eingehend diskutiert.“4) Die 
Aussagen des einfachen Modelles sollen im fol- 
genden kurz entwickelt und mit den Messergeb- 
nissen verglichen werden. Die Bezeichnungen sind 
in Abschn. 10 erklart. 

Eine einfache Theorie der Anreicherung- 
sschicht™) liefert fiir die Leitungselektronen 
zwischen ihrer Konzentration 7, an der Oberflache 
und ihrer gesamten Flachendichte in der Rand- 
schicht v, die Beziehung : 

NR ~™ Ve". (4) 

Die Verteilung der Elektronen auf Leitungsband 
und Haftstellen wird durch die Lage des (Quasi-) 
Ferminiveaus an der Oberflache beschrieben. Bei 
Nichtentartung im Leitungsband gilt : 

np ~exp(—Ecrr/kT). (5) 
Fiir kleine Anderungen Av, < v, folgt aus (4) und 
(5): 

Ave = —ve* AEcprR/2kT. (6) 
Der Verschiebung des Ferminiveaus entspricht 
auch eine Anderung der Besetzung in den Haft- 
stellen : 


Avs = — Sz(Er) * AEcrr. (7) 


Werden nun Avpg Elektronen influenziert, so 
verteilen sie sich auf Leitungsband und Haft- 


stellen : 
Avra = Ave+Avs. (8) 


Eine Zusammenfassung der Gleichungen (6) bis 
(8) liefert : 
Dilicpen juiinenciacncanentii-essiin, 9 
e 14-2S(Er)- kT /ve “) 
Fiir die Feldeffekt-Beweglichkeit gilt dann nach 
Gl. (2), (1) und (9) : 
Ave Me 
Sm ligt a 8 meee 
Avra 1 +2Szr(EF) ‘RT /ve 
(10) 
G 


LFa = — 


e(ve+2Sp(Ep): kT) 


Nach Abb. 5 gilt 4, > 30 cm?/Vsec. Im gréssten 
Teil dieser Abbildung ist daher pra <p, d.h. 
Av, < Avpg oder v, < 2S,(Er) «RT. Damit ver- 
einfachen sich Gl. (10) und (11): 
G AGra 
2eSz( Ep) ‘kT - é: Avra 
(12) 


Le' Ve 


L-Fd ae 
2Sz( Ep) kT 


Mit S,, = const. ergibt sich zwanglos der fiir 
kleine Leitfahigkeit beobachtete Anstieg urg ~ G. 
Wachst die Feldeffekt-Beweglichkeit dann lang- 
samer mit der Flachenleitfahigkeit, so folgt, dass 
die Haftstellendichte nach dem Leitungsband zu 
ansteigt. Nach (12) steigt S,, - kT von 3-10%cm-* 
bei kleiner Leitfihigkeit bis auf 3-10!2cm-? bei 
grosser Leitfahigkeit, d.h. S, iiberstreicht den 
Bereich von 4-10!% bis 4-10!4cm-? (eV) -1. 

Auch der exponentielle Verlauf der Spannungs- 
abhingigkeit des Feldeffektes wird jetzt verstand- 
lich : In (6) wurde nur das Differential fiir die Ex- 
ponentialfunktion der Boltzmannstatistik ver- 
wendet, das heisst, die Rechnung gilt nur fiir 
kleine relative Anderungen der Leitfahigkeit. 
Dieser Einschrankung entspricht auch das Ver- 
fahren bei der Messung der Feldeffekt-Beweglich- 
keit. Wird dagegen AGrg > G, so ist ein exponen- 
tieller Anstieg von AGrq mit der influenzierten 
Ladung e’ Avpg, also auch mit der Spannung U 
zwischen Feldelektrode und Kristall, zu erwarten 
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(Abb. 4, vgl. Fussnote Seite G6). Das Haftstellen- 
spektrum beeinflusst diesen Anstieg. 

Unter der Voraussetzung, dass die Haftstellen 
an der Oberflache und nicht im Raumladungsgebiet 
liegen, lassen sich mit Hilfe einer Theorie der An- 
reicherungsschicht auch Angaben iiber den En- 
ergiebereich der Haftstellen machen.“ Bei der 
kleinsten Flachenleitfahigkeit sollte das Fermi- 
niveau an der Oberflache nicht tiefer als 0,2 eV 
unter dem Leitungsband liegen und mit steigender 
Leitfahigkeit infolge zunehmender Biegung der 
Bander auf dieses zuwander (90°K). In dem dabei 
iiberstrichenen Bereich liegen auch die Haftstellen 
fiir Elektronen (Abb. 14). 

Die in Abschnitt fiir den Feldeffekt 
angestellten Uberlegungen gelten sinngemiss auch 
fiir die Photoleitung mit Wechsellicht, wenn man 
Avprg durch J_/@ ersetzt. Hierbei wird die Ver- 
teilung der Elektronen auf Leitungsband und 
Haftstellen durch ein Quasi-Ferminiveau be- 
schrieben. Aus der Ubereinstimmung der Er- 
gebnisse fiir Feldeffekt und Photoleitung kann 
man schliessen, dass in beiden Fallen die gleichen 
Elektronenhaftstellen wirksam sind. Die Zeit zur 
Fiillung und Leerung dieser Haftstellen muss 
klein sein gegen die Periodendauer des Wech- 


diesem 


sellichtes. 


7. BESTIMMUNG DER LEBENSDAUER FUR DIE 
ANGEREGTEN ZUSTANDE 


(Photoleitung mit Wechsel- und Gleichlicht) 


Kennt man die Driftbeweglichkeit der Elek- 
tronen in der Anreicherungsschicht, so kann man 
aus der stationaren Photoleitfahigkeit eine Elek- 
tronendichte berechnen. Man erfasst dabei nicht 
nur den Zuwachs an Leitungselektronen, sondern 
die Gesamtheit der in Haftstellen und im Leit- 
ungsband befindlichen, durch Lichtabsorption 
angeregten Elektronen. Der Flachendichte der 
angeregten Elektronen muss gleich sein die 
Flachendichte der in Stérstellen und im Valenz- 
band befindlichen Defektelektronen. 

Fiir Kristall 12 wurde aus der stationaren Photo- 
leitfahigkeit AGp nach Abb. 8 und aus der Wech- 
sellichtbeweglichkeit up nach Abb. 5 die Flachen- 
dichte der angeregten Elektronen Avp berechnet : 


(13) 
Da die Beweglichkeit von der Leitfahigkeit ab- 


Avp AGp é* pp. 
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hangt, ist diese einfache Methode nur fiir AGp < 
Go zulassig. Messpunkte, die dieser Bedingung 
nicht geniigen, wurden mit entsprechender Inter- 
polation umgerechnet.* Abb. 11 zeigt die Flachen- 
dichte der angeregten Elektronen als Funktion der 
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Ass. 11. Kristall 12. Flachendichte der Elektronen Avp 

in angeregten Zustanden (bzw. der Defektelektronen 

mp) als Funktion der Bestrahlungsstarke, berechnet aus 
Abb. 8. 


Bestrahlungsstarke. Wie bereits nach dem paral- 
lelen Verlauf der Kurven in Abb. 5 und 8 zu ver- 
muten war, fallt der Einfluss der Flachenleitfahig- 
keit G, vollkommen heraus, trotz einer Variation 
iiber 4 Gréssenordnungen. Die fiinf Kurven aus 
Abb. 8 kommen durch die Umrechnung mit der 
Driftbeweglichkeit praktisch zur Deckung. Der 
Einfluss der Dunkelleitung auf die Photolettung ist 
also nur durch die Driftbeweglichkeit verursacht. 
Die Rekombination dagegen, die den stationaren 
Bestand an angeregten Elektronen bestimmt, ist 
unabhingig von der Flachenleitfahigkeit, dh. 
von der Lage des Ferminiveaus in einem Bereich 
von der Kante des Leitungsbandes bis etwa 0,2 eV 
unterhalb. Deutlich zeigt sich diese Unabhangig- 
keit in Abb. 12. Hier ist aus Abb. 11 die Lebens- 
dauer 7 der angeregten Elektronen (bzw. der 
Defektelektronen) bestimmt : 

7 = Avp/I. (14) 


Fiir sehr kleine Bestrahlungsstarken erreicht die 


* Fiir kleine Flachenleitfahigkeit Gy gilt pp ~ Go, 


also AG ~ Gy, solange AG < Gy. Daraus folgt durch 
Integration die Korrekturformel fiir beliebige AG = 
G—G,: 


pup(G—Go) up(Go) : (G Go—1) In(G/Go) 
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Lebensdauer 0,5 sec und sinkt mit wachsender 
Bestrahlungsstirke bis auf 7:10-4 sec ab. Dieses 
Ergebnis steht in Ubereinstimmung mit Abb. 6, 
aus der folgt + > 10-4 sec. Abb. 13 schliesslich 
zeigt, dass die Lebensdauer mit wachsender Dichte 
der angeregten Elektronen (der Defektelektronen) 
steil abfallt. 
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Ass. 12. Lebensdauer 7 der Elektronen in angeregten 
Zustanden (bzw. der Defektelektronen) als Funktion der 
Bestrahlungsstarke, berechnet aus Abb. 11. 


Die in diesem Abschnitt vorgenommene Aus- 
wertung der Messungen fiir Tragerdichte und 
Lebensdauer ist unabhingig von den in Abschn. 6 
fiir die Driftbeweglichkeit entwickelten Modell- 
vorstellungen. In Gleichung (14) wurde ebenso 
wie in Gleichung (3) die Zahl der Anregungs- 
prozesse durch die Zahl der absorbierten Licht- 
quanten ersetzt. Damit erhebt sich die Frage nach 
der Quantenausbeute. Diese fallt fiir die Berech- 
nung der Lebensdauer heraus. Das zeigt eine 
Zusammenfassung der Gl. (3), (13) und (14). Aus 
der Ubereinstimmung zwischen Feldeffekt und 
Photoleitung (Abb. 5) kann man _ ausserdem 
schliessen, dass die Quantenausbeute von der 
Gréssenordnung 1 ist. 

8. DISKUSSION DER LEBENSDAUER UND DES 
REKOMBINATIONSPROZESSES 

Die zusammenfassende Auswertung der ver- 
schiedenen Messverfahren ergibt also bestimmte 
Aussagen iiber Lebensdauer und Rekombination 
bei der Oberflichen-Photoleitung. Die mit Hilfe 
der Driftbeweglichkeit berechnete Lebensdauer 
bezieht sich nicht auf die freien Ladungstrager, 
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sondern auf die Gesamtheit der durch Lichtab- 
sorption angeregten Ladungstrager einschliesslich 
der in Haftstellen gebundenen. Diese Lebensdauer 
erweist sich als vollkommen unabhingig von der 
Dichte der Leitungselektronen, obwohl die Photo- 
leitung von Elektronen getragen wird. Mit wach- 
sender Dichte der angeregten Elektronen (der 
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Ass. 13. Lebensdauer 7 als Funktion der Flachendichte 
fiir die Elektronen in angeregten Zustanden (bzw. die 
Defektelektronen). 


Defektelektronen) dagegen sinkt die Lebensdauer 
steil ab (Abb. 13). Eine Deutung soll versucht wer- 
den durch Erweiterung des in Abschn. 6 zur Er- 
klarung der Driftbeweglichkeit eingefiihrten Mo- 
delles. 

Solange die Driftbeweglichkeit (ura, wp) klein 
gegen die mikroskopische Beweglichkeit der freien 
Elektronen (,) ist, befindet sich der grésste Teil 
der durch Lichtabsorption angeregten Elektronen, 
gesamte Flachendichte Avp, in Haftstellen. Die 
Experimente sprechen fiir eine vorwiegend von 
Elektronen getragene Photoleitung (Fussnote, 
Seite G3). Daher muss auch der grésste Teil der 
Defektelektronen, gesamte Flichendichte zp, in 
Haftstellen festgelegt sein, denn es gilt : 


Tp = Avp — Ave+Avs, vgl. (8) (15) 
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Die hier in Frage kommenden Haftstellen fiir 
Defektelektronen umfassen einen kleinen Ener- 
giebereich oberhalb des Valenzbandes. Die Ver- 
teilung der Defektelektronen auf Haftstellen und 
Valenzband lasst sich durch ein Quasi-Fermini- 
veau beschreiben. Eine Darstellung des betrach- 
teten Energieschemas bringt Abb. 14 fiir den Fall 
des thermischen Gleichgewichtes. Durch Adsorp- 
tion und Desorption von Donatoren und Akzep- 
toren, sowie beim Feldeffekt, verschiebt sich an 
der Oberfliache die Kante des Leitungsbandes 
gegen das Ferminiveau. Bei Lichtabsorption be- 
wegt sich mit wachsender Bestrahlungsstarke ein 
fiir Elektronen auf das Lei- 
ein Quasi-Ferminiveau fiir 


Quasi-Ferminiveau 
tungsband zu und 
Defektelektronen nahert sich dem Valenzband. 
Ein Rekombinationsprozess ohne Einfluss der 
Dichte der Leitungselektronen (Abb. 11 bis 13) 
kann stattfinden, wenn die freien Defektelektronen 
in einer konstanten Zahl tiefliegender Rekombina- 
tionszentren, die praktisch alle stets von Elektronen 
besetzt sind, eingefangen werden. Damit ergibt 
sich ein monomolekularer Prozess. Trotzdem sinkt 
die Lebensdauer der Gesamtheit aller Defektelek- 
tronen (optisch angeregten Elektronen) mit wach- 
sender Bestrahlungsstarke, denn Quasi- 
Ferminiveau nahert sich dem Valenzband, und ein 
steigender Bruchteil aller Defektelektronen nimmt 
an der Rekombination teil. In den Haftstellen 
dagegen sind die Defektelektronen vor Rekombina- 
tion mit den Leitungselektronen weitgehend ge- 
Rekombinationszentren 


das 


schiitzt. Sowohl fiir die 
wie fiir die Haftstellen werden also verschiedene 
Einfangquerschnitte fiir Elektronen und Defekt- 
elektronen gefordert. Eine Ursache hierfiir kann 
die Ladung der Stérstelle sein. Z.B. miissten die 
mit Elektronen besetzten Rekombinationszentren 
noch positive Ladung zeigen, wahrend die mit De- 
fektelektronen besetzten Haftstellen noch negativ 
geladen wiren, also beide Stérstellen im unbe- 
setzten Zustand zweifach geladen. 

Auch durch Raumladungseinfliisse und Trager- 
diffusion lassen sich solche Erscheinungen manch- 
mal deuten. Die Haftstellen fiir Defektelektronen 
miissen allerdings an der Oberflache oder in der 
Raumladungsschicht liegen, nicht tiefer im Kristall- 
inneren als die aus dem Feldeffekt bestimmten 
Elektronenhaftstellen. Denn die Ladungsdichte in 
den Haftstellen kann sehr gross werden (Abb. 11). 
Bei raumlicher Trennung der beiden Haftstellen- 
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gruppen wiirde Lichteinstrahlung zu einer Poten- 
tialinderung an der Oberfliche fiihren, die nicht 
vereinbar ist mit der beobachteten Photoleitfahig- 
keit. Die Rekombination dagegen findet médg- 
licherweise nicht an der Oberflache statt, sondern 
kann mit einem Diffusionsstrom von Elektronen 
und Defektelektronen verkniipft sein, der von der 
Oberflache ins Kristallinnere fliesst. 

Zur Bestimmung der Haftstellendichte kann 
man eine ahnliche Abschatzung vornehmen, wie in 
Abschn. 6. Aus Abb. 11 folgt dann unter Beriick- 
sichtigung der monomolekularen Rekombination 
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Oberfldche 
Ass. 14. Energieschema der Oberflache eines ZnO- 
Kristalles mit Anreicherungsschicht und Oberflachen- 


zustanden. Auch die Rekombinationszentren sind 


angedeutet. 


eine Anstieg der Haftstellendichte fiir Defektelek- 
tronen von etwa 10!% bis auf etwa 1014 cm~? (eV)-1 
mit wachsender Bestrahlungsstarke J, d.h. nach 
dem Valenzband zu. Fiir konstante Haftstellen- 
dichte ergiabe sich durch Integration : 


(16) 


Wahrend sich also der Einfluss der Dunkelleit- 
fahigkeit auf die Photoleitfahigkeit (Abb. 9) durch 
ein Kontinuum von Elektronenhaftstellen dicht 
unterhalb des Leitungsbandes erkliren lasst, kann 
man den Einfluss der Bestrahlungsstirke (Abb. 8) 
durch Haftstellen fiir Defektelektronen oberhalb 
des Valenzbandes und durch eine monomolekulare 


Avp fa log :. 


TP 
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Rekombination deuten (Abb. 14). Die Haftstellen 
fiir Defektelektronen bilden auch die Ursache fiir 
die grosse Lebensdauer der angeregten Zustinde. 

Dass auch tiefere Haftstellen vorhanden sind, 
als die bei der ,,reversiblen‘‘ Photoleitung mit- 
wirkenden, zeigt die folgende Beobachtung : Wird 
ein Kristall nach Abkiihlung auf 90°K zum er- 
stenmal bestrahlt, so findet zundchst eine schnelle, 
einmalige und irreversible Erhéhung der Flachen- 
leitfahigkeit statt, die erst durch voriibergehendes 
Erwarmen auf Zimmertemperatur wieder zuriick- 
geht. Diese Erscheinung erinnert an die ,,Glow- 
kurven‘‘ der Lumineszenz. Die dort gefundenen 
Haftstellenniveaus liegen im Allgemeinen weiter 
von den Bandkanten entfernt als die hier betrach- 
teten Haftstellenkontinua, aus denen die Trager 
bereits bei 90°K in sehr kurzer Zeit wieder frei 
werden. Tragt man die schnelle ,,irreversible Er- 
héhung der Flachenleitfahigkeit iiber der Dunkel- 
leitfahigkeit auf, so erhalt man wieder eine Kurve, 
die parallel zu der der Driftbeweglichkeit (Abb. 5) 
verlauft. Das bedeutet : Unabhangig von der Leit- 
fahigkeit wird eine konstante Zahl tiefliegender 
Haftstellen von Defektelektronen besetzt (zwi- 
schen 1011 und 10!* cm~?). Auch diese Erscheinung 
passt also in das betrachtete Modell. Sie ist klar ab- 
gegrenzt gegen den schnellen, auch bei 90°K re- 
versiblen Prozess der Photoleitung, der in dieser 
Arbeit behandelt wird, und gegen den langsamen, 
irreversiblen und stetigen Anstieg der Flachenleit- 
fahigkeit wahrend der Bestrahlung. Dieser ist 
durch Entfernung von adsorbiertem oder im Gitter 
gebundenem Sauerstoff zu erklaren. Auch bei 
diinnen aufgedampften ZnO-Schichten erzeugt 
Lichtbestrahlung eine schnelle, bei tiefer Tem- 
peratur irreversible Erhéhung der Leitfahigkeit.@° 


9. SCHLUSS 

Die Kombination von drei verschiedenen ex- 
perimentellen Methoden fiihrt also zu Aussagen 
iiber die Driftbeweglichkeit von Elektronen und 
iiber die Lebensdauer von angeregten Zustanden 
in einer Anreicherungsrandschicht an der Ober- 
flache von ZnO-Kristallen. 

Das vorgeschlagene Modell soll keine ausgear- 
beitete Theorie der ZnO-Oberflache darstellen, 
sondern nur einen Vorschlag zu einer vorlaufigen 
einfachen Zusammenfassung der vielen experi- 
mentellen Tatsachen. Dabei sind verschiedene 
Fragen noch nicht beriicksichtigt. Die Diffusion 


167 


von Traigern wird, wenn die Defektelektronen sehr 
schnell festgelegt werden, méglicherweise keine 
grosse Rolle spielen. Die Frage der Entartung des 
Elektronengases bei grosser Leitfahigkeit in An- 
reicherungsschichten wurde fiir den Fall, dass die 
Raumladung nur aus beweglichen Tragern be- 
steht, bereits behandelt.4) Wendet man die dort 
erhaltenen Formeln suf den Feldeffekt an, so 
ergeben sich bei sehr grosser Flachenleitfahigkeit 
etwas geringere Haftstellendichten. 

Fiir die in dieser Arbeit behandelten, schnell 
und ,,reversibel‘‘ ablaufenden Prozesse spielen die 
Haftstellen als ,,schnelle Oberflachenzustinde“ 
eine entscheidende Rolle.“5) Die Frage nach ihrer 
Natur muss zunichst offen bleiben. Bisher existiert 
kein Hinweis, dass es sich um adsorbierte Gase 
handelt. Vielleicht sind die Haftstellen Bestand- 
teile oder Stérungen des ZnO-Gitters. Die Re- 
kombinationszentren haben wohl nichts mit ad- 
sorbierten Gasen zu tun, denn die Lebensdauer 
der angeregten Zustande erweist sich als voll- 
kommen unabhingig von der Flachenleitfahigkeit, 
wenn diese im Bereich von 4 Gréssenordnungen 
durch Adsorptions- und _ Desorptionsprozesse 
variiert wird. 


Fiir anregende Diskussionen méchte ich Professor J. 
BARDEEN, Professor E. MOLLWo und Dr. D. O. NortTH 
herzlich danken. Die Deutsche Forschungsgemeinschaft 
unterstiitzte die Arbeit durch Leihgaben. 


10. ERKLARUNG DER BEZEICHNUNGEN 
g  Leitwert (Ohm~). 
G Leitwert eines quadratischen Oberflachenstiickes, 
Flachenleitfahigkeit (Ohm~). 
G, Flachenleitfahigkeit ohne Bestrahlung, Dunkelleit- 
fahigkeit. 
AGrq Anderung der Flachenleitfahigkeit durch Feld- 
effekt. 
Anderung der Flachenleitfahigkeit durch Photo- 
leitung (Gleichlicht). 
Amplitude der Flachenleitfahigkeit bei Photo- 
leitung (Wechsellicht). 
I Bestrahlungsstarke (absorbierte Photonen/cm? sec). 
I. Amplitude der Bestrahlungsstarke bei Wechsellicht. 
w Kreisfrequenz des Wechsellichtes. 
+ Lebensdauer der angeregten Zustande, die zu Photo- 
leitung fiihren. 
(Ec—EF)r Ecrr Abstand Leitungsband—(Quasi-) 
Ferminiveau an der Oberfliche. 
nr Konzentration der Leitungselektronen an der Ober- 
flache (cm~*). 
Se(E) Flachendichte der 
intervall (cm~? (eV)~’). 


AGp 


Ga 


Haftstellen pro Energie- 
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Avrqg Flachendichte influenzierter Elektronen (Feld- 
effekt), (cm~*). 
Flachendichte 
(Photoleitung). 
Flachendichte der Elektronen im Leitungsband. 
Flachendichte der Elektronen in Haftstellen. 
Flachendichte der Defektelektronen. 
effektive Beweglichkeit der Leitungselektronen an 
} (18), 


Avp optisch angeregter Elektronen 


der Oberflache, vg 
Feldeffekt—Beweglichkeit der Elektronen. 

tip Wechsellicht—Beweglichkeit der Elektronen. 
Wahrend es sich bei we um die ,,mikroskopische‘‘ 

Beweglichkeit der Leitungselektronen in der Anreiche- 

rungsschicht handelt, beziehen sich prg und pe als Drift- 

der Elektronen im 


MFa 


beweglichkeiten auf die Summe 


Leitungsband und in Haftstellen : 
AGra €* Fa’ Avra €° Fd" (Ave+ Avs) 
= €* pe’ Are. 


bd = He’ Ave/(Ave+Avs). (17) 
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Abstract—The preparation of gallium arsenide single crystals by the floating-zone method is 
described. These crystals have resistivities in the range 10-?-10® Q-cm. The Hall coefficient and 
conductivity were measured for five n-type samples in the temperature range 50-900°K. An im- 
purity level 0:54+.0-:05 eV below the conduction band is believed to be responsible for the high- 
resistivity sections of the crystals. The highest electron mobility, (Ro), measured at room tempera- 


ture is 6000 cm? sec™! V 


INTRODUCTION 

THE electrical properties of single-crystal gallium 
arsenide have not been studied extensively, in part 
because of the difficulties in preparing high-purity 
single crystals under controlled conditions. The 
majority of the data on single crystals has been 
obtained from large grains which were cut out of 
ingots slowly cooled from the melt. GREMMELMAIER 
has grown single crystals by using a novel crystal- 
pulling apparatus."!) We have found the floating- 
zone method to be a reliable alternate process for 
obtaining single crystals. 

FOLBERTH and WeIss®) have measured the Hall 
effect and conductivity of n- and p-type poly- 
crystalline gallium arsenide at room temperatures 
and above; more recently EDMOND et al.) have 
measured the thermoelectric power and magneto- 
resistance of single crystals in addition to the above 
parameters in the temperature range 1-4—700°C. 
The latter group reported on m- and p-type 
samples having carrier concentrations in the 10!” 
cm~3 range. We have measured the Hall effect and 
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1. The energy gap is estimated to be 1:58+0-05 eV at O°K. 


conductivity for n-type samples with net impurity 
concentrations in the range 1016-10!” atoms cm-%. 
From mobility considerations there is evidence 
that the samples, with lower net impurity con- 
centrations, of ours and others, are compensated. 


PREPARATION OF GALLIUM ARSENIDE 

The compound is prepared by passing a tem- 
perature zone slightly above the melting point of 
GaAs, 1240°C, along a boat containing gallium 
under an arsenic pressure of 1 atm. Two such 
passes are sufficient to prepare a solid poly- 
crystalline ingot. The preparation and further 
horizontal zone refining are carried out in the 
zone refiner shown in Fig. 1, which is a modified 
form of one described by VAN DEN BOOMGAARD 
et al.4) An evacuated quartz envelope, charged 
with gallium contained in a graphite or quartz 
boat and an amount of arsenic several grams in 
excess of that required for stoichiometry, is placed 
in the zone refiner so that the boat will traverse the 
induction coil. The length of the envelope is such 
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Fic. 1. Horizontal zone refiner for preparing and zone refining GaAs. 
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that the arsenic vapor pressure is determined by 


the temperature of the solid excess arsenic which 


is controlled by the minimum temperature of the 
resistance furnaces on either side of the induction 
coil. Moderate-sized single-crystal regions are 
occasionally found in these ingots, but we have 


GROWTH OF SINGLE CRYSTALS 


difhculties in growing gallium arsenide 


zle crystals arise from the dissociation pressure, 
which is of the order of 1 atm at the melting point 


GREMMELMAIER solved this by using a sealed 





GaAs floating-zone apparatus 
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crystal puller in which the vertical motion of the 
crystal is controlled by the motion of an external 
magnet coupled to the crystal holder.“ We have 
grown single crystals by the floating-zone 
method.) This method offers several advantages, 
three of which are: (1) minimization of apparatus 
contamination, (2) the relatively small liquid 
volume, which minimizes temperature variations 
and consequent concentration variations of the 
two components in the liquid, and (3) simplified 
control of the growth rate. The apparatus is 
shown in Fig. 2a. The seed is wired to the square 
notch in the bottom quartz holder with molyb- 
denum wire. A polycrystalline rod is supported in 
the same manner in the upper holder, its position 
being fixed by a wire clip engaged in one of the 
adjustment notches of the holder. Alignment of 
these holders is provided by the top quartz bush- 
ing and the precision bearing sections of the 
envelope. An inner slotted tube is used to prevent 
condensation of solid material on the 
and subsequent loss of visibility. After 


excessive 
envelope 
several zone passes it is necessary to rotate the slit 
so that it faces a clean portion of the envelope. 
Excess arsenic is added before the envelope is 
evacuated and sealed off. Zone melting is done in 
the furnace arrangement shown in Fig. 2b. As in 
the horizontal refiner, the arsenic vapor pressure is 
controlled by the minimum temperature of the 
resistance furnaces. A single crystal is grown by 
butt welding the seed to the polycrystalline rod and 
passing a zone through it. Single crystals with 
diameters in the range 4:5-6:5mm have been 
grown up to 19 cm long, the limit of our apparatus. 
Fig. 3 shows a photograph of a typical crystal 
grown at a rate of 1 mm/min in an arsenic atmo- 
sphere of 535 mm Hg. ‘The bright regions are the 
as-grown surface, whereas the remainder has been 
sand-blasted. Growth rates up to 2 mm/min and 
arsenic pressures varying from 300 to 760 mm Hg 
have been used. As expected, the surface tension of 
the liquid decreases with increasing arsenic pres- 
sure, making it more difficult to maintain a stable 
liquid zone. However, the probability of nuclea- 
tion increases greatly if the arsenic pressure is 
below 350 mm Hg, due to the non-stoichiometric 
composition of the liquid (i.e. 39 atomic per cent 
arsenic in the liquid in equilibrium with solid GaAs 
in an arsenic pressure of 350 mm Hg®)). Ratios of 
zone length to diameter in the range 0-8-1-0 give 





Fic. 3. GaAs single crystal. 
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stable liquid zones and ensure complete melt- 
through for crystals up to 7-0 mm in diameter. 
Neither the Hall coefficient nor the mobility was 
significantly sensitive to the arsenic pressure under 
which the crystals were grown. 

Crystals grown from ingots without extensive 
horizontal zone refining had resistivities in the 
range 10-2-1 Q-cm, whereas crystals from ingots 
refined by 30 horizontal passes had sections at the 
seed end, varying from 5 to 30 per cent of the 
crystal length, which showed resistivities in the 
MQ-cm range. 


HALL COEFFICIENT AND CONDUCTIVITY 

The Hall coefficient and conductivity were mea- 
sured for five n-type samples. These were bridge- 
shaped’) single crystals, ohmic and of uniform 
conductivity at room temperature. The bridge 
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Hall coefficient of GaAs as a function of re- 
ciprocal temperature. 
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arms were tinned at room with 
gallium-indium amalgam doped with tellurium®? 
and then electrically formed by a condenser dis- 
charge.) Spring contacts to the tinned regions 
formed ohmic and relatively low-resistance con- 


tacts. Measurements above 100°C were made in a 


temperature 
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hydrogen atmosphere, using a ceramic holder with 
platinum-10 per cent rhodium spring contacts. 
The maximum irreversible change in the room- 
temperature Hall coefficient after measurement at 
600°C was 7 per cent. 

The Hall coefficient, R;,, and conductivity, o, as 
a function of 1/7’ are shown in Figs. 4 and 5. 
Samples 1, 2, and 3 show a small maximum in Ry, 
near the intrinsic region, probably due to a varia- 
tion in the ratio of conductivity to Hall mobility. 
Similar behavior has been observed in GaAs by 
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Fic. 5. Conductivity of GaAs as a function of reciprocal 
temperature. 


EDMOND et al.) However, these maxima are less 
pronounced than those in the samples measured 
by FoLBeRTH and Weiss.) Carrier concentrations 
and Hall mobility were obtained from these data 
using the relationships (1) Ryw = 3/8en and 
pu = Ryo. These results are plotted in Figs. 6 and 
7. Samples 2 and 3 have nearly identical net donor 
concentrations of ~ 21016 atoms cm~3; how- 
ever sample 2 is much more highly compensated, 
as indicated by its much lower mobility. The rapid 
drop in mobility with temperature of sample 2 
suggests the onset of impurity-band conduction; 
however, the Hall coefficient remained essentially 
constant. In comparison to samples 3 and 5, the 
other specimens, which show lower mobilities, are 
more highly compensated. At the higher tempera- 
tures the mobilities of all the samples appear to be 
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ELECTRON CONCENTRATION, cm? 


Fic. 6. Electron concentration of GaAs as a function of 


reciprocal temperature. 
still influenced by impurity scattering, so that the 
temperature-dependence of lattice scattering is un- 
certain. The slope of m versus 1 T in the region of 
300°K for sample 1 indicates the presence of at 
least two donors, one of which has a concentration 
of 6 1015 atoms/cm? and an ionization energy of 
~ 0-04 eV. A plot of nT-%/2 versus 1/T for sample 
4 yields two straight lines, the slope at the higher 
temperatures corresponding to the intrinsic range, 
and that at the lower temperatures to a range in 
which the carrier concentration is primarily con- 
trolled by a level 0-54-+0-05 eV below the conduc- 
tion band. The wide limits of this energy are due 
to the uncertainty in the energy gap, E°, which 
was needed to calculate the impurity level. The un- 
certainty in E° arises from the uncertainty in the 
electron-hole mobility ratio. We estimate E° to be 
0-05 eV at O°K. The hole mobilities used 
1016 


1-58 
were those of a p-type sample containing 3 
copper atoms cm. The room-temperature mobility 
of this sample was 400 cm? V-! sec~!, which varied 
at higher temperatures as 7~*°°, the same tem- 
perature-dependence as that observed by EDMOND 
et al.) This value is in reasonable agreement with 
the value 1-53eV found by OswaLp"® from 
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optical-absorption measurements, but higher than 
1-35 eV given by Barrie and co-workers") also 
from absorption data and ~ 1-4 eV calculated by 
WELKER") from the thermal data of FOLBERTH and 
WEIss. °°) 
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Fic. 7. Hall mobility of electrons in GaAs as a function of 
temperature. 
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Abstract—Copper diffuses into GaAs single crystals at rates comparable to those found for copper 
in silicon and germanium. As with germanium, the diffusion appears to follow the dissociative mech- 
anism. Autoradiographic evidence for this is presented. It is shown that the diffusion process re- 
quires both interstitial and substitutional roles for copper. 

The solubility of copper in single crystals of GaAs has been determined from 700 to 1160°C by 


means of ®Cu. 


Copper is found to be an acceptor in GaAs, with a probable ionization energy of 0-063 eV. Deeper- 
lying levels have been found in GaAs containing copper, but their identification is obscured by 


compensating impurities in the original material. 


1. INTRODUCTION 
A NUMBER of investigations have already been re- 
ported describing the diffusion and solubility of 


copper in germanium and _ssilicon single 


crystals."'-4) In addition, the electrical properties 


exhibited by germanium and silicon crystals into 
which copper has been introduced have been the 
subject of recent studies.~®) These investigations 
show that copper has interstitial as well as sub- 
stitutional properties and is capable of existing in 
various ionic states. It is also evident from the 
previous work that copper diffuses at a high inter- 
stitial rate into germanium and silicon and reacts 
readily with vacancies as they enter these lattices. A 
detailed description of the mechanisms and the 
definition of the final equilibrium states of copper 
in these systems has not as yet been achieved, but 
the outlines and important features are now be- 
coming understood. 

The present work relates to the effects of copper 
in single crystals of gallium arsenide. As will be 
evident from the results, the similarity in behavior 
to the elementary semiconductors is marked. In 
addition, certain new features appear which are 
attributable -to the two-component nature of the 
crystal. 


2. EXPERIMENTAL 
The GaAs crystals were grown by the floating- 
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zone method from seeded polycrystalline rods 
under an arsenic pressure of 535 mm Hg." The 
crystals were n-type and had electron concentra- 
tions in the range 1016 to about 5 1017 cm-3 at 
room temperature. The degree of impurity com- 
pensation for n-type material could not be esti- 
mated from Hall-effect data because of degeneracy 
at low temperatures. 

Ordinary and radioactive copper (®4Cu) were 
introduced into specimens of the GaAs crystals by 
diffusing them from electroplated films on the sur- 
face. The usual counting techniques were em- 
ployed to determine the concentrations of copper 
introduced at various temperatures. Autoradio- 
graphs were also taken of specimens diffused for 
short times in order to examine transient be- 
haviors. For these, rectangular specimens were 
employed which, after diffusion, were quenched to 
room temperature and cut in cross-section. 

The diffusion and saturation procedures were 
carried out in quartz ampoules sealed under ap- 
proximately 10-?mm of residual air pressure. 
Heating was carried out in a furnace controlled to 
+3°C, and extended over the range 700-1200°C. 
Quenching to near room temperature required 
about 10 sec. 


3. DIFFUSION OF COPPER IN GaAs 
Assuming Fick’s law, we have calculated the 
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apparent diffusion coefficients (D) from fractional 
saturations for known times and temperatures. The 
results are as follows. At 1003°C the average value 
2-4 10-6 cm?/sec. At 
10-6 cm?/sec was obtained. 


of D is approximately 
1100°C a value of 1:1 
These results would indicate a negative activation 
energy for diffusion. This, together with other 
facts, suggests that, as for germanium") Fick’s law 
is not obeyed. In fact, as the autoradiographs in 
Fig. 1 show, the mechanism of diffusion in GaAs 
appears strikingly similar to that found in ger- 
3). According to this mechanism, copper 
crystal interstitially at a high rate 


manium! 
enters the 
(10-4-10-% cm* sec) and reacts with any vacancies 
(V) present to produce copper in substitutional 


sites 


Cu;+ VX Cus. (1) 


The photographs of Fig. 1 and their photo- 
metered curves (Fig. 2) both show discontinuities 
in the GaAs results which at first seem difficult to 
account for on the basis of ideas so far presented for 
germanium. We explain Fig. 1 qualitatively as 
follows. Interstitial copper diffuses into the crystal, 
which initially remains free of vacancies in the 
interior, because of a low concentration of dis- 


locations or the inability of the dislocations to 


density 


Phe ystographi 


on negative enlarged 
15-8 X) 
Fic. 2. Plot of photographic density against distance for 
autoradiographs of Fig. 1. Heat-up time of specimens 
was 30 sec. An initial point has been omitted, since it 
was very close to the film edge; the high points are due 
to a dust particle on the film and have been ignored in 
drawing the curve 
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move. The copper is followed by vacancies diffus- 
ing inward from the surface. These vacancies inter- 
act with the interstitial copper and since there 1s a 
higher concentration of vacancies near the surface 
than elsewhere, a larger concentration of copper is 
held there. This explains the denser region of 
radioactivity observed near the surface in Fig. 1. 
The lighter region of radioactivity just within the 
denser region mentioned above might be attributed 
to interstitial copper alone. However, the apparent 
values of D calculated from the intensity change 
(see below) suggest a dissociative, rather than a 
true interstitial, diffusion process. It seems more 
reasonable, therefore, to assume that during the 
diffusion a more or less uniform rate of generation 
of vacancies takes place in the body of the crystal, 
which is smaller than the rate at the surface. This 
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Fic. 3. Log—log plot of copper concentration versus 
diffusion distance for curves of Fig. 2. Heat-up time was 
Diffusion coefficients in cm*,/sec are indicated on 


the figure. 


30 sec. 


would result in a smaller apparent diffusion con- 
stant and a lower (though not negligible) body con- 
centration of copper. Surface generation of vacan- 
cies without body generation or vice versa would 
lead to penetration curves without discontinuities. 

Single error-function curves cannot be fitted to 
the curves of Fig. 2, but the parts of these curves 
before and after the discontinuities are easily fitted 
(Fig. 3). D values calculated for the front and back 
parts (the right- and left-hand curves respectively 
in Fig. 3) of the diffusion at 1110°C are 2-1 x 10-5 
and 3-1 x 10-5 cm?/sec, respectively. Correspond- 
ing values for the 1003°C curves are 1-4 10-5 





(a) (b) 


Fic. 1. Autoradiographs of GaAs crystals diffused with ®'Cu. 


A. 90 sec at 1110°C. B. 30 sec at 1003°C. Heat-up time was 30 sec. 
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and 8-3 x 10-6 cm2/sec. Although these values are 
likewise only apparent values of D since the ideal 
conditions required for the error-function solution 
are not fulfilled, they nevertheless fit in with the 
interpretation of discontinuities given above. The 
fact that the front part of the curve at the higher 
temperature (1110°C) in Fig. 3 lies below the back 
part and that the reverse situation holds for the 
lower temperature is in accordance with the 
greater concentration of vacancies expected near 
the surface at the higher temperature. This is to 
be expected if the body generation of vacancies is 
limited, not by temperature, but by the number of 
sources available to generate vacancies. 

Hence, the results, although qualitative, do sup- 
port the dissociative mechanism proposed for 
germanium") and point to a very rapid interstitial 
rate of diffusion comparable to that of copper in 
germanium. 


4. SOLUBILITY OF COPPER IN GaAs 
Fig. 4 shows the results of the radio-copper 
determinations of solubility plotted against the re- 
ciprocal of absolute temperature. On Fig. 4 re- 
sults for germanium") and for silicon™®) have also 
been included for comparison. 
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Fic. 4. Plot of solubilities in atoms/cm* of copper in 
germanium, silicon, and GaAs against reciprocal of 
absolute temperature. Data for germanium and silicon 
are those of J. D. StruTHERs.(!°) 
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The curves in Fig. 4 are parallel within the 
limits of experimental error and have slopes corres- 
ponding to 30 kcal (1-3 eV) per mole. It is noted 
that all of the curves are “retrograde” in that the 
solubility increases with temperature.* The tem- 
perature of maximum solubility has, however, been 
observed only for germanium. 

The solubility of copper in GaAs is expressed by 
the relation: 

Cur = 3-7 x 1073 exp(—1-3)/kT (1) 
where Cu, represents the total copper concentra- 
tion in atoms/cm. 

The reactions involved when copper dissolves in 
GaAs may be expressed as follows: 

Cu (external) = Cu; (dissolved) = Cu,;++e- 

(2) 
Cu,;++e-+ (J Cus-+et 


where Cu; is the non-ionized interstitial copper, 
Cu,* is ionized interstitial copper, Cu,~ is the ion- 
ized substitutional copper,+ e~ represents an elec- 
tron and e+ a hole, and [_] is a vacant gallium 


lattice site. f 
From equations (1) and (2) it follows that 


(3) 


where A is an arbitrary constant and AH is the heat 


Cus~ : e+ » Aexp(—AH/kT), 


of reaction. 

Inasmuch as the curve of Fig. 4 for GaAs is en- 
tirely in the extrinsic range, ) the concentration of 
e+ is in equation (3) approximately equal to the 
concentration of Cu~. AH is therefore twice the 
experimental value given by the curve of Fig. 4 or 
~ 2-6 eV. This energy is, however, made up of (1) 
that required to transfer a copper atom from the 
liquid phase to an interstitial solution, (2) that re- 
quired to form a vacancy in the gallium sub-lattice, 
(3) that generated when a Ga vacancy is filled 
by copper, and (4) the energies required to ionize 
copper as Cut and Cu~. Although the latter may be 
small, nothing is known of the other energies, and 
consequently no reliable predictions based on the 
value of AH observed can be made. Estimates of 


* This assumes that copper lowers the melting point 
of GaAs and that we are dealing therefore with a liquid— 
solid equilibrium. 

+ Only one level of copper is considered as ionized at 
these temperatures. 

{t Only gallium sites are considered available to the 


copper. 
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the energies will therefore require a knowledge of 
the Cu-GaAs phase diagram. 


5. CONDUCTIVITY AND HALL EFFECT OF 
COPPER-DOPED GaAs 

Copper behaves as an acceptor in GaAs similarly 
to its behavior in germanium and silicon.* ‘Thus, 
copper in contact with n-type GaAs will at 840°C 
convert 0:2 Q-cm GaAs to p-type, but it fails to 
convert 0-008 Q-cm material. The conductivity and 
Hall effect were measured in two GaAs samples 
before and after saturating them with copper by 
diffusion. The results are summarized in Table 1. 
Before diffusion, the Hall effect of the two n-type 
samples remained essentially constant over the 
temperature range 77—500°K, indicating that the 
electron concentration equalled the net concentra- 
tion of fully ionized donors. After diffusion, the 
Hall effect and conductivity were measured over 
the temperature range 125-500°K. Three acceptor 
ionization energies were observed; 0-063 eV in 
sample 1 and 0-11 and 0-16 eV in sample 2. How- 
ever, the Hall data indicated that the samples were 
highly compensated, so that none of the above 
levels could be definitely assigned to copper. For 
both samples, the concentration of added acceptors 
obtained from Hall data was two to three times the 
copper concentration determined from Fig. 4. This 
suggests that copper has at least two shallow ac- 
ceptor levels in GaAs. On simple valence considera- 
tions copper would be expected to exhibit at most 
two acceptor levels on a gallium site. If copper 
replaces arsenic in GaAs, we would expect several 
acceptor levels to arise, since two less electrons 
are present compared to the gallium substitution. 
However, it is considered less likely to be on an 
arsenic site because of the greater disparity in size 
of the atoms. 


* According to CARLSON and CoL.ins, Phys. Rev. 108, 
1409 (1957), copper also shows a donor level in silicon. 


Table 1. Summary of Hall-effect data for GaAs before and after copper diffusion 


Initial net 
ee Diffusion 


donor concn. ,, : 
Temp. (°C) 


(cm~*) 


Sample 


Concn. of 
added Cu 


(cm~*) 
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6. DISCUSSION 

As mentioned previously, the diffusion of copper 
in GaAs bears a striking resemblance to that al- 
ready investigated in germanium. The mechan- 
ism, described as an_interstitial-substitutional 
diffusion equilibrium, ®:9) is very well supported 
by the autoradiographic evidence. Thus, it is ex- 
pected that the apparent rate of copper diffusion 
should be dependent on crystal perfection. G. L. 
PEARSON and W. L. Bonp of our Laboratories have 
examined by means of the infrared technique) 
GaAs specimens which had been saturated with 
copper and subsequently caused to precipitate it by 
heating for 64 hr at 480°C. Before precipitation the 
solid solutions containing copper were essentially 
opaque owing to free-hole absorption. After pre- 
cipitation individual particles were scattered 
throughout the surface regions, suggesting that 
possibly the nuclei may be vacancies which diffuse 
in from the surface. No nucleation along disloca- 
tion lines occurred, indicating a high degree of per- 
fection in these crystals. This is in line with the 
diffusion results reported above. 

That preferred generation of vacancies around 
dislocations can occur under some circumstances 
in GaAs crystals is suggested by the results ob- 
tained on one autoradiograph taken on a section 
cut perpendicular to the diffusion direction and 
parallel to a (100) plane. The diffusion took place 
for 2 min at 1100°C. This photograph (not re- 
produced here) shows the same features as have 
already been obtained with germanium®) and 
proven there to be associated with edge disloca- 
tions. The magnitudes of the diffusion constants 
calculated from the curves of Fig. 3 in fact suggest 
that body generation of vacancies, as well as sur- 
face generation, has taken place in these crystals. 
To determine the interstitial diffusion separately 
will require a better knowledge of the dislocation 
structure in the crystals than presently exists. 


Acceptor 
ionization 
energy (eV) 


Final net 
acceptor 
concn. 
(cm~*) 
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0-11 and 0°16 


8+2 x10'* 
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As the slopes of the curves of Fig. 4 show, the 
heats of solution of copper in GaAs, silicon, and 
germanium are all very similar, suggesting that the 
bonding of copper in these crystals is likewise 
similar. Although there is a rather large experi- 
mental error present, as shown by the scatter of the 
determinations, it is no greater for GaAs than for 
the elemental crystals. 

It is interesting to compare briefly the mech- 
anism of entrance of vacancies into GaAs and into 
germanium or silicon. In the former, it seems 
necessary to invoke a migration of gallium atoms 
through interstitial positions in order to explain 
both the diffusion and precipitation observations. 
This is not required in germanium and silicon 
since the nearest neighbors are identical atoms. The 
assumption, on the other hand, is necessary in 
GaAs to avoid moving arsenic atoms into gallium 
sites (see Fig. 5). Arsenic atoms may migrate 
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Fic. 5. Hypothetical diagram of movement of atoms on 
(a) gallium sub-lattice, (b) gallium and arsenic sub- 
lattices. 


similarly on the arsenic lattice. However, it may 
be that vacancies only occur in pairs, since single 
vacancies do pose a problem of maintaining around 
them symmetrical bonding orbitals. Any polarity 
in the bonds would likewise favor paired vacancies. 
Copper atoms could conceivably occupy singly 
such divacancies (Fig. 5). Divacancies would also 
make it unnecessary for the moving atoms to 
squeeze between their opposite neighbors. The 
idea is supported too by the fact that attempts to 
introduce gallium vacancies by heating in excess 
arsenic, or to introduce arsenic vacancies by 
evaporation of arsenic from GaAs crystals have 
failed to introduce either donors or acceptors in 
presently detectable concentrations, i.e. ~ 1016 
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cm, The trapping of copper near the surface of 
the GaAs crystal during diffusion and its precipita- 
tion near the surface also suggest surface entrance 
of vacancies and thus point to a large degree of 
mobility on the gallium and arsenic lattices. 

It would be interesting to study other atoms 
which are likely to occur as interstitials in GaAs, 
such as nickel and lithium. The latter has already 
been found by us to confer donor properties and to 
precipitate in GaAs. Nickel, if copper is any 
criterion, may be expected to have a much higher 
solubility in GaAs than in germanium or silicon, 
but so far this has not been investigated. 

Finally, it is of interest to note that copper ap- 
pears to be removable from GaAs by means of 
surface sinks. In one experiment simply producing 
gallium on the surface by heating in vacuum and 
subsequently heating in a sealed tube at 600°C has 
reduced copper to concentrations far below the 
saturation value. 
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et al.) have recently measured the 
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authors have made independent measurements of 
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y absorption of manganese. The present 


the same quantity for manganese and its oxide and 
publish t data of Tom- 


} confirmation 
BOULIAN’S results in the interval 45-60 eV. 
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Measurements * made on samples which 


had been carefully protected from oxidation} and 


al 


were 


so on samples which had been allowed to oxidize 
in air for several days. 


The results are presented in Figs. 1 and 2; the 
results of TOMBOULIAN et al. are included in Fig. 


I 


the absorption edge, even though our results show 


There is essential agreement in the location of 


it to be somewhat higher and less steep. The de- 
tails on the high-energy side of the absorption edge 
are not the same in the two sets of measurements, 
but there is an insufficient number of points in 
our data to give these details reliably. 
TOMBOULIAN and his co-workers have specified 
thickness in terms of surface density, which was 
determined by weighing. In our work the thickness 
was determined directly by interferometric means, 
the choice being one of convenience. These two 
determinations are related by a simple factor equal 
to the density of the sample. Unfortunately, the 


* On leave from the Physics Department, University 
Allahaba 1, \llahabad, India. 
+ For 
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methods measurement, see AGARWAL and 


{ For previous protection from oxidation see CARTER 
and GIVENS 


between 45 and 60 eV. 
e of the edge, the oxide has a larger absorption coefficient than the 
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re given which show the absorption of manganese and manganese 


30th substances show an absorption edge near 


density of evaporated thin films is not the same as 
the bulk density of the material and is generally 
unknown. Moreover the films may have been un- 
equally oxidized when the thickness determinations 
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Fic. Absorption spectrum of manganese oxide. The 
sample used was that for Fig. 1 after oxidation. 





SOFT X-RAY ABSORPTION BY MANGANESE AND MANGANESE OXIDE 179 


were made. These two effects are in the right direc- 
tion to explain in part the discrepancy by a factor 
of about ten in the absorption coefficient as deter- 
mined by the two separate experiments. 

It has also been pointed out“) that the observed 
absorption coefficient is dependent upon the thick- 
ness of the sample, the magnitude of the absorption 
peak becoming less as the thickness is increased. 
We have observed this effect in our samples, which 
ranged in thickness between 35 and 85 A. 'Tom- 
BOULIAN’s samples were much thicker (approxi- 
mately 300 A) and show a less pronounced peak 
than ours, as was to be expected. Since this effect 
is dependent upon the instrument used, quantita- 
tive comparisons of the peak height relative to the 
background cannot be made between the two sets 
of data. 

The position of the absorption edge is the most 
reliable point of comparison, and in this we are in 
substantial agreement. 

In comparing the pure metal with the oxide, the 
general similarity is most striking. The following 


differences should be noted, however. On the low- 
energy side of the absorption peak (i.e. between 46 
and 49 eV), the oxide has a larger absorption coeffi- 
cient than the pure metal; this effect may also be 
observed for iron and its oxide.) In the iron-iron 
oxide comparison the absorption peak is narrower 
for the metal than for the oxide. Here, in the case 
of manganese and its oxide, the same effect seems 
to be present, although it is much less pronounced 
than for iron. 
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Abstract 


The effect of pressure on the spectra of the T1* ion in several alkali halide lattices has been 


measured to 130,000 atm (in some cases to 50,000 atm). The results can be summarized as follows: 


(1) In the face-centered cubic lattice, the ‘A’ peak shows a red shift with increasing pressure. The 


magnitude of the shift is independent of the alkali halide involved. 


(2) In the simple cubic lattice, the 
at high pressures (above about 25,000 atm). 


(3) At the phase transition in the potassium halides, KCl : Tl and KBr 


blue shift; KI : Tl shows a red shift. 


‘A’ peak shifts blue at low pressures (up to 15,000 atm) and red 


: Tl show a discontinuous 


(4) The ‘B’ peak appears in CsI : Tl and also appears discontinuously at the transition to the simple 
cubic lattice in KI : Tl. It shifts blue with pressure. 
The results are, in most ways, consistent with available theory. 


Tue absorption spectra of Tl* ions in alkali halide 
lattices have been measured as a function of pres- 
sure to about 130,000 atm (in some cases to 50,000 
atm). The systems studied and the pressure range 
for each are shown in Table 1. The crystals used 


Table 1. 


Systems studied and pressure range 


System Maximum 


pressure (atm) 
BAA 2 Ae 
KBr : T] 
< Bes 
Nal : Tl 
CsBr : Tl 
Oe) es 


50,000 
130,000 
129,500 

50,000 

50,000 
118,000 


were obtained from Harshaw Chemical Company 
and contained 0)-1-0-2 per cent Tl*. The pressure 
apparatus has been described elsewhere.“ Each 
pressure run was repeated with at least two separate 
loadings, and several were run four or five times. 


* This work was supported in part by the Atomic 
Energy Commission 
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Fic..1. ‘A’ peak frequency shift versus pressure to 50,000 
atm—3 KX : TI crystals. 


The maximum scatter from the smoothed curves 
+-100 cm~!, and the average scatter was not 
over one-half this value. 


was 
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EFFECT OF PRESSURE ON 

The spectrum of the thallous ion in alkali halides 
consists of a low-frequency and a high-frequency 
peak (‘A’ and ‘C’) corresponding to the 1S9 — 3P, 
and 1S9 > !P, transitions.) A third peak (the ‘B’ 
peak) occurs between ‘A’ and ‘C’ in CsI : Tl and 
in some other alkali chlorides.) 

Fig. 1 shows the shifts of the ‘A’ peak with pres- 
sure to 50,000 atm in three potassium halides. All 
three potassium salts have the face-centered NaCl 
structure below about 19,000 atm, at which pres- 
sure they transform to the simple cubic CsCl 
lattice.) In the region below the transition, all 
three show a red shift with increasing pressure and 
the magnitude is the same for all three salts. This is 
consistent with other evidence:>) that the pheno- 
menon is confined to the impurity ion and does not 
involve an electron-transfer process. At the transi- 
tion there is a discontinuous blue shift for KCI : Tl 
a smaller blue shift for KBr : Tl, and a red shift 
for KI : Tl. It seems probable that the direction 
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Fic. 2. ‘A’ peak frequency shift versus pressure to 


50,000 atm MX : TI. 


and magnitude of the shift are associated with the 
increasing polarizability of the halide ions (I 

> Br- > Cl-), but a really satisfactory explana- 
tion is not yet available. The difference between 
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the location of the transition on raising and lower- 
ing the pressure is due to the ‘region of in- 
difference’ (region of metastability) discussed by 
BripGMAN.“) The effect of friction amounts to 
about 5 per cent. 

Fig. 2 compares the ‘A’ peaks in KI: TI, 
Nal : Tl, CsI : Tl, and CsBr : Tl] to 50,000 atm. 
Nal has the face-centered cubic NaCl lattice. 
CsBr and CsI have the simple cubic CsCl lattice. 
The Nal: Tl closely resembles the potassium 
salts, except that it has no transition. The cesium 
salts show a blue shift in the low-pressure region 
followed by a red shift at higher pressures. The 
two salts give qualitatively similar results, although 
the blue shift on CsI : Tl is less than that of 
CsBr : Tl by an amount distinctly exceeding the 
experimental error. This again may be associated 
with the higher polarizability of the iodide ion. 
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Fic. 3. ‘A’ peak frequency shift versus pressure to 

130,000 atm. 


Fig. 3 shows the shifts of the ‘A’ peak with 
pressure to 130,000 atm for KBr : Tl, KI : Tl, and 
CsI : Tl. In the high-pressure region these all have 
the simple cubic CsCl structure and they all show 
large red shifts. 

The ‘B’ peak does not appear in the KI: Tl 
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B’ peak frequency shift versus pressure 


at atmospheric pressure. It appears sharply in 
KI: Tl at the transition and disappears im- 
mediately upon lowering the pressure through the 
transition. The spectra are illustrated in Fig. 4. 
The ‘B’ peak shifts blue with increasing pressure, 
as is shown in Fig. 5. The two curves appear to 
have the same slope with pressure, but the data 


were much harder to determine accurately than in 
the case of the ‘A’ peaks, and there was more 


scatter. 
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Fic. 6. Variation of peak intensity with pressure. 

Fig. 6 shows the estimated change in peak in- 
tensity with pressure, both uncorrected and cor- 
rected for the increase of material in the light path. 
The slight drop in intensity near 50,000 atm is 
probably not real, but is due to the piston cutting 


across the window. 
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The results obtained are generally consistent 
with the configurational co-ordinate model pro- 
posed by Seitz®) and amplified by WiLL1ams. 
However, since the ‘B’ band appears so sharply at 
the transition and disappears equally sharply below 
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Fic. 7. Comparison of WILLIAMs’ theory with experi- 
ment. 


the transition, it is doubtful that it is associated 
with lack of cubic symmetry due to imperfections, 
as has been suggested. () 

JOHNSON and WILLIAMS‘) have proposed a 
model for calculation of the effect of pressure on 
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the ‘A’ peak for KCl : Tl. Using this model, cal- 
culations have been made to 20,000 atm. These 
are compared with experiment in Fig. 7. The cal- 
culation predicts the correct direction for the shift, 
but about twice the magnitude obtained experi- 
mentally. The discrepancy is probably associated 
with the assumption that pressure contributes 
equally to the ground and first excited states of 
the thallous ion. 
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Abstract—A method of preparing photoconductive films of lead selenide by chemical deposition 
is described. The results of measurements carried out on these films indicate that a variation of the 


hydrazine hydrate concentration used in the deposition leads to a variation in the thermal and optical 
activation energies from 0:27 to 0-60 eV. This is explained by postulating the existence of potential 
barriers in the film produced by variations in the Fermi energy. Finally, it is shown that these 
barriers also exist in some evaporated films and are the cause of the 1 peak in the spectral response. 
One role of oxygen as a sensitizing agent is shown to be the filling of selenium vacancies and re- 
moval of these potential barriers. No evidence is. found to support a theory of “barrier-modulated”’ 


photoconductivity, but rather one of “‘barrier-inhibited’’ conductivity. 


1. INTRODUCTION 
Many workers have investigated the photoeffects 
to be observed with the PbS group of compounds. 
Moss") has written a valuable review with a com- 
prehensive list of references. There have been two 
main mechanisms of photoconductivity under con- 
sideration: 

(a) It is postulated that the action of radiation is 
to produce free carriers which reduce the height 
of potential barriers already present in the film and 
allow thermal carriers to flow, thus producing the 
observed photocurrent. This will be referred to as 
the 

(b) At the other extreme it has been considered 


“barrier” theory of photoconductivity. 


that the photoconductive mechanism is a purely 


“bulk” or “numbers” 
radiation (of energy 

hole pair, which in the presence of an applied 
field can be observed as the photocurrent. This 


effect, of a quantum of 
AE) producing an electron-— 


will be termed the “‘numbers”’ theory. 


Lead selenide films have been prepared in this 
laboratory by chemical deposition and by vacuum 
evaporation. By varying the chemical solutions, 
the former method has been used to prepare two 
distinct types of film: 

Type A, which exhibits the presence of potential 


barriers. 


Type B, which is apparently quite free of such 
barriers. 


It is not stated that type A exhibits the “‘barrier”’ 
type of photoconductivity. 

The preparation of these films is described, and 
the results of various measurements made on them 
are reported. It will be shown that these results 
agree with the idea of potential barriers being 
present in the films and inhibiting the flow of the 
less energetic current carriers, as suggested by 
MauHLMAN et al.) Finally, it will be shown that 
the effect of oxygen on evaporated films suggests 
that they too can be prepared in type A or B, and 
the reason for this will be discussed. 


2. METHOD OF CHEMICALLY DEPOSITING 
PbSe FILMS 

It appears that film deposition is connected with 
the colloidal state of the lead selenide produced 
from the reaction between aqueous solutions of 
a lead salt and selenourea in the presence of a base. 
Initiation of the reaction, if carried out with con- 
centrations sufficiently low to allow the visual 
changes in the solution to be observed, produces a 
series of colour changes before precipitation of the 
PbSe is complete. These changes go from the 
colourless solution through light brown to dark 
brown and finally black. At this stage the black 
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colour is due to the precipitation of PbSe, and the 
liquid is colourless. 

Many variations of the lead salt and base used 
are possible, and have been tried, but only one of 
these, which has been found to give the most re- 
producible results, will be described here. This 
method employs as the base catalyst hydrazine, ®) 
which is introduced into the reaction medium as an 
aqueous hydrazine hydrate solution. The glass 
substrate, previously degreased and washed, was 
rotated in a solution containing lead acetate and 
selenourea. The hydrazine solution was introduced 
into the apparatus via a side arm. All depositions to 
be described below were carried out at room tem- 
perature. 

When a film of the required thickness had been 
deposited, the substrate was removed from the 
solution, washed, and allowed to dry. Aquadag 
electrodes were then painted on to the film to make 
electrical contacts. 


3. EXPERIMENTAL PROCEDURE 


All measurements below room temperature were 
carried out in the glass apparatus shown in Fig. 1. 
The conductivity of the specimen was measured in 
a d.c. circuit consisting of battery, galvanometer, 
and specimen. To determine the d.c. photosensi- 
tivity, the current through the film was measured, 
with 12-V d.c. applied, under dark and light con- 
ditions. The light conditions were obtained by 
placing a 12-V, 36-V car headlamp bulb in close 
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proximity. A jet of cold air was maintained on the 
specimen to avoid any bolometric effects. The 
measured currents give op and o;, the conduc- 
tivities in dark and light conditions. Hence 
Aa/op = d.c. sensitivity. 

The thermal activation energy was determined 
by measurement of conductivity versus tempera- 
ture. It has been shown“) that mobility varies 
approximately as 7~°/2 in the PbS group (7 
absolute temperature); correction was made for 
this, and two typical curves for type A and type B 
films are shown in Fig. 2. 
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The photoconductive spectral response was 
measured, the wavelength at which the response 
had fallen to 50 per cent of its maximum value 
being termed A,, and associated with the optical 
activation energy. The spectral response was mea- 
sured by comparing the signal from the PbSe film 
with that from a radiation thermocouple, the in- 
cident radiation (from a Leiss Double Mono- 
chromator) with Nernst filament as source) being 
chopped at 20 c/s. The value of A, was measured 
at room temperature and at 77°K wherever possible. 
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For some films there was insufficient photo- 
response at room temperature 

The sign of the majority carriers was determined 
by thermal-e.m.f. and Hall measurements. All 
films were p-type. It has not been possible to 
prepare a film with n-type characteristics by chem- 


ical deposition 


4. RESULTS 


The results are summarized in Table 1. 


Table 1. Summary of experimental results 


Amount 
ot 
hydra- 
zine 
(ml) 


NR DN W YH WH WH Ww 


KEY 


Thermal activation energy 


(eV) 


Dark conductivity (Q-! cm 


Fractional change in conductivity on illumina- 
tion 
Room-temperature value of A 
1, = Value of A; at 77°K 
Cell No. 501 is an evaporated film included for compari- 


son 


It was not possible to observe an edge in the 
optical absorption curve at 2-2-5u. Qualitative 
measurements indicated that the absorption edge 
was in fact at 4-4-2, for all the films prepared. 


5. DISCUSSION OF RESULTS 

The results given in Table 1 suggest that films of 
lead selenide prepared by chemical deposition 
show signs of the existence of potential barriers. It 
is thought that the electronic band structure of 
such films is best represented, as in Fig. 3, in the 
way suggested by MAHLMAN ef al.) 

The barrier height in such a system will equal 
the difference in the Fermi energy in different parts 
of the film 


ROBERTS and J. E. 


BAINES 


An electron-hole pair produced at A, as shown 
(whether optically or thermally), will not contribute 
to the conduction process because its motion will 
be opposed by the potential barriers on either side. 
As a result, the new activation energy will be 
Ae* which can be up to approximately 2Ae. This 
is thought to be the reason for the values of the 
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thermal and optical activation energies given in 
Table 1. It appears that for films prepared in the 
presence of < 0-25 ml of hydrazine these barriers 
are present to a minor degree if at all. 

Given these conditions, the change in conduc- 
tivity owing to incident radiation disturbing the 
thermal equilibrium will be considered. 

In the case of purely “numbers” photoconduc- 


tivity, 


Ac = Anen. (1) 


If, however, it is considered that ‘“‘barrier 
modulation”’ is important and that optically pro- 
duced carriers depress the barriers and allow 
thermal carriers to flow, then the change in con- 


ductivity should be expressed as follows: 


- An 


on 


Ac = Aneu+ne 


Here the term in brackets represents the mobility 
change by the optically generated 
carriers. 

Chemically deposited films of PbSe have been 


prod uced 


prepared with a value of Ac/cp as high as 18:1 
and with Ae = 0-60 eV. As first sight this is to be 
explained on the “barrier” theory, with the con- 
tribution due to the second term on the right-hand 
side of equation (2) being large. If one considers 
that optically produced carriers depress the bar- 
riers, however, it should be possible to detect a 
change in the activation energy when there is a 
strong background illumination of the film. In fact, 
illumination sufficient to treble the conductivity 
does not have an observable effect on Ae or Aj. 
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It is suggested, therefore, that “barrier’’ modula- 
tion does not take place in these films, but rather 
that the importance of barriers is effectively to 
reduce # the concentration of charge carriers in 
the dark. In the absence of these barriers (i.e. 
films prepared with < 0-25 ml of hydrazine), it 
appears that there is only slight photosensitivity, if 
any, as a result of the impure p-type nature of the 
film, giving a high value of # and hence a high 
value of cp (see Table 1). 


6. RELATIONSHIP BETWEEN HYDRAZINE AND 
BARRIERS 

A study of the deposition rate of films prepared 
in the presence of hydrazine has led to the con- 
clusion that the important function of the hydra- 
zine is to control the alkalinity of the solution, and 
hence the speed of reaction. This was confirmed by 
the following experiment. 

Since the reaction and deposition are thought to 
take place in the colloidal state, an increase in the 
viscosity of the solution should affect the deposi- 
tion rate. To this end two films were prepared with 
identical solutions (2-0 ml of hydrazine), the only 
difference being that the reaction medium was in 
one case 100 per cent water, and Ae was found to 

()-63 eV, while in the other case the medium was 
water with 33 per cent glycerol, the resulting 
film having a thermal activation energy of only 
0-48 eV. 

It is concluded, therefore, that increasing the 
alkalinity of the solution (over a certain range) in- 
creases the speed of reaction and deposition, and 
rapid deposition produces a film in which potential 
barriers reduce the dark conductivity. The mech- 
anism of this last step is not known, but it is 
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thought that the effect of the deposition rate is on 
the structure and particle size of the resulting film. 
Electronmicroscope studies of film structure will 
be undertaken to establish this point. 


7. EFFECT OF ADSORBED OXYGEN ON CHEMIC- 
ALLY DEPOSITED PbSe FILMS 

In an attempt to produce n-type films, the 
standard preparation was carried out in an enclosed 
apparatus in the presence of nitrogen. Absorbed 
oxygen can be almost completely removed from 
aqueous solutions by the rapid passage of an inert 
gas through the solution.) Use was made of this 
fact, and oxygen-free nitrogen (< 8 p.p.m. oxygen) 
was used as the inert gas. The films prepared in 
this way were dried in the absence of oxygen, and 
their resistance and d.c. sensitivity were measured. 
Oxygen was then allowed into the presence of the 
film, and the effect on resistance and sensitivity was 
noted. The results are summarized in Table 2. 

The significance of these results is as follows: 

(i) Films prepared in the normal way are com- 
paratively stable, indicating the importance of 
dissolved oxygen in the solutions. 

(ii) In no case was there any appreciable change 
in the value of the d.c. sensitivity, irrespective of 
whether oxygen was excluded or not. 

(iii) Without exception, the dark resistance was 
decreased on exposure to oxygen. 

The significance of (ii) and (iii) will now be con- 
sidered. It can be shown that: 

Ior(1—e ath) 


6/OpD = 


nid 


Table 2. 


Film No. Rp/Rt°® 


Rp°® 


6 
3 
1 


Rp/Rx* | Time (hr) 


Method 


15 Oxygen excluded 
+ Oxygen excluded 
12 Normal 

16 Oxygen excluded 
17 Normal 

17 Oxygen excluded 
17 


oO 


1 

£3 
i] 
1-7 
Es 
a 
K 


Oxygen excluded 


Rp and R, = Film resistance under dark and light conditions (Q). 
0 and t denote measurements at time 0 and t¢. 
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where Jp = incident quantum flux, 
T decay time of photoconductivity due 
to recombination, 
absorption coefficient (cm~!), 
film thickness, 
carrier under 


equilibrium density 


dark conditions. 


It seems reasonable to assume that the effect of 
oxygen at room temperature will be only on 7, #, 
" and yu. It is apparent that for Ac/cp = constant but 
cp = variable, there are two possible explanations: 


i 


(a) r = constant, 7 = constant, pw = variable 


(0) 77 constant. 


Condition (6) implies 7 = Kv, which is highly 


unlikely, and so it is assumed that the effect of 
absorbed oxygen is to increase the carrier mobility. 
It is intended to study this reaction in more detail. 
This result is contrary to that arrived at by 
SMOLLETT and Pratt) on PbS, but agrees with 
the result of RyvKIN and Marakuov,‘) to which 
they refer. 


8. IMPORTANCE OF BARRIERS IN EVAPORATED 
FILMS OF PbSe 


There are two experimental results which 
suggest that potential barriers can play an im- 
portant role in evaporated layers of PbSe. These 


will be considered in turn. 


(a) Spectral response 

It is found that the spectral response of some 
evaporated films of PbSe is as shown in Fig. 4a. 
On the other hand, films can be prepared that have 
the curve shown in Fig. 4b, which has also been 
found to be the curve obtained by measurement on 
single-crystal specimens of PbSe. It is considered 
that the explanation of the short-wavelength peak 
shown in Fig. 4 is that there are two regions of the 
film, one of energy gap Ae ~ 0-28 eV, the intrinsic 
gap of PbSe, and the other region of Ae* ~ 0-6 
eV, owing to the presence of barriers. As a result, 
the superposition of the spectral response of these 
two regions will lead to the shape shown in Fig. 4a. 


(b) Effect of oxygen on the spectral response 


Fig. 5 and Table 3 show the spectral response of 


an evaporated film of PbSe at various stages in its 
sensitization by heat-treatment in the presence of 


oxygen 


ROBERTS and J. E. 


BAINES 


response 


Relative 


Fic. 4. 


Table 3. 


Rp 
1-4 Meg. 
0-88 Meg. 
1:0 Meg. 


Relative response 


Wavelength, 


Fic. 5. 


It is interesting to compare this result with that 
obtained on PbTe by Bope and LEvINSTEIN. 
They showed that the effect of oxidation was to 
produce a short-wavelength peak rather than to 
reduce it. An explanation of this will be proposed 
in the next section. 


9. PRODUCTION OF BARRIERS IN EVAPORATED 
FILMS OF PbSe 


It has been found by an electron-microscope 
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study that the crystal size of evaporated films pre- 
pared in this laboratory is ~ 1. During the evap- 
oration process, free selenium is sublimed from 
the PbSe. It is found that all evaporated films are 
initially n-type, regardless of the starting material. 
This is thought to be due to the production of 
selenium-defect surface states on all the micro- 
crystals. This will in turn lead to strongly n-type 
surface regions separating near intrinsic regions; in 
other words the energy-band structure will be of 
the form shown in Fig. 3. During the sensitization 
by heat-treatment in oxygen, oxygen atoms occupy 
the vacant selenium sites in the PbSe lattice, and 
tend to remove the barriers and produce a uniform 
band structure, corresponding to intrinsic con- 
ductivity. (This has been shown by measuring the 
thermal e.m.f. at each stage in the sensitization.) 
In fact, this removal of barriers is rarely complete, 
because before the region nearest to the substrate 
can be oxidized, the exposed surface becomes over- 
oxidized and becomes strongly p-type, with high 
conductivity and low sensitivity. 

Suitable evaporation techniques can be devised 
in which barriers are not present in the film on 
formation (slow deposition in an atmosphere of 
oxygen, sulphur, selenium or tellurium). This 
appears to be the method used by Bope and 
LEVINSTEIN.®) In this case treatment in oxygen will 
lead to p-type surface regions separating the in- 
intrinsic—or near-intrinsic—crystals. Hence the 
production, instead of removal, of barriers, and 
their result mentioned in the previous section. 

It is not suggested that this is the only role of 
oxygen in photoconductive layers, but it appears to 
be the important mechanism which determines the 
spectral response. 


10. CONCLUSIONS 
No evidence has been found to support a theory 
of “‘barrier-modulated”’ photoconductivity. Poten- 
tial barriers can be shown to be present in PbSe 
films, however, by measurement of thermal and 
optical activation energies, and their role appears to 
be twofold: 


(a) to inhibit the long-wavelength sensitivity; 
and 
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(5) to enhance the short-wavelength sensitivity 
by reducing #, the equilibrium dark concentration 
of charge carriers. 

The point being stressed is that carriers will 
be generated thermally and optically across the 
intrinsic gap (Ae = ~ 0:3 eV)—hence the ab- 
sorption curve for all films will give the edge at 
A ~ 4+4-5u—but in the presence of potential 
barriers not all these free carriers will contribute 
to the conduction process. It is possible that Fig. 
3 should be modified as shown in Fig. 6, with the 


























Fic. 6. 


additional proviso that the electron lifetime in p- 
type material is very short, so that photoconduc- 
tivity will be produced only by holes at level “A”’ 
or lower. 
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Abstract 
alloy can be estimated by using 


a variational procedure. 


Ihe extreme frequencies of various branches of the spectrum for a binary substitutional 


In particular, the maximum frequency of the 


| modes can be determined approximately as a function of the various force constants and the 


sition 


THE ana 
binary alloy presents many difficult problems and 
toward their 


lysis of lattice vibrations in a disordered 
very little progress has been made 
Dyson") succeeded in giving a detailed 
the but the 
methods which he used can not be generalized in 


solution 
analysis of one-dimensional crystal, 


any obvious way to two- or three-dimensional 


lattices. MONTROLL and Potts") have studied the 
influence of defects on lattice vibrations which is, 
in essence, equivalent to a study of very dilute 
alloys 

We consider here only a very limited objective, 
that of and/or 
minimum frequencies of 


of the spectrum but particularly the frequency of 


namely determining maximum 


easily identified branches 


infinite wavelength optical mode. These fre- 


quencies are of physical interest in the study of 
and by 


Raman spectra, optical absorption, etc., 
we can obtain 
relating 


using a variational method, re- 


latively simple approximate formulas 
these frequencies to the force constants and com- 
position of the alloys. 

The Hamiltonian for the vibrational energy of a 
binaty substitutional alloy of atoms a and 6 with 


arbitrary composition and arrangement among 


lattice sites can be written in the form 


N 3 
> > (2m) lpi? + 


ti=1 k 


a 
> Aik, jiXikxp 


l=] 


in which 

N = number of particles 
m, = Mg Or My = mass of the particle located at 
the 7‘ lattice site (7** particle) 

Pik k*h component of the momentum of the ith 

particle 

xiz = k™ component of the displacement of the 
ith particle 


set of force constants which depend 


js Hl 
upon the position and type of particles at the 7 
and j sites. 
The normal mode frequencies v,, j = 1, 2,..., 3N 
are determined from the eigenvalues A; of the 
matrix B, 


Bix j1 (mm;)* Ax ju 


through the equation 


Aj 


/ 


The matrix B is symmetric and its eigenvalues 
are all real and non-negative. If we let A,,,, denote 
the largest eigenvalue of B and A,,;, the smallest 
eigenvalue, then for any 3N dimensional vector X 
(X, BX)/(X, X) (4) 


Amin * Amax 
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in which (X, Y) denotes the usual inner product of 
vectors X and Y. By choosing any arbitrary vector 
X and evaluating the middle expression of equation 
(4), we can obtain upper bounds on 4,,;,, and lower 
bounds on A,,,,- By making an intelligent choice of 
X that will yield relatively small or large values for 
this quantity, we can hope to obtain some fairly 
accurate estimates of A,,;,, OF Amax- 

Since the Hamiltonian must be invariant to any 
translation of the crystal, we know that 4,,;,, = 0. 
If, however, as a result of symmetry or some 
special properties of the force constants, the matrix 
B should decompose into independent submatrices, 
the submatrices can be treated separately. Equa- 
tion (4) would apply separately to the sub- 
matrices with the obvious change in interpretation 
of X as a vector in a suitable vector space and A,,,;,,, 
Amax a8 the eigenvalues of a submatrix. In this 
situation we might be able to estimate a A,,,;,, which 
is not zero and thus obtain approximate extreme 
frequencies of branches of the spectrum as well as 
the absolute extremes for the whole system. 

So as not to become too involved in complicated 
algebra, we shall consider in some detail the follow- 
ing rather simple type of problem and later in- 
dicate what can be done for the more general 
problem described above. For the simple problem 
we make the assumptions: 

(1) There are couplings only between nearest 
neighbors (n.n.). 

(2) The lattice separates into two superlattices 
with each particle of one lattice having (n.n.) only 
in the second superlattice and vice versa. We de- 
note lattice sites of one superlattice as ““even’”’ sites 
and those of the other superlattice as ‘‘odd”’ sites. 

(3) The Hamiltonian separates in such a way 
that it is the sum of three Hamiltonians, each in- 
volving only one degree of freedom per particle. 
This is a rare situation, but there are several 
hypothetical examples that come to mind. If all 
interactions are isotropic, then any set of three 
orthogonal displacement directions will have 
separate and identical Hamiltonians. If we have a 
simple cubic lattice with (n.n.) interactions only, 
then the displacements along the three crystal axes 
are not coupled.) Finally, in most highly aniso- 
tropic crystals, lamellar“) or chain polymer, 
there are preferred displacement directions which 
are only very weakly coupled with the two ortho- 
gonal displacement directions. 


It is the third assumption that greatly simplifies 
the algebra. It allows us, in effect, to drop the 
indices k and / in equation (1) and treat just an 
N-component problem (or perhaps three separate 
N-component problems). Assumption 1 (along 
with 3) and the fact that the potential energy is in- 
variant to a uniform translation of all particles 
means that the potential energy can be written in 


the form 
V } > C75(x; —x;)*, 
tJ 


with C;; > 0 if ¢ and j are (n.n.) and C,, = 0 
otherwise. 

By comparing equations (1), (2), and (5), we see 
that the V-dimensional B matrix has the form 


B;; 
B,;, = —m;" > (maj) Bj >0 (6) 


jst 


—(mmj)*C,;<0 if iand) are (n.n.) 


B,;=0 otherwise. 


The consequences of the second assumption 
above is that it guarantees the largest eigenvalue of 
B will be associated with a mode of oscillation in 
which nearest neighbors move out of phase with 
each other; the two superlattices oscillate more or 
less rigidly against each other. This shows itself in 
the mathematical description in two equivalent 
ways. First we note in equation (5) that 7 and / are 
nearest neighbors and therefore in different super- 
lattices. If we choose all x; of one superlattice to be 
positive and all x, of the other superlattice nega- 
tive, then all cross-product terms in the expansion 
of («;—x ,)? in equation (5) will be positive. This is 
obviously a necessary condition for a maximum 
potential energy. 

In terms of the matrix B we see that off diagonal 
elements are negative and always connect com- 
ponents of even and odd particles. Suppose we 
transform co-ordinates so that each x; belonging to a 
particle of the odd lattice changes to x;’ x; and 
each x; belonging to a particle in an even lattice 
remains as x;° = x;. This orthogonal transforma- 
tion in N space transforms B into B’ in such a way 
that all matrix elements of B’ are non-negative 

B,; = —B,j; >0 
B;' = By > (7) 


B;;' =0 


if 2 and j are (n.n.) 


otherwise. 
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B’ has the same eigenvalues as B, and we can 
substitute B’ for B in equation (4). A matrix all of 
whose elements are non-negative is known to have 
as the eigenvector belonging to the largest eigen- 
value a vector with all non-negative components. 
In an attempt to estimate A,,,, using equation (4), 
it suffices, therefore, to consider only positive 
vectors X’, and we shall now try a few relatively 


simple cases. 


First trial 
If we take x;’ 1 for all k, we obtain from 


equation (4) 


(m;-*+m;-*)?. (8) 


Amax 


™ aes 
S B,,' Yc 
Nam N& 


Generally we can expect that the C;; will depend 
upon whether 7 and j are a or 6 atoms, the relative 
position or particularly the bond direction of the 
pair 7, j, and possibly also the composition of 
neighboring lattice sites. To simplify the problem 
further, let us assume that C;,; has only three 
possible values Caq, Cap, and Cy» for aa, ab, and 
bb pairs, respectively. This specific model has now 
been simplified so much that probably only a 
crystal with isotropic interactions will satisfy the 
many assumptions that have been made, but we 
still expect that certain qualitative results for this 
model will appear also for more general and more 
complex systems 

With these additional assumptions, equation 
(9) reduces to: 
Npypl bb Nap ad 


4 { NaaCaa 


Amax : 7) 
N\ ma, Mp 7 


x (mq *+mpy iy, (9) 
in which maa, Nyy, and mg» are the total number of 
aa, bb, and ab nearest-neighbor pairs, respectively. 

The interesting thing to notice here is that equa- 
tion (9) involves the mgq, mp», and mq» which de- 
pends not only on the composition but also the 
order. These are, in fact, the parameters most 
commonly describing order—disorder 
phenomena, and they will depend upon the tem- 


used in 


perat ure. 


NEWELL 


At sufficiently high temperatures we can expect 
complete disorder. If we let f be the fraction of a 
atoms, 1—/ the function of b atoms, and n the 
number of nearest neighbors of a single atom, 
then taq = Nnf?2/2, nop = Nn(1—f)?/2 and nap 
f(i1—f)Nn. Equation (9) then reduces to 


( ‘aaf” C ‘ool l —f )? Cav 
ep x 


Amax > 2n 
mp 2 


Ma 


x (mq-t-+ my-#)?f (1 -f)}. (10) 


Second trial 

The next simplest trial vector is a vector having 
equal components for a atoms and equal com- 
ponents for b atoms, x,’ Xq or xX, but Xg # Xp. 
Equation (4) gives for any vector with components 


Xk, 


Amax S > Cuslsi’m, by j’m; 2): 
ij 


and for this example, equation (11) reduces to 


r ’ _9 ’ _9 
Amax > 4N lngaCaaMa 1 yg? + nppC bb™Mp Ixy? + 


+ napCav(Xama~*+xpmy*)?/4} Xx 
ee ie 
x {f xa? +(1—f)xe?} 4. (12) 
This is valid for arbitrary choice of xg and x» and in 
particular for the maximum value of the right- 


hand side of equation (12), namely 


T Y Y _ 
NAmax NaaCaa NooC op NavCab 


2 maf my(1—f ) + 
l 1 


enemies 
maf m(1—f) 


| NaaCaa NyoC op 


+ _ + 
| Maf m,(1—f) 4 


I I : Nap-C ‘a b | ; 
» 4 a 


| maf 7, m(1—f) 4mamof (1 —f)I 
(13) 


Since equation (9) is a special case of equation 
(12), equation (13) always gives an estimate of 
Amax Which is at least as large as equation (9) and, in 
some extreme cases, a considerably larger value. 


NavC ab 
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For complete disorder we obtain, in analogy with 
equation (10), 
Caaf Cor(1 —f) Cay /1 —f f 
> ++ (—+—] + 
Ma Mp Z \ Gi mp 
Caaf Cov(1 —f ) Cab l —f ¥ . 
+|[Sef Seo Se a _ 
Ma Mp Z\ Me Mp 
f(L—f Cav?) 
+ g 


MgMp 


Amax 


— 


(14) 


For f —> 0, equation (14) has a quite different 
behavior from equation (10). Equation (14) gives 


Amax (2Cop mp if 2Cy»/mpy > Cap/ma 


n \Cap/ma — if 2Cyp/mp < Cav/ma,’ 


whereas equation (10) gives 


Amax/n >2Cpp/mp (always) for f—>0. (15a) 


Although equation (15a) is the correct result for 
f = 9, equation (15) better describes the behavior 
of A,,.x for f—> 0. If there should be even a single 
a atom in the crystal and it is sufficiently 
light, then A,,,, would be the eigenvalue for the 
oscillation of this one light atom in the field of 5 
atoms. Thus 4,,,,, should be proportional to Cg», as 
suggested by equation (15) rather than Cy» as in 
equation (15a) for f > 0. 

Other interesting limiting cases of equation (14) 
are 


Amax : 
for Mp —> & 


( ‘aat ( ‘ab (1 —f) 
. 


2n Ma Z Ma 


Amax (C ‘'aa} Ma ] 


max tor Can-—>0 


2n \Cyp(1 —f)mp I 
Cab ] —f Sj 
| + 


2n 2 Ma Mbp 


for Cag = Cyn > 0 


Amax 


most of which can be interpreted rather simply in 
terms of some kind of averaged force constants. 

The right-hand side of equations (10) and (14) 
are plotted in Fig. 1 as a function of f for two 
hypothetical situations. The case in which my 
2ma was singled out because it had a square root 
verticle tangent at f = 0. This is about the only 
feature which appeared at all unusual. 


N 
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Other trials 

It is obvious that any improvement of this 
scheme along these same lines will very quickly 
get out of hand. The next logical class of vectors to 
consider would be a class in which we give equal 


Fic. 1. Lower bound approximations to A,;4x are plotted 
against composition f, using equation (10), broken lines, 
and equation (14), solid lines. Two examples are shown, 
both of which are for Caa Coo Cap. Curves 1 and 
1’ are for mp 3ma and curves 2 and 2’ for mp» 2ma. 


values to all components which describe the same 
kind of particle and for which the particles has a 
specified number of (n.n.) @ particles and 5 
particles. This will, however, introduce new para- 
meters into the problem, and we already have as 
many as can be conveniently handled. 

In regard to the extension of these methods to 
more complicated lattices, we note that equation 
(4) is always valid. Without assumptions (1) and (2) 
we can not guarantee that the mode we are looking 
for involves out of phase displacements of all 
neighboring particles but certainly if assumption 
(2) is correct and the nearest-neighbor inter- 
actions are relatively strong, this should still be the 
case. 

As regards assumption (3), we can always pick a 
polarization in any direction and consider only 
displacements with this polarization. We can thus 
force the problem into an N-dimensional space. 
The method described above would still work for 
this subspace, and we would also have the freedom 
of picking the polarization so as to obtain the largest 
value in equation (4) for this restricted class of 
vectors. The algebra involved in most such schemes 
would be rather involved, and as a practical matter 
one would probably do just as well by using equa- 
tion (14) with some suitable average force constants 
for Caa, Cam and Can: 
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Zusammenfassung—Eine Schraubenversetzung in Alkalimetallen (in Richtung einer Wiirfel- 
kante) wird mit gittertheoretischen Methoden behandelt. Aus einem Variationsansatz fiir die 
Energie wird die Versetzungsweite ermittelt und mit dem Peierls’schen Modell verglichen. Die 
Versetzungs-Weite o ist im Gegensatz zum Peierls’schen Modell (o = a/4) stark ortsveranderlich : 
a/5 in der stabilen, a/9 in der labilen Lage (a kubische Gitterkonstante). Durch die starke Ortsab- 
hangigkeit der Versetzungs-Weite wird das Ergebnis fiir die Peierlskraft Tt, stark modifiziert : 
Tp = 9 X10-*cy, im Peierls’schen Modell, 4 x 10~%cy, nach der entsprechenden gittertheoretischen 
Rechnung (¢4, Schubmodul). 


Abstract—A screw dislocation in alkali metals (in the direction of the edge of a cube) is treated 
hy lattice-theory. The dislocation width is determined a variatonal principle for the energy, and is 
compared with the Peierls model. The dislocation width a, unlike the Peierls model (o = a/4) varies 
considerably with position : a/5 in the stable, a/9 in the unstable position (a is the cubic lattice 
constant). The resulting value of the Peierls force Tp is modified considerably by the strong 


position-dependence of the dislocation width : 


Tp = 9X10-*cq, in the Peierls model, 4X 10~*cq, 


by the corresponding calculation using lattice theory (cy, modulus of rigidity). 


EINLEITUNG 
Diz als Versetzungen bezeichneten 
sionalen Stérungen in Kristallgittern 
wahrend der letzten Jahre eine stets zunehmende 
Bedeutung bei der Klarung der plastischen Ver- 
formung von Kristallen erlangt. Fast jede solche 


eindimen- 
haben 


Verformung kann man mit dem Entstehen und 
Wandern von Versetzungen in dem aus Atomen 
oder Ionen aufgebauten Kristallgitter deuten. 
Jedoch sind noch viele Probleme ungeldést, be- 
sonders solche, die sich mit der einzelnen Ver- 
setzung befassen. So ist die Frage nach der Struk- 
tur des Versetzungszentrums sowie die damit 
zusammenhingende Frage kleinsten 
Schubspannung 7, (Peierlskraft), unter der sich 
die Versetzung bewegen kann, trotz einiger theo- 
retischer Ansatze nur sehr unbefriedigend be- 
antwortet. Die Voraussetzungen, von denen diese 
Modelle ausgehen, sind namlich nicht oder nur 


nach der 


sehr schlecht erfiillt. 
* Jetzt : Lehrstuhl fiir physikalische Grundlagen der 
Reaktorwerkstoffe, Technische Hochschule Aachen. 
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Es handelt sich dabei einmal um das lineare 
elastische Modell, das den Kristall als elastisches 
Kontinuum mit der Versetzung als Eigenspan- 
nungsquelle 2-3), zum anderen um das Modell von 
Prrerts":3-4), in welchem auch die Gitterstruktur 
des Kristalls naherungsweise beriicksichtigt wird. 
Fiir die eigentlich erwiinschte rein atomistische 
Behandlung fehlt jedoch eine ausreichende Kennt- 
nist der Wechselwirkung zwischen den Gitter- 
bausteinen. Bei Metallen ist dariiber hinaus das 
Verhalten der Leitungselektronen ein schwieriges 
Problem. 

Nun ist in Alkalimetallen eine Versetzung még- 
lich (wenn auch nicht beobachtet), deren elastische 
Lésung unter Beriicksichtigung der Kristallaniso- 
tropie eine bemerkenswerte Eigenschaft hat : Das 
Verschiebungsfeld lasst das Volumen der Ele- 
mentarzelle (Abb. 1) konstant, oder anders aus- 
gedriickt, es liegen reine Scherungen vor. Es ist 


+ Abgesehen von den Alkalihalogeniden, bei denen 
HunTINGTON\™) die Energie des Versetzungskerns fiir 
Natriumchlorid berechnet hat. 
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dies eine Schraubenversetzung parallel zu einer 


Kante der kubischen Elementarzelle, deren Burgers- 


vektor den Betrag einer Gitterkonstanten hat 


s 


Alkalimetalle 
Gitterkon- 


Elementarzelle der 


Gitter 


Kubische 


nzentriertes der 


mit 


stanten @) 


Abb. 2b) 


lung liegt daher die Annahme nahe, dass auch hier 


Fiir eine gittertheoretische Behand- 


(Ss 


die Verschiebungen nur reine Scherungen verur- 


zentrierter Kristal] 
ktor b = (U.U, a)) 


ten der 


ABI Kubisch raun 
versetzung (Burgersve 

Durcl 
bene = 0 bzw 


Die 


1 | 
mit den tosspun! 
Kri talle 
Seth 


} de: A] beast | t | 
chraubennache Pfeile deuten die 


Bilder zeigen die Lage der Gitterbausteine 


Gleitebene benachbart sind 


(a) Ohne Versetzung; 


Gittergeraden 


ausseren Schubkriafte an 


LEIBFRIED 


und G. 


sachen. Dann ist es méglich, die zum Erzeugen der 
Versetzung aufzuwendende Energie (Versetzungs- 
energie) aus den Verschiebungen gittertheoretisch 
zu berechnen. 

Diesen Tatbestand benutzen wir, um umge- 
kehrt iiber die Energie die Struktur zu bestimmen. 
Dazu machen wir fiir die Verschiebungen einen 
durch die Lésung im elastischen Modell nahelie- 
genden und physikalisch noch zu begriindenden 
Ansatz, der die Versetzungsweite als freien Para- 
meter enthalt. Im Ausdruck fiir die Gesamtenergie 
betrachten wir diesen Parameter als Variations- 
parameter und bestimmen ihn so, dass die Ge- 
samtenergie minimal wird 

Neben Struktur bestimmenden 
setzungsweite lisst sich auch die Peierlskraft er- 
Re, 


des 


der die Ver- 


mitteln. Die gittertheoretisch gewonnenen 
Ergebnissen 
Zuniachst 


sich mit den 


Modells 


sultate lassen 


Peierls’schen vergleichen. 


(b) 


(b) Mit Schrauben- 


Die oberen beiden Bilder zeigen den Kristall 


der Ebenen A und B durch die 


durch die beim Erzeugen der Versetzung daraus entstandene 


Die 


(lonen) in den Ebenen A und B, die der 
i 


unteren beiden 


Die Versetzungsgerade geht durch den Koordinatenur- 


sprung 
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werden wir die Ergebnisse des elastischen Modells 
und des Modells von Peierls angeben. 


1. DAS ELASTISCHE MODELL 
Im Falle der betrachteten Versetzung werden die 
Differentialgleichungen der Elastizitatstheorie sehr 
vereinfacht(*.?) Das Verschiebungsfeld 


s(r) = {u(r),o(r), (7); 


welches die Verschiebung eines im unverspannten 
Material an der Stelle r liegenden Punktes beschreibt, hat 
eine einzige von Null verschiedene Komponente, die 
nur von x und y abhingt und fiir die Lage der Verset- 
zungen im Ursprung (Abb. 2b) die Form hat : 


a  . 
arctg— fiiry > 0 
a y 2a y 
arctg— = 
x 


ree 


w(x, V) 
a ‘ 
arctg— fiiry <0 


y 
: (1.1) 
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a7 


(Der Arcustangens ist dabei zwischen —7/2 und +7/2 
zu nehmen.) 
Die von Null verschiedenen 


nungskomponenten sind 


Verzerrungs- bzw. Span- 


; 2b) 
2r x+y? 2n x*+y" 

Dabei sind a die Gitterkonstante und c,, der Schubmodul 
fiir Scherung parallel zu einer Wiirfelflache in Richtung 
einer Wiirfelkante. 

Man iiberzeugt sich anhand (3.2), 
Abstande R < a/2 vom Versetzungszentrum 
tretenden Verzerrungen grosser als 15 Prozent sind und 
daher nicht mehr mit der linearen Theorie behandelt 
werden diirfen. Im Versetzungskern ist die elastische 
Lésung also sicher falsch. 

Eine bemerkenswerte Tatsache ist es, dass fiir diese 
Schraubenversetzung trotz der Anisotropie bei Alkalien 
nur reine Scherungen, d.h. keine Volumdilatationen 
auftreten ; denn es ist 


von dass fiir 


die auf- 


div s(r) = 0. 


Fiir die Kraft einer dusseren Schubspannung 
74 = og. (die entsprechenden Schubkrifte sind in Abb. 
2b angedeutet) auf die Langeneinheit der Versetzung 
ergibt sich als einzige von Null verschiedene Kom- 
ponente 
(1.3) 


a 
kz = ao, = ar", 
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welche die Versetzung in der Gleitebene y = 0 in x- 
Richtung zu bewegen versucht. 


2. DAS MODELL VON PEIERLS(:?,*) 


Man betrachtet den Kristall oberhalb der Gitterebene 
A bzw. unterhalb der Gitterebene B (Abb. 2) als 
elastisches Kontinuum macht fiir die Wechsel- 
wirkung zwischen A und B einen vom Elastizitatsgesetz 
abweichenden nicht-linearen Ansatz, der die Periode des 
Gitters enthalt. Die Wechselwirkungskraft 
Krafte an den Halbraumoberflachen A und B kompen- 
sieren. Die als ,,Peierls’sche Integralgleichung“ fiir die 
Verschiebung wa (x) in der Ebene A bekannte Gleich- 
gewichtsbedingung lautet : 


und 


muss die 


: dx 
W(x )° 


(Das Integral ist als Cauchy’scher Hauptwert zu ver- 
stehen.) Die Abb. 2b entsprechende Lésung ist 


a a v—) 
arctg - (2.2) 
2r a 
mit der Versetzungsweite* o = a/4 und der beliebigen 
Lage 7 des Versetzungszentrums auf der x-Achse. In 
den Ebenen A und B stimmt diese Losung mit der 
elastischen Lésung (1.1) tiberein. Man kann zeigen, dass 
dann beide Lésungen in den elastischen Halbraumen 
identisch sind. 

Im elastischen Modell haingt die Versetzungsenergie 
nicht vom Ort 7 ab; die Versetzung kann also schon bei 
beliebig kleiner Schubspannung bewegt werden. Im 
Modell von Peierls hingegen Andert sich die Energie mit 
dem Ort, da die Wechselwirkungsenergie EF 4p zwischen 
den Ebenen A und B von dem Ort der Versetzungslinie 
abhingt : 

a sinh 
4irn 
cosh 7— cos —— 
a 


1+2e-7 - cos — 


4a a 


Y — 


a°c44 4am 


Der Verlauf von Eag ist in Abb. 3 dargestellt. Die 
Periode ergibt sich zu a/2 wie es sein muss, da—wie man 
sich anhand von Abb. 2b leicht tiberzeugt—nach einer 
Verschiebung der Versetzung um a/2 die gleiche 
Struktur vorliegt. 

Im sonst spannungsfreien Kristall liegt die Versetzung 
in einem Minimum der Energie. Wird sie durch eine 


* Die Versetzungsweite o ist definiert als derjenige 
Abstand vom Versetzungszentrum, fiir den das Argu- 
ment des Arcustangens in der Verschiebungsfunktion wa 
bzw. we gerade Eins ist. 
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von aussen angelegte homogene Schubspannung 7 aus- 


gelenkt, so wirkt die riicktreibende Kraft (pro Langen- 
einheit) 


dE 4p(n) (2.4) 


42 


3. Verlauf der Wechselwirkungsenergie E4p, in 


von der Lage des Versetzungszentrums. 


hangigkeit 


die im Gleichgewichtsfall von der 


spannung bewirkten Kraft (1.3) kompensiert wird 


durch die Schub- 


Im 


Gleichgewicht muss also sein 
dE 4p(n) 
dy 


ar® 


/ 


Die Mindestschubspannung, auch ,,Peierlskraft** gen- 
annt, die notwendig ist um die Versetzung durch den 
} 


Kristall zu bewegen, 1st 


> Max(7%) 


p g “ 10-2c44. 


Die Gleichungen (2.1) und (2.3) enthalten die ent- 
scheidende Annahme, dass die Verschiebungsfunktion 
wa (x) langsam veranderlich ist, oder anders ausge- 
driickt, dass die Versetzungsweite gross ist gegen die 
Gitterkonstante a. Das ist jedoch, wie die Lésung (2.2) 
zeigt, nicht erfiillt. Auf den Halbraumoberflachen treten 
Verzerrungen von 30 Prozent auf, was die Giiltigkeit 
des Peierls’schen Modells, wenigstens im vorliegenden 


Fall, fragwiirdig erscheinen lasst 


ABB. 4 
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Wir versuchen deshalb eine rein gittertheoretische 
Behandlung der betrachteten Schraubenversetzung, die 
auf jede Kontinuumsvorstellung und damit auf die 
Hilfsmittel der Elastizitatstheorie verzichtet. 


3. DAS GITTERMODELL 
A. Das Verschiebungsfeld 
Wir gehen aus von der rein elastischen Lésung 
(1.1). Diese Lésung besteht aus einer einzigen Ver- 


schiebungskomponente mit verschwindender Di- 


vergenz. Betrachtet man nun das im idealen Kristall 
(Abb. 2a) aus den zur z-Achse parallelen Geraden 
aufgebaute Gitter, so ist daher bei einer gitter- 
theoretischen Behandlung die Annahme nahelie- 
gend, dass bei Erzeugung der Versetzung diese 
Gittergeraden erhalten bleiben und nur in 

Richtung gegen ihre Ausgangslage verschoben 
werden. Natiirlich wird man daran denken, dass 
sich auch der gegenseitige Abstand andern kann 
und so Dichtednderungen im Kristall hervor- 
gerufen werden. Doch wegen der kleinen Aus- 
dehnung der Ionenriimpfe in Alkalien kann man 
davon wahrscheinlich Als Ansatz fiir 
unser Verschiebungsfeld eignet sich daher die 
elastische Lésung, in der wir jedoch die Ver- 
setzungsweite o (in (1.1) ist o = a/4 fest!) noch 
offen lassen. Das bedeutet: Wahrend in der elasti- 
schen Lésung das Verschiebungsfeld im ganzen 
Raum durch eine einzige Singularitat im Ursprung 
beschrieben wird (Abb. 4a), wollen wir die Ver- 
schiebungen in den Gitterhalbraumen oberhalb der 
Ebene A bzw. unterhalb der Ebene B durch je eine 
Singularitat beschreiben (Abb. 4b). In Abstanden 
von der Versetzungsgeraden, die gross gegen die 
Gitterkonstante sind, sind die Verschiebungen w 


absehen. 


aaa 


Singularitaéten, welche das Verschiebungsfeld in den 


Halbraumen des Alkalikristalls beschreiben. (a) Eine Singularitat 
fiir beide Halbraume im elastischen Modell; (b) Je eine Singu- 
laritat fiir jeden Halbraum im Gittermodell. 


(Die Geraden durch die 


Singularitaten 


sind Linien gleicher 


Verschiebung). 
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in unserem Ansatz identisch mit den Verschie- 
bungen der elastischen Lésung. Anderungen von o 
haben nur Einfluss auf die Verschiebungen im 
Versetzungskern. Unser Ansatz unterscheidet sich 
also von der elastischen Lésung nur in der un- 
mittelbaren Umgebung der Versetzungslinie. Die 
im elastischen Modell kontinuierliche Funktion 
w hat in der gittertheoretischen Beschreibung eine 
Bedeutung nur an den Durchstosspunkten der 
Gittergeraden. 

Das Verschiebungsfeld an den Orten (x, y), an 
denen sich Gittergeraden befinden, ist dann bei 
beliebiger Lage » des Versetzungszentrums auf 
der x-Achse 

aoa x—n 


i as ame vate GEIR emmenesccen 


fiir y > 0 
2a y+o—a/4 . 


(3.1a) 


w(x,¥,7) = 


und entsprechend 


a a xX—1) 
a arctg ———_——_ fiir y < 0. 


w(x, ¥,n) = : : — 
7 J— OO a 
: (3.1b) 
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nommene negative Ladungsdichte der Leitungs- 
elektronen. Beim Erzeugen der Schraubenverset- 
zung werden die Gittergeraden starr in ihrer 
eigenen Richtung verschoben. Die Energie- 
zunahme des so deformierten Gitters, die Verset- 
zungsenergie, lasst sich ohne 
Schwierigkeiten berechnen. 
Dieser gliickliche Umstand, der leider nur bei 
den Alkalimetallen vorliegt, ist der Tatsache zu 
verdanken, dass die Energie dieser Verformung 
praktisch nur elektrostatischer Natur ist. Die 
Wechselwirkung (Uberlapp) der Ionenriimpfe 
kann vernachliassigt werden, denn deren Durch- 
messer ist hinreichend klein gegen den Abstand 
nachster Nachbarn.* Energieanteile, die vom 
Volumen der Elementarzelle abhangen und quan- 
tentheoretisch zu berechnen waren, entfallen, da 
das Volumen der Elementarzelle erhalten bleibt. 
Die Versetzungsenergie ist die Differenz zwi- 
schen der Energie des Gitters im Endzustand 
(Gitter mit Versetzung) und der Energie im Aus- 
gangszustand (ideales Gitter). Wir berechnen die 
Energieanderung zunichst fiir ein Volumen Vo, 


grundsatzliche 


w=-%2-Yerarctg *—2 
a+d 


w=-%4 -etarctg ~—2- 








. ae 


Wy + Vor arctg 
4, + Yor arctg 
V4 + Yor arctg 


*e w= 


{w= - V4 - Yemaretg —_—* 
f 
\ 
f 
\ 


Ass. 5. Verschiebungen der Gittergeraden in der Schraubenversetzung. 


(Die Punkte sind die Durchstosspunkte der Gittergeraden durch die 
xy-Ebene). 


Abb. 5 zeigt die Durchstosspunkte der Gitter- 
geraden durch die xy-Ebene und fiir gleiche Ab- 
stande y von der xz-Ebene die Verschiebungen der 
Gittergeraden. 


B. Die Versetzungsenergie 

Wir stellen uns also den Kristall vor als eine 
Anordnung von parallelen Gittergeraden. Diese 
tragen in Abstinden a positive Ionenladungen e 
und sind eingebettet in die als konstant ange- 


das auf die Lange a einer ganz bestimmten Gitter- 
geraden entfallt (Abb. 6). Die Gesamtenergie er- 
gibt sich dann durch Summation iiber alle derartigen 
(nicht gleichwertigen!) Volumina. 

Der Einfachheit halber legen wir das Koordina- 
tensystem so, dass der Ursprung mit dem positiven, 


Bei Natrium ist der Abstand nachster Nachbarn 
A, der lIonendurchmesser (nach Goldschmidt) 


Ky 
A. 
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als Punktladung betrachteten* Ion im Volumen 
V> zusammenfallt. Bezeichnen wir mit p bzw. 9 die 
elektrostatische bzw. elek- 
trostatische Potential im verzerrten Gitter und mit 


Ladungsdichte das 


Ay 


6. Zur Berechnung des Beitrags vom Volumen Vy 
zur Versetzungsenergie. 
ist ein Quader mit der Grundflache a*/2 


Lange a einer einzelnen Gitter- 


und der 


der auf die 
geraden entfallt 


o bwz. o die gleichen Gréssen im idealen Gitter, so 


ist die Energieinderung im Volumen Vo 


de =} | {p(r)a(r)—p(r)o(r)} dr. 
i 


Die Ladungsdichte setzt sich aus den positiven 


Punktladungen und der homogenen negativen 


Ladungsverteilung der Elektronen zusammen : 
é 


(r) ——. 
Vo 


p(r) pil’) +p p 


Damit wird 


de = 4 | {p (r)o(r)—p.(r)o(r)} dr + 


| {o(r)—o(r)} dz. 
01”) 
Das zweite Integral verschwindet, da 9 und 9 beide 
periodisch langs der Gittergeraden sind und keinen 
konstanten Anteil besitzen. Das erste Integral er- 
gibt, da die Integration nur iiber das Volumen Vo 


* Fiir die folgende Rechnung ist es belanglos, ob man 
mit einer kugelf6rmigen oder punktférmigen Ladungs- 
verteilung eines Ions rechnet. 
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lauft und somit p,(r) = p,(r) = e8(r)g esetzt wer- 


den darf,7 


1 [ ed(r){ O(7r°)— o(r)} dr, 
(V,) 


so dass schliesslich 


e 
de 5 9(0)—(0)}. 


Zur Bestimmung der Energieanderung im 
Volumen Vo, und entsprechend fiir jedes andere 
gleichartige Volumen, muss man also die Differenz 
unverzerrtes 
betrachteten 


Potentiale fiir verzerrtes und 
Gitter Ort dem 
Volumen berechnen. Dies kann man auch so aus- 
driicken, dass man das Potential fiir die Differenz 
der Ladungsverteilungen des verzerrten und des 
unverzerrten Gitters fiir den Gitterpunkt im be- 


trachteten Volumen zu berechnen hat, der beiden 


der 


am des Ions in 


Gittern gemeinsam ist. Bei der Bildung der Diffe- 
renz der Ladungsverteilung fallt aber die konstante 
negative Ladungsdichte der Elektronen heraus und 
es bleiben die Ionenladungen e an den verzerrten 
Lagen und die Ladungen e an den unver- 
zerrten Lagen stehen. 

Das Potential % einer einzelnen dieser ,,Dipol- 
geraden“, die um 29 gegeniiber dem Aufpunkt ver- 
setzt ist (Abb. 7) und den Abstand R hat, lasst sich 
nach einer Methode von MADELUNG®) berechnea. 


Es ergibt sich 


h( R, 20, 5) 


——— — 
* 


Aufpunkt 
on im Volumen V,) 
Zur elektrostatischen Berechnung der Verset- 
zungsenergie. 


ABB. 7. 


@ lon im unverzerrten Gitter. 
Ion im verzerrten Gitter. 
Verschiebung der Gittergeraden relativ zum Auf- 
punkt. 


+ &(r) ist die Dirac’sche Deltafunktion. 
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wobei s der Abstand zwischen verzerrter und un-_ schranken und erhalten fiir den Energiebeitrag 
verzerrter Lage eines Ions ist, wenn man die Ver- einer benachbarten Dipolgeraden 

zerrung vom Aufpunkt aus sieht. Kg ist eine 

modifizierte Hankelfunktion (tabelliert bei JAHNKE- “u :) 

Empe"°)). Sie fallt ungefahr exponentiell mit wach- Pee 

sendem Argument ab. 


Der entsprechende Energiebeitrag pro Lange a Der auf das Volumen Vo entfallende Anteil der 
oe Versetzungsenergie oder, was dasselbe ist, die Ver- 
» setzungsenergie pro Lange a einer bestimmten 
e 4e2 ‘% 2nv Gittergeraden, ergibt sich durch Addition der 
HR, 20; §) Kol: - R) * Energiebeitrage der vier benachbarten Dipol- 
v=] geraden. 

yee Qarv Die Gesamtenergie der Versetzung erhilt man 


x -_ —(z9+5)—cos— 0/- er schliesslich durch Summation. Sie ergibt sich zu 
a a 


a“ 


Wegen des raschen Abfalls von Ko geniigt es, nur E(c,7) = AS\+ > Assn4 > 48s n) (3.4) 
n n 


die vier nachsten Geraden zu beriicksichtigen.* 


a 
sm “(m-+1) )—7 


Si 1+ cos| arctg —+arctg = 
a 


=m— (m+) )—» | 


l—cos 
a 


—nN+o 
2 


arctg—— —arctg-—— —|| 


a 
—m—7 
2 


1—cos | arctg-———_— arctg- 


a 
—n+6 
2 


Ko(rv/2). 


Fiir ve Geraden ist immer R = a/\/2 und Dabei bedeuten a die Versetzungsweite und 7 die 

29 = a/2. Im folgenden kénnen wir uns wegen des___ Lage der Versetzung. 

nie exponentiellen Abfalls der héheren Bevor wir uns dem Variationsproblem zuwen- 

Glieder auf das erste Glied der Summe (3.2) be- den, untersuchen wir diesen Ausdruck fiir die 

Energie nach Symmetrieeigenschaften. Man er- 

* Dieses Verfahren zur Berechnung der elektro- halt} 

statischen Energie lisst sich insbesondere auch auf (1) E(o n) = E(o,-+a/2) 

homogene Scherungen enwenden. So kann man den 7 . 

Schubmodul c,, theoretisch ermitteln. Da c,, schon gut 

durch diese nachsten Nachbargeraden bestimmt wird, + Die einfachen Beweise wollen wir hier nicht auf- 

ist die obige Naherung gerechtfertigt. fiihren. 
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energie ist mit a/2 periodisch in 7. 
I ] 


E(c,7 (3.6) 


nergie ist eine gerade Funktion von ». 
E(c,a/24 a(c n). (3.7) 
metrieeigenschaft, die aus (1) und (2) 
besagt zusammen mit (3.5), dass mit 
a/4 der Verlauf von E(c, n) 
© bekannt ist. Es geniigt 
ateren Rechnungen, E(c,n) ohne 
der Allgemeinheit nur in diesem 

etrachten 

der Gesamtenergie liegen in dem nach 


interessierenden Intervall 0 < 7 < a/4 


a 4. 


0 und 7 


Die Entscheidung, was Maximum und was 


Minimum ist, 
Anhand von Abb. 5 macht man sich leicht klar, 


lass diese beiden Lagen die einzigen Symmetrie- 


kann erst spater getroffen werden. 


in dem betrachteten Intervall sind und somit 


weiteren Extrema der Energie auftreten 
k6nnen 

Die obigen Aussagen erhalt man zundchst nur 
fiir konstante, d.h 


weite c. Es zeigt sich jedoch, dass c von » abhangt. 


n-unabhangige Versetzungs- 


Nun kann man weiter zeigen, dass 


o(n) = o(—n) und o(n) = o(n+a/2). 


Die erste Beziehung ergibt sich durch Spiegelung 
des Gitters mit Versetzung an der yz-Ebene und 
der daraus folgenden Gleichheit der Strukturen 
fiir 7 und —»n, die zweite durch Translation der 
Versetzung um a/2 in x-Richtung und der ebenfalls 
daraus folgenden Gleichheit fiir die Strukturen 
Also ist 


—e > 
bei Hn und 7 az 


E 6,7) 
Et 7 


E(n) 


E(a(n), 7) 
E n+Ta 2) 


und die obigen fiir konstantes o durchgefiihrten 


Uberlegungen gelten auch fiir n-abhangiges o. 


Die 


Aus einem Ansatz fiir das Verschiebungsfeld 


mit der die 


Versetzungsstruktur 


Versetzungsstruktur beschreibenden 


Versetzungsweite als freiem Parameter—haben 


wir den Ausdruck (3.4) fiir die Gesamtenergie der 
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Versetzung hergeleitet. Den Variationsparameter 
bestimmen wir nun so, dass die Gesamtenergie 


minimal wird. Das Variationsproblem lautet also 


E(c,) =0. 


CO 
Die Lésung dieser Gleichung ist allgemein 
fo} (7). 


Wir wollen die Bestimmung von o aus (3.5) nur 
fiir 7 ) = a/4 durchfiihren. An diesen 
Stellen liegen namlich die Extrema der Verset- 
a/4 (auf das 


wir nach (3.5) und (3.7) unsere weiteren Betrach- 


0 und 7 
zungsenergie im Intervall 0 < 7 


tungen beschranken diirfen), und fiir die gréssen- 
ordnungsmissige Bestimmung der kritischen 
Schubspannung kommt es nur auf die Differenz 
zwischen Maximal- und Minimal-Energie an, die 
sich aus o(0) und o(a/4) ermitteln lasst. 

Den Ausdruck (3.4) fiir die Gesamtenergie kann 
a/4 vereinfachen, da in 


3 ist : 


man fiir 7 = 0 und 7 


diesen Lagen So”) 


E(c,7) = AS, +2AS20+4+2A = SJ™ (3.6) 
n=] 
a/4. 


fiirn=—Obzw. 7 


(Das Herausziehen des nullten Gliedes aus der 
Summe geschieht im Hinblick auf die folgende 
Rechnung). Die Summenglieder im ersten und 
zweiten Term von (3.6) werden unter der spater 
Annahme 
1/2 nach Potenzen von 2c/a bis zu qua- 


durch das Ergebnis gerechtfertigten 
2c/a 
dratischen Gliedern entwickelt. Der entstehende 
Fehler ist vernachlassigbar klein.* Die Glieder mit 
kleinem |m| werden jeweils einzeln addiert und der 
Rest der Summe wird durch ein Integral ersetzt. 


Man erhilt 

fir 7=0: 
Si +2S2 = 6,18—1,30(2 

a/4: 
7,44—6,59(20/a)+8, 


und fiir 7 
$1 +2589 
Im Ausdruck fiir So (vgl. (3.46)), im dritten 


* Der Beitrag des niachsthéheren Entwicklungsgliedes 


ist fiir 7 = O kleiner als 1% und fiir 7 = a/4 etwa 4%. 
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Term von (3.6), kann man fiir m > 1 naherungs- 
weise N-+n durch N-+n+1 ersetzen. Da die 
Argumente der Arcustangenten sich mit dem 
Summationsindex m nur langsam dndern, ist die 
Differenz der Arcustangenten durch den Diffe- 
rentialquotienten darstellbar. Entwickelt man noch 
den Cosinus und bricht die Reihe nach dem 
quadratischen Glied ab (der entstehende Fehler ist 
auch hier vernachlassigbar), so kann man die 
Summation iiber m exakt ausfiihren. Dazu muss 
man diese Summe durch ein Umlaufintegral in der 
komplexen Ebene ausdriicken, das sich mit den 
iiblichen Methoden der Funktionentheorie aus- 
werten lasst. Die Summe iiber » wird durch ein 
Integral ersetzt. Da die Gesamtenergie divergiert, 
erstrecken wir die Integration zunichst nur bis zu 
einer endlichen oberen Grenze L. Physikalisch 
wiirde dies bedeuten, dass der Kristall in y- 
Richtung nur eine endliche Ausdehnung besitzt. 
Bei der Variation fallt diese obere Grenze heraus. 
Man hat schliesslich 


E(o, 0) = A{6,18—1,30(2/a)+4,49(2c/a)2}+ 


\77 Ye | 


+A - lim \- In — (3.6a) 
N+2) 


L--c \2 
und 


E(o, a/4) = A{7,44—6,59(20/a)+8,72(2c/a)?}+ 


ak, (3.6b) 
N +2) 
Setzt man diese Energien in (3.5) ein, so ergibt sich 
schliesslich fiir die gesuchte Versetzungsweite 


o(n = 0) = 0,122a w a/9 (3.7a) 


a(n = a/4) = 0,208a + a/5. 
D. Die kritische Schubspannung 

Die Versetzungsenergie als Funktion des Ortes 
der Versetzung auf der x-Achse andert sich mit der 
Periode a/2. Das haben wir bei der Untersuchung 
von E(c, 7) im Abschnitt B festgestellt. Die Ver- 
setzung hat also definierte Gleichgewichtslagen. Es 
ist daher eine dussere Mindestschubspannung 
noétig, um sie aus einer solchen Lage zu entfernen 
und durch den Kristall in x-Richtung zu bewegen. 
Diese kritische Schubspannung wird bestimmt 
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durch die maximale Steigung des Funktionsver- 
laufs E(n). Zur Abschatzung der Gréssenordnung 
der kritischen Schubspannung geniigt es, die 
maximale Steigung in E(n) zu ersetzen durch eine 
Gerade, welche durch die Funktionswerte der 
Energie benachbarter Extrema gelegt wird* (Abb. 8) 


tE(n) 


2) \ 
| 
| 


\ 





-3q/4  -a/2 -q/4 

Ass. 8. Periodische Anderung der Versetzungsenergie 

mit dem Ort 7» der Versetzung. Berechnet werden nur 

die Energiewerte fiir die Extrema. Die maximale Stei- 

gung wird durch eine Gerade ersetzt, die durch benach- 
barte Extremalwerte geht. 


Man muss sich vor Augen halten, dass zwar beidem 
unendlich ausgedehnten Kristalldie Gesamtenergie, 
bezogen auf die Liangeneinheit der Versetzung, 
divergiert, aber die durch die atomistische Struktur 
des Gitters bedingte Anderung 25E der Energie 
mit dem Ort der Versetzung endlich ist. Die 
Differenz zwischen maximaler und minimaler 
Energie ergibt sich zu 


28E = E(n =0)—E(n 


; 4e2 
mit A = —Ko(7rv/2). 
a 


a/4) = 0,04A (3.8) 


Im Gleichgewicht ohne dussere Krifte liegt die 
Versetzung in einer Energiemulde bei » = a/4. 
Wird sie aus dieser Ruhelage ausgelenkt, so wirkt 
auf sie eine riicktreibende Kraft in x-Richtung 
vom Betrage K = |@E/dn|, deren Maximalwert in 
roher Naherung*t 


25E 
Kmax oti (3.9) 
a/4 
ist. 
Das bedeutet fiir die Peierlskraft ty: 
Kmax. 


Tpa 


(3.10) 
* Die Steigung der Geraden ist eine untere Grenze 
fiir die maximale Steigung in E(7). 
+ Wenn der Verlauf von E(n) in Abb. 8 sinusférmig 
ware, wiirde K,,,, um den Faktor 7/2 grosser. 
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Damit wird die Peierlskraft 7,, die minimale 
aussere Schubspannung, die erforderlich ist, um 


die Versetzung durch den Kristall zu bewegen, 


Pe) bE 
44-10-38 e2/a4, (3.11) 
a 
e2/a* durch den Schubmodul c4q 


Driickt ,.man 


aus,* so erhalt man schliesslich 
4- 10-8c44. 
4. ZUSAMMENFASSUNG UND DISKUSSION 
val 


Wir | 
setzungsweite) und der kritischen Schubspannung 


yen zur Bestimmung der Struktur (Ver- 


einer speziellen Schraubenversetzung in Alkalien 


zunachst das Versetzungsmodell von Peierls her- 
angezogen. Die Versetzungsweite ist sehr klein und 
Lagen der Versetzung gleich. Sie ergibt 
sich zu a4 (a Gitterkonstante). Die 


kritische Schubspannung ist ausserordentlich gross, 


fiir alle 
kubische 


etwa von der Gréssenordnung des Schubmoduls. 
Die Resultate Modells 


jedoch verbesserungsbediirftig, da die wesentliche 


des Peierls’schen sind 


Annahme, das Verschiebungsfeld der Versetzung 
sei nur langsam mit dem Ort veranderlich, nicht 
erfiillt ist. 

Eine gittertheoretische Behandlung der Schrau- 
benversetzung, die frei von dieser Annahme ist, 
liefert quantitativ und qualitativ ein anderes Re- 
sultat : Die Versetzungsweite ist nicht konstant, 
sondern hiangt von der Lage der Versetzung ab. Sie 
Werte Die 


also ortsabhangig und sehr koazen- 


nimmt zwischen a/5 uad a/9 an. 


Struktur ist 
triert. Wenn man dieses Ergebnis einer statischen 
3etrachtung der Versetzung auf dynamische Ver- 
haltnisse iibertragen darf, so lasst berm Lauf durch 
,atmende** Versetzung 


den Kristall eine solche 


eine ausserordentlich starke Dampfung erwarten. 


* Es ist Cag = 1,08 e*/a* (vel. (8)). 


und G. 
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Die kritische Schubspannung ist um eine Gréssen- 
ordnung kleiner als im Peierls’schen Modell, 
obwohl man nach der bisher tiblichen Auffassung 
erwarten sollte, dass mit kleiner werdender Ver- 
setzungsweite die kritische Schubspannung stark 
anwachst. Diese Auffassung trifft jedoch sicher nur 
im Rahmen des Peierls’schen Modells zu, das fiir 
Versetzungsweiten, die Gitter- 
konstante sind, sowieso nicht mehr giiltig ist. Ob 


kleiner als die 


jedoch diese Ergebnisse qualitativ auf andere Ver- 


setzungstypen und andere Kristalle tibertragen 
werden diirfen, ist eine offene Frage. 

Es ist schwer zu iibersehen, inwieweit die 
Ergebnisse des Gittermodells von der Wahl des 
Variationsansatzes fiir das Verschiebungsfeld ab- 
hangen. Wir haben den Ansatz zwar mit physika- 
lischen Griinden belegt, doch lisst er eine Aus- 
dehnung bzw. Zusammenziehung der Verset- 
zungsstruktur nur parallel zur Gleitebene zu. 
Gegeniiber dem Peierls’schen Modell steht unser 
Modell, wenigstens in diesem Spezialfall, den 
wirklichen Verhaltnissen sicher naher, so dass die 
gittertheoretisch ermittelten Gréssen glaubwiir- 


diger erscheinen. 
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INFLUENCE DU POTENTIEL DU RESEAU ET 
CONTRIBUTION DES COUCHES A_ L‘ANNIHILATION 
DU POSITON DANS LE CUIVRE 
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Résumé—On analyse l|’annihilation d’un positon dans le cuivre en tenant compte du potentiel 
périodique du réseau. On trouve que ce potentiel est pratiquement sans effet sur l|’annihilation du 
positon avec les électrons de valence, tout se passant comme si le positon était libre avec sa masse 
normale. On évalue ensuite la contribution des électrons d du cuivre 4 |’annihilation ; celle-ci semble 
relativement faible, mais seule capable d’expliquer les «(queues )) de grandes quantités de mouvement 
des courbes expérimentales déduites des corrélations angulaires des photons y. Les chocs entre les 
électrons et le positon thermalisé n’élargissent guére les niveaux d’énergie. Tous ces résultats justifi- 


ent les approximations faites dans un article précédent. 


Abstract—Positron annihilation in copper is investigated, taking into account the periodic potential 
of the lattice. It is found that annihilation with the conduction electrons takes place practically as if 
the positron were free with its ordinary mass. The contribution to annihilation due to d electrons in 
copper is also evaluated ; this term is relatively small, but the only one able to explain the “‘tails’’ with 
large momenta of the experimental curves deduced from y-ray angular correlations. Collisions be- 
tween electrons and the thermalized positron do not broaden the energy levels much. All these results 


justify the approximations made in a preceding article. 


1. INTRODUCTION cuivre. Un développement de Fourier montre que 
les variations d’amplitude de cette fonction ont peu 


Dans un article précédent,™ nous avons calculé le 
d’influence sur le temps de vie et ne peuvent rendre 


temps de vie d’un positon dans le cuivre, en tenant 


compte des ((queues)) des courbes expérimentales 


compte de la polarisation des électrons de valence 
par le champ coulombien du positon. Comme le de Stewart.) Nous évaluons ensuite la contribu- 
tion a l’annihilation des électrons des courches 3d. 
Celles-ci occupent une part importante du volume 
atomique; elles ont ainsi une densité non néglige- 


positon se thermalise bien avant de s’annihiler, ®) 
deux simplifications étaient introduites : 
(a) ne considérer que les électrons de valence, a spy —. 
cause de la forte répulsion du positon par les able dans des regrons de grande probabilite de 
présence du positon. Ces électrons d participent de 
fagon appréciable a |’annihilation; ils semblent 
bien les principaux responsables des annihilations 


noyaux; 
(6) supposer la fonction d’onde du positon con- 
stante dans le cristal, ce qui se justifie si l’on cies hp 
néglige les électrons des couches internes. avec quantité de mouvement supérieure a celle des 
Nous étudions dans cet article la validité de ces 
simplifications. Nous montrons d’abord que les 


électrons au niveau de Fermi. 


chocs thermiques n’élargissent pratiquement pas 2. INFLUENCE DES CHOCS THERMIQUES 
les niveaux d’énergie du positon. Nous pouvons Le positon thermalisé peut échanger une 
donc prendre celui-ci dans son état le plus stable. énergie de l’ordre de son énergie d’agitation 
Nous calculons la fonction d’onde de cet état en 
tenant compte de la répulsion par les atomes de 
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thermique W par chocs avec des ¢lectrons au 
voisinage du niveau de Fermi. Les échanges avec 
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les électrons des niveaux inférieurs sont interdits 
par le principe de Pauli. I] en résulte un élargisse- 
ment SE des niveaux d’énergie des électrons par 
rapport au positon, dont on peut évaluer l’ordre de 
grandeur de la facon suivante : le nombre d’élec- 
trons a considérer par unité de volume est égal a la 
densité électronique* au niveau de Fermi kp/7x* 
multipli¢e par W’; soit kr leur vitesse, QO la section 
entouré de son écran. Le 


efficace du positon 


nombre de chocs par unité de temps est 


l 
N 
et l’élargissement correspondant des niveaux est 


] 
OE 


Par analogie avec les calculs de diffusion des 
électrons libres par l’hydrogéne,* on peut prendre 
O ~ 10 pour kp = 0,72. Avec W = 1/1000 a la 
température ambiante, on obtient 6£ ~ 0,5 10 

Cette quantité est tres petite devant la largeur de 
bande; la perturbation qui en résulte ne diminue 


pas appréciablement le taux d’annihilation 


DE LA FONCTION D’ONDE DU 


POSITON 


Puisque les excitations thermiques sont néglige- 


3. CALCUL 


ables, nous calculons la fonction d’onde du positon 
Nous 
l’onde radiale dans une sphere atomique 


| 


1 , 
methnode ade 


dans l’état fondamental déterminons la 


fonction 


par 


étendons la solution obtenue a tout 


unt Wiener-Seitz; nous 


puls 
le cristal, et la 


développons en série de Fourier 


(a) Fonction d’onde radiale dans une sphére atomique 


Nous utilisons, pour le calcul, un modeéle 


d’atome rigide dans lequel le positon est soumis a 


un potentiel V déterminé de la fagon suivante : | 
est la somme du potentiel répulsif de l’ion Cu’, tel 
des calculs de HARTREE et HARTREE®) 


qu 1 result 


unites atomiques 


*On utili 


=n iti = 
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avec échange, et du potentiel attractif de l’électron 
4s supposé uniformément réparti dans la sphere 
atomique. Le potentiel total V ainsi obtenu 
s’annule trés sensiblement sur la sphere atomique 
(Fig. 1). En premiére approximation, la polarisation 


—+ 


a Pp 

Fic. 1. Potentiel V subi par le positon dans une sphére 

atomique, en fonction de la distance r au noyau. a est le 
rayon de la sphére atomique. 


du gas d’électrons par le positon n’ajoute qu’un 
terme constant au potentiel; elle est donc sans 
effet sur la fonction L’équation de 
Schrédinger pour la fonction d’onde y& du positon 


d’onde. 


dans la sphére atomique s’écrit 
(1) 


Nous cherchons pour w |’état fondamental, de 


Ad’+2(E—1 we, 


moment nul et de symétrie sphérique. La condi- 
tion dys/dr = 0 sur la sphére atomique, qui traduit 
dans l’approximation de Wigner-Seitz la périodi- 
cité de & dans le cristal, détermine la valeur propre 
E 

Nous posons ri = f(r) ce qui remplace |’équa- 
tion (1) par 


of 
—+2(E—V)f=—0, 
dr? s 


avec la condition 


sur la sphere atomique, de rayon a 2,66 pour le 
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cuivre. En résolvant numériquement |’équation (2) 
par approximations successives, nous avons trouvé 
que la condition (3) était satisfaite 4 mieux que 3 
pour cent pres avec E = 0,2. Ceci correspond a 
une énergie de zéro du positon de 5,4 eV, donc du 
méme ordre de grandeur que |’énergie de Fermi 
moyenne des électrons de valence du cuivre. La 
fonction y% obtenue pour cette valeur de E ne 
présente aucun neeud dans l’intervalle (0, a); son 
amplitude sur la surface de la sphére atteint 1,1-10° 
fois son amplitude a l’origine, ce qui correspond a 
une probabilité de présence radiale au voisinage de 
r =a environ 10’ fois plus forte qu’au noyau 
(Fig. 2). 


a 


Fic. 2. Fonction d’onde % du positon dans la sphére 
atomique, en fonction de la distance r au noyau. 


Nous avons aussi calculé avec ce modele le 
premier état excité de moment nul et de caractere 
p. Nous avons trouvé que cet état correspond a une 
énergie beaucoup plus élevée que |’état fonda- 
mental, de l’ordre de 45 eV. Par conséquent, le 
positon conserve dans le réseau une masse effective 
voisine de l’unité. En effet, la masse effective m* 
se calcule par l’expression suivante): 


1-2 s, if ys;* grad Wo dr|* 


' (4) 
Rak 


sa 
t 


ou l’indice o se rapporte a |’état fondamental et 
l’indice 7 au 7@™° état excité. Le premier terme non 
nul de la somme du second membre est précisé- 
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ment fourni par l'état p cité plus haut. Le calcul 
numérique montre qu’il n’accroit la masse effec- 
tive du positon que d’environ 5 pour cent. Les 
grands intervalles d’énergie E;—Eo permettent 
de négliger les termes suivants dans l’expression. 


(4). 


(b) Développement de Fourier de la fonction d’onde 
dans le cristal 

Nous analysons en série de Fourier dans le 
cristal la fonction d’onde du positon, normée a 
lunité dans une sphére atomique 


Vy got+ > o(k +)eth+ T, 
k++0 


Les vecteurs ky sont ceux du réseau réciproque 
du cuivre. Le réseau de Bravais du cuivre étant 
cubique a faces centrées de parametre 26 
2a(27/3)* = 6,8, son réseau réciproque est cubique 
centré, de paramétre 27/b. Les vecteurs ky déter- 
minés par les neeuds successifs du réseau ré- 
ciproque ont pour modules : 


, V m2+me2-+ m2, (6) 


D 


my, Mo, mg désignant des nombres entiers tous pairs 
ou tous impairs en méme temps. 

Si la fonction d’onde du positon était constante 
et normée a l’unité dans la sphere atomique, son 


amplitude serait : 


4a 


| a 
3 


0,113. 


Dans les mémes conditions de normalisation, le 
calcul numérique des coefficients du développe- 


ment (5) donne 
0,109 


et, pour les termes suivants, des rapports g(R+)/go 
ne dépassant Nous 
donnons, dans le Tableau suivant, les premiers 
d’entre eux avec les valeurs de ky et le nombre n 


pas quelques centic¢mes. 


de points correspondants du réseau réciprogue : 
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2,61 3,06 3,20 


0,059 |+0,027 +0,042 |+0,038 +0,004 |—0,003 


6 24 24 24 32 24 48 


24 8 


4. DISCUSSION DES RESULTATS 
(a) Influence sur le temps de vie 


Comme le montre le tableau ci-dessus, les 


premiers termes du développement (5) corres- 
yondent déja a des quantités de mouvement du 
0.72 


iveau de Fermi dans le cuivre kz ,72. On sait 


positon tres superieures a celle des électrons au 
T 


que la parametre d’écran diminue quand la vitesse 


augmente ;‘®) donc les composantes (rapides)) de 
la fonction d’onde (5) subissent certainement moins 


1 


l’effet d’écran que la composante go de quantité de 


1] 


mouvement nuile; elles possedent par consequent 


un taux d’annibilation plus faible. D’autre part, 
I 


elles n’interviennent que pour environ 7 pour cent 
de la densité du positon; par suite, le temps de vie 


du positon calculé comme si sa fonction d’onde 


était uniforme ne doit pas étre inférieur de plus 
de quelques pour cent a celui que |’on obtient en 
utilisant sa fonction d’onde réelle, ce qui justifie 
approximation que nous avions faite dans notre 
premier calcul 


J 


(b) Influence sur les corrélations angulaires des 


ravons 


La probabilité pour que deux photons y soient 


é€mis avec une quantité de mouvement totale &, est 
proportionnelle a 

(/) 

r) et r) désignent respectivement la fonc- 


, ‘ :- 7. 1 ‘ >. , 
d’onde de |’électron et celle de positon évaluées 


La conservation de la quantiteé de 
ale se traduit par |’égalite vectorielle : 
k=k.+k_, (d) 

la quantité de mouvement de 


is’annihile. Les termes a k, () dans 
veloppement peuvent ¢videmment produire 
\ihilations a k > kr. Mais nous allons mon- 

] 


trer que ces contributions sont négligeables. 


En portant le développement (4) dans l’expres- 


/), on voit, compte tenu de Ia relation (d), que 


quantite 


le- 


; heir ER 2 ; é‘ 
la probabilité d’obtenir deux photons de 


] | 
de mouvement résultante R, avec le positon initia 


dans l'état k., est proportionnelle a g°(k.). La 


,70 4,02 


4,13 52 | 4,80 | 5,39 | 5,46 


+0,003 | +0,006 


0,025 |—0,024 


probabilité pour que les rayons y emportent une 
quantité de mouvement de module k k| a partir 
de l’état k, du positon est proportionnelle a l’aire 
de la calotte sphérique S représentée en trait plein 
(Fig. 3). Cette calotte de rayon k est centrée a 
l’origine du réseau réciproque; elle est située a 
l’intérieur de la sphere de Fermi & de rayon kp 
l’extrémité du vecteur k,. Puisque 
0, on peut d’ailleurs simplifier 


centrée a 


k, kp pour ki. # 


” 


k 


Fic. 3. Dénombrement des états de quantité de mouve- 


ment de 
ment du positon, kr celle des électrons au niveau de 


module k donné; k. est la quantité de mouve- 


Fermi 


le calcul en remplagcant les spheres de rayons k par 
des plans d’abscisse k le long de Rk. S’il y an points 
du réseau réciproque a la méme distance ky de 
l’origine, on obtient, en sommant sur tous ces etats 
une probabilite 


p(k) = C Xan(k.)g*(k+) xX 


j 


<[(kitkp—h)(k+kp—k.)], 


avec k ky 


‘6; constante 


kp dans chaque terme et 


Nous supposons que l’écran est le méme dans 
tous les cas, ce qui re vient a surestimer son effet 
Nous pouvons alors rapporter la 
4nCk72" 


valeur de k, 


pour ki. #0 
probabilité p(k) a celle po (R) qu’on 


obtiendrait pour la mém«e avec 
k 0). Ceci donne le rapport 


p(k) » ad, ok.) ]? (Ri +Rp—k)\(R+kp—k+)] 


po(k) —) + £0 k2 
Le calcul numérique de cette expression donne 


une courve étalée vers les grands k, mais quine 
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commence qu’au-dela du niveau de Fermi 
puisque k; > 2ky. D’autre part, son amplitude 
maximum ne dépasse pas quelques milliémes. 
(Fig. 4). Cet effet de la fonction d’onde du positon 
dans le réseau est donc totalement insuffisant pour 
rendre compte des observations expérimentales. I] 
faut, pour expliquer celles-ci, faire appel aux 
électrons des couches 3d. 


p(k) 





k 
Fic. 4. Contribution de la fonction d’onde du positon 
aux annihilations avec quantité de mouvement totale k 
supérieure a ky (pour les électrons de valence seulement). 
p/Po est la densité au positon des électrons de k donné, 
rapportée a la valeur qu’on observerait pour les électrons 
libres. 


5. CONTRIBUTION DES ELECTRONS DES 
COUCHES d 


HARTREE et Hartree) ont calculé la densité 
électronique radiale totale dans Cu.* A partir de 
leurs résultats, nous avons estimé graphiquement 
la densité radiale f(p) des électrons d dans une 
sphére atomique. Nous prenons pour fonction 
d’onde des électrons d dans une sphére atomique : 


1 | 


¢(e) = — -o AmPy"(cos B)e'™?f(p). (9) 
Ltr Lond 
m= —2 


Les Po” sont les fonctions associées de Legendre 
Tous les a,, sont égaux a 1/4/5 en l’absence de 
direction privilégi¢e. La fonction d’onde ys, des 
électrons d dans le cristal s’écrit, dans l’approxima- 
tion de liaison forte : 


alr) = Letk- Rid(r—R,), (10) 


les R,; étant les vecteurs du réseau. 


(a) Contribution aux quantités de mouvement 
Comme les couches d sont beaucoup moins 
polarisables que la bande de valence, nous négli- 
geons tout d’abord completement la polarisation 
des électrons d. Pour évaluer la probabilité que les 
rayons y emportent la quantité de mouvement k 
lors de l’annihilation avec un électron d, nous sub- 


re) 
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stituons la fonction d’onde (10) a %, dans |’ex- 
pression (7). 

L’intégrale étendue a tout le volume V du métal 
s’écrit, en posant r = R,;+-p; 


dr— e~ik(R;+p,) 


Jv W2nr 


ry 


[ dre-ik- ha(r)b,(r) 
vy 


x“ x amP2"(cos Oem ?f (p;)et®» Riysy(R;+9;). (11) 
m 


La fonction radiale f(p;) est pratiquement nulle a 
l’extérieur du 7¢™¢ sphére atomique; d’autre part : 
#,(R:+e:) = ¥,(e;). Ceci permet de décomposer 
lintégrale (11) en une somme d’intégrales étendues 
chacune a une sphere atomique : 


1 
PS e-ilk-kR; dr,——e-ik - Pix 
» Ve 


i 


x > amP20 (cos 6)em#f (p;)p(¢,). (12) 


m 


Cette somme ne sera pas nulle en moyenne 4a con- 
dition que : 

c’est-a-dire que : R—R k, 
réseau réciproque. Dans ces conditions, si le cristal 
contient N cellules élémentaires, la somme (12) 
sera N fois l’intégrale étendue a une sphére 


2n X entier, 


soit un vecteur du 


atomique : 


— dre~tk- p > AmPs™(cos Oe” ?f (p)b(p), 
Ver dy m 
(13) 
ou ¢b(p) désigne la fonction d’onde du positon dans 
cette sphere atomique. Nous introduisons ici le 
développement de Fourier du produit f(p)y(p) : 
F(pp) = Eh(kset+e, (14) 


ou les vecteurs k, sont ceux du réseau réciproque 
du cuivre. En posant k = k,+-k_, l’intégrale (13) 
se transforme ainsi en : 


1 a ° 
a. h(k.) | dre~tk-- Px 


V 2a A Jv 
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x S AmPs™(cos 0)eim?, 
—_— 


m 


En intégrant sur 4, on obtient 


> 4 na 
- % h(k..) p> dp | 


SD dam ~ 0 0 


h 
x P2(cos @) sin 6 dé. 


Finalement, il vient, apres intégrations sur 6 et p: 


a oo h(k..)x 


— 


K 
*kasin x 
11 sin k_a—5k_acos k_a—6 
~ 0 


(k_a/ . 
(15) 


Pour les premiers vecteurs Rk, du réseau reé- 
ciproque, nous avons trouvé par le calcul numéri- 
que des coefficients h(k,) du développement (14) 


les valeurs du Tableau suivant 


1,6 1,84 


0.011 


0.0039 


Le terme /A(0) fournit le contribution de beau- 
coup la plus importante. La Fig. 5 indique la 


repartition en quantites de mouvement que nous 


k 


FIG 
k des annihilations avec les électrons d (sans polarisation). 
ax est le 


5. Répartition suivant les quantités de mouvements 
Méme définition de p py, que dans la Fig. 4. k 
rayon de la sphére dont le volume est égal a celui d’une 
zone de Brillouin. 


avons calculée en ne retenant que ho dans la 
somme (15) et en remplagant la premicre zone de 
Brillouin du réseau réciproque par une sphere de 
méme volume. Cette répartition est rapportée a ce 
que donneraient des électrons libres occupant la 


méme sphere dans |’espace des k. 

Dans la Fig. 6, nous avons construit une courbe 
en additionnant simplement pour chaque valeur de 
k la contribution que nous avions calculée preé- 
cédemment pour les électrons de valence et celle 
que nous venons d’obtenir pour les électrons d. 
Nous comparons cette courbe aux points expéri- 
mentaux de Stewart, que nous avons reportés sur 





Fic. 6. Comparison avec les points expérimentaux de 


Stewart de la répartition des annihilations suivant les 
quantités de mouvement (on a tenu compte de la polar- 
isation des électrons s, mais pas de celle des électrons d). 


Mémes définitions que pour les Figs. 4 et 5. 


la méme figure en ajustant leurs ordonnées de fagon 
a établir la coincidence immédiatement au-dessous 
du niveau de Fermi. En pointillé, nous indiquons 
ce que l’on s’attend a trouver en tenant compte de 
la forme réelle de la zone de Brillouin pour les 
électrons d. On voit que ces électrons d rendent 
compte d’une part notable des quantités de mouve- 
ment observées au-dela du niveau de Fermi. 
L’accord serait certainement plus complet si 
nous avions tenu compte de la polarisation des 
couches d d’une part, et de |’élargissement des 
niveaux par effet Auger d’autre part. La premiere 
correction aurait pour résultat d’augmenter les 
~ kp; la 


seconde étendrait cette ((queue)) vers les grandes 


ordonnées des points calculés pour k 


valeurs de k. L’examen de cette partie de la Fig. 6 
permet d’avoir une idée des polarisabilités re- 
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spectives des couches d et de la bande de valence. 
En effet, il suffirait de doubler ou de tripler la 
densité locale des électrons d pour que les valeurs 
calculés concordent avec les points expérimentaux, 
alors que nous avions trouvé que la polarisation 
multipliait par un facteur 23 la densité des élec- 
trons de valence au positon. On vérifie ainsi que 
les couches d sont relativement peu polarisables, 
comme nous l’avions supposé. Le trou positif qui 
apparait lors de l’annihilation d’un électron d subit 
un élargissement Auger certainement important. 
En effet, l’absorption optique du cuivre montre que 
la bande d se situe a peu pres entre 2 et 3 eV au- 
dessous du niveau de Fermi. A cette profondeur, 


LANDSBERG‘) nous avions 


la formule de que 
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pour cent de leur contribution (§1Va). Pour les 
électrons d, la valeur 3,7 est déduite de l’aire com- 
prise sous la courve de la Fig. 5. La contribution 
des électrons de valence doit étre multipli¢e par le 
facteur 23 calculé dans I’article précédent;™ le 
facteur d’écran pour les électrons da été estimé plus 
haut étre voisin de 2 (§Va). 

La derniéere colonne compare le temps de vie 
ainsi calculé a l’expérience@® et a la valeur que 
donneraient des électrons de valence non polarisés. 
On voit que la valeur calculée semble un peu trop 
faible, mais est en bien meilleur accord avec 
’expérience qu’une approximation d’électrons 
libres et sans écran. On voit aussi que la contribu- 
tion des électrons d est relativement faible, si bien 


Taux d’annihilation 


(en valeurs relatives) 


Sans écran 


Electrons de valence 0,93 


Electrons d 


Expérience(®) 


Electrons et positon 
libres et indépendants 


utilis¢e pour les électrons de valence donne une 
demi-largeur des niveaux d’environ, 0,3 eV. Nous 
ne pouvons pas exprimer de facon précise cette 
largeur en fonction de k faute de connaitre la 
relation E(k) pour les électrons d. Mais nous pou- 
vons affirmer que, dans l’espace des &, |’élargisse- 
ment Auger sera une fraction notable de kp. 


(6) Contribution au taux d’ annihilation 

Le Tableau suivant résume le calcul du taux 
d’annihilation. Nous tenu compte des 
différents facteurs discutés plus haut. 

La premiere colonne donne les taux d’annihila- 
‘ion que l’on calculerait s’il n’y avait pas de polari- 
sation, rapportés a la valeur calculée pour un 
positon libre et des électrons de valence libres. 
Pour les électrons de valence, la valeur 0,93 est 
déduite de ce que la périodicité de la fonction 
d’onde du positon diminue au maximum de 7 


avons 


Temps de vie 
—_— - x 10!° (sec) 


Facteur de polarisation 


23 


que la valeur du temps de vie que nous trouvons 
ici n’est pas tres différente de celle que nous avions 
précédemment calculée.) 


6. CONCLUSION 


Les calculs précédents justifient les approxima- 
tions que nous avions faites dans notre premier 
article pour le calcul du-temps de vie du positon, 
dans la mesure ot il s’agit d’expliquer d’une fagon 
semi-quantitative les résultats expérimentaux. Nos 
conclusions relatives au réle des électrons d con- 
firment celles auxquelles FERRELL) était conduit a 
partir d’une description plus schématique de la 
fonction d’onde du positon. 

Mais il est nécessaire d’améliorer considérable- 
ment la précision des expériences si l’on veut en 
tirer des renseignements réels sur la structure 
électronique du métal lui-méme. 
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Ce travail nous a été suggéré par Monsieur 
FRIEDEL auquel nous tenons a exprimer nos re- 
merciements pour les nombreux conseils qu’il nous 


a dispensés au cours de sa réalisation. 
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Abstract—Some experiments are described that indicate the extent to which the initial surface con- 
dition of zirconium controls both thermal and anodic oxidation of the metal. Some observations of 
the effect of ultraviolet light are also reported. The interpretation suggested for these observations 
is in terms of the possible variation in electronic work function and defect state of the oxide depend- 


ing upon the physical condition of the metal surface. These variations will affect the efficiency of 
anodic film formation, and a qualitative scheme of possible mechanisms whereby film growth is con- 


trolled is described. 


1. INTRODUCTION 
EXPERIMENTS to determine the details of the mech- 
anism of oxide film growth on zirconium during 
carried out by 
the 


thermal oxidation have been 
CHIRIGOS Tuomas.” Using 
technique introduced by PreiL,®) they observed 
that thermal oxidation proceeds by oxygen (anion) 
migration through the oxide film towards the 


and marker 


metal/metal-oxide boundary. These observations 
have been confirmed in other studies. -*) 

Recently the authors have reported an experi- 
ment in which ion migration in zirconia at room 
temperature under comparatively low electric 
fields has been studied by chemical detection. 
Interpretation of the results again indicates that, 
at least for small electric fields, oxidation proceeds 
by anion migration through the zirconium oxide. 
The details of film growth under anodizing con- 
ditions are not necessarily the same, since high 
electric field strengths are used in these cir- 
cumstances, and the ratio of the mobilities of the 
metal cations and oxygen anions is not independent 
of field strength across the oxide for high fields, as 
it is for low fields. The larger ionic charge on the 
metal cations may allow oxide growth to occur by 
both anionic and cationic migration under high 
field conditions, particularly if the difference in 
the activation energies for movement of cation and 
anion defects amounts to only a few tenths of an 
electron volt. 


It has long been recognized that the anodizing 
behaviour of metal surfaces depends upon the 
physical and mechanical state of the initial surface. 
In this paper experiments are reported in which a 
study has been made of the variations in oxide 
growth on zirconium metal under different surface 
preparations. Both thermal growth and anodic 
growth have been studied. 


2. EXPERIMENTAL DETAILS AND OBSERVA- 
TIONS 

A number of specimens, 5 
for test from Kroll metal zirconium sheet produced 
by Murex Ltd. The surface condition as received 
was bright rolled. A nominal analysis gave hafnium 
oxygen 0-8, and nitrogen 


1 x 0-02 cm, was cut 


0-5-3-0, carbon 0:15, 
0-04 per cent. 

For the determination of film thickness (thermal 
and anodic) a series of reference strips of zirconium 
was anodized by the standard technique des- 
cribed in Section 2.2.2. After passing through the 
initial incubation period, the totally immersed 
strip was anodised for 2 min at 1 V and then with- 
drawn 1 cm and the process repeated at 1 V in- 
crements up to 230 V. No staining due to electro- 
lyte creep was observed, a demarcation line only 
forming between each 1-cm band due to high 
current density at the solution line. In this way 


strips having a range of interference colours, 
in well-defined bands, equivalent to formation 
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potentials of 1-230 V or thicknesses of 20-4600 A, ® 
and showing four orders of colour, were prepared. 
Above 230 V the colour of the film was green- 
black, difficult to 


differences in colour. 


and it was discriminate fine 


2.1 Incubation Period Study 

When 
there is a period of variable duration in the initial 
the 
when the voltage drop across the cell remains con- 


a specimen of zirconium is anodized, 


stages of process—the incubation period 
stant for a fixed current density. At the end of this 
period film growth starts, and the voltage required 
to maintain the same current density increases, 
not necessarily in a linear manner, as the oxide 
film thickness increases 

The incubation period varies with the initial 
surface condition of the zirconium metal with its 
protective oxide film. Some study of the factors 
affecting this variation has been made with the 
following results. 

There is considerable variation in the incubation 
period of cold-rolled, degreased, sheet specimens of 
zirconium, which is thought to be due to variations 
in surface hardening produced in the final re- 
duction stages during cold rolling. Some confirma- 
tion of this was obtained when a batch of zirconium 

I bited a long incubation period (~ 20 


‘ 


the “‘as-received’’ cold-rolled condition, 
a very short incubation period (~ 20 sec) 

the surface layer had been removed with a 

1 fluoride pickle 
importance 


] 


ot 
ayer) is also supported by the following 


a distorted surface layer 


‘iments. If zirconium with a long incubation 


abrasive such as 
emery or carborundum, as the grinding time is in- 


is ground dry with an 


creased up min the incubation period is 


progressively reduced to a minimum value ( ~ 30 
However, dry grinding for longer periods than 


nin and to fine (400) mesh abrasive, restores 


the long incubation period (~ 20 min). Dry grind- 


very long periods (~ 5 min), to produce a 

’ finish on the metal surface to be anodized, 

results in an incubation period of more than 2 hr. 
On the other hand, 


prepared by wet grinding down to fine (400) mesh 


zirconium metal which is 


abrasive under water always results in short in- 
20 (cf. 20 min for 


cubation pe riods of ~ sec, 


similar material dry ground) 


j. 
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Once film growth does start, the rates of in- 
crease of voltage with time for a given current 
density are in the approximate ratio of 2:1 for 
wet-ground and dry-ground material respectively. 
The voltage/time rate for pickled material was 
half-way between the rates for wet- and dry- 
ground metal for the particular batch of material 
chosen. The greater voltage/time rate for wet- 
ground metal surfaces has been observed on two 
samples of metal from different batches, which 
showed different absolute rates. 

While these results may not be exhaustive, in- 
asmuch as the anodizing voltage/time rates during 
oxide film growth vary considerably between 
different batches of zirconium metal similarly pre- 
pared, nevertheless it is held that the ratio of the 
rates under different surface preparaticns is ap- 
proximately constant. In additior, it is possible to 
prepare zirconium metal in such a manner as to 
give long (dry grinding) and short (wet grinding or 
pickling) incubation periods. 


2.2 Conjoint Thermal and Anodic Oxidation 

To elucidate further the mechanism of oxide 
film growth on zirconium metal, the formation of 
thermal films and of anodic and thermal films in 
juxtaposition has been studied on metal surfaces 
prepared in the different ways outlined in the 
previous section. The observations will now be 
given for the several experiments in turn. 
2.2.1 The thermal formation of oxide films on 
zirconium 

In these experiments oxide films were grown on 
zirconium sheet by heating in air at 300°C for 
various times on a hot plate. The oxide thicknesses 
were estimated from the interference colours pro- 
duced. The metal sheet was prepared by degreas- 
ing first in acetone and then either dry grinding, 
the *fAs- 
received”’ metal, degreased, was also oxidized. The 


wet grinding, or pickling surface. 
results showed that metal in the ‘‘as-received’’, 
dry-ground, wet-ground, and pickled conditions 
oxidized thermally at progressively lower rates. 
The very low rate for a pickled metal surface was 
similar to that quoted for pickled van Arkel zir- 
conium.‘”) Fig. 1 shows the oxide thickness/time 
relation at 300° C for the four types of surface pre- 
paration. According to the theory for the growth 


of very thin films at constant voltage *) there should 
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Fic. 1. Thermal oxidation of zirconium in air, at 300° C. 


be a linear relation between film thickness and the 
logarithm of the time required to form the film. 
The results are therefore replotted in this manner 
in Fig. 2. 
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Fic. 2. Relationship between log t and reciprocal 
thickness. 


It will be observed that there is differential 
growth behaviour when the oxide films are very 
thin, but that after a certain critical thickness has 
been reached, further thermal growth is the same 
for both wet- and dry-ground metal surfaces. ‘The 


evidence on thermal growth of very thin films 
(< 250 A) is not entirely conclusive through lack 
of sufficient experimental evidence. Electron- 
diffraction observations on these thin films, 
formed on “as-received” metal, showed that a 
sharp diffraction pattern developed at about the 
film thickness corresponding to the point O in 
Fig. 2. 


2.2.2 Anodic film growth on a thermal oxide substrate 

In these experiments thermal films were formed 
on specimens of zirconium metal, the surfaces of 
which had been prepared by (a) dry grinding and 
(b) wet grinding. The subsequent growth of anodi- 
cally formed films on these oxidized specimens 
was then studied as a function of surface prepara- 
tion for different thicknesses of the thermally 
formed film. Anodic oxidation was carried out in 
aqueous ammonium borate (20-6 g/1.) at 20° C, at 
a constant current density of 2-5 mA/cm?, using a 
platinum cathode. 

(a) Dry-ground material. The anodizing voltage 
time curves obtained on dry-ground metal are 
shown in Fig. 3 for various thicknesses of the pre- 
formed thermal film. The slight curvature in the 
voltage/time relation for a specimen with no 
thermal film is enhanced as the thickness of the 
thermal film is increased. The voltage/time rate is 
increased at high voltages under prolonged initial 
thermal treatment and approaches the value ob- 
tained on wet-ground material (~ 20 V/min). 

The increase in film thickness, determined by 
changes in interference colours, did not occur until 
the voltage across the specimen had reached that 
value corresponding to the equivalent formation 
potential of the thermally preformed film. 
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The total charge passed during the time when 
the formation voltage increased to an arbitrary 
voltage of 70 V, that is to say, from the end of the 
incubation period to the instant when 70 V was 
reached, was sensibly constant to within ~ 10 per 
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:0dic growth on thermal substrate; dry-ground 


material 


cent and was independent of the thickness of the 
thermal oxide previously formed. 

The total charge passed during the time was 
; ee 


times that which is calculated as necessary to 
70 V 


~] 


current is film forming 


form a anodic film assuming that a// the 


To complete film growth 


j 


additional charge was passed at the constant 
(70 V) for 2 min. The final film 


finishing voltage 
thickness, as judged from the colour, was close to, 
but slightly greater than, that expected for a 70 V 
film in all cases. Additional charge was also passed 
during the incubation period at the start of anodiz- 


go. The surface was dry ground in such a manner 
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as to produce a relatively short incubation period 
~ 2} min. Thermal treatment did not completely 
remove this incubation period, but reduced it to 
between ~ 20 sec and 1 min 20 sec. 

(b) Wet-ground material. The anodizing-voltage 
curves for wet-ground material are shown in Fig. 
4; again, each curve is for a given thickness of the 
preformed thermal film. Comparison with the 
results of Fig. 3 for dry-ground metal reveals 
significant differences in anodizing behaviour re- 
sulting from the details of initial surface prepara- 
tion. 

The anodizing voltage necessary to maintain the 
constant current density rises quickly to the value 
corresponding to the equivalent voltage across the 
thermally formed film of given thickness. The 
extrapolated portions of the anodizing-voltage 
curves generally intersect at approximately the 
voltage equivalent to the thickness of the thermally 
formed film; the equivalence factor has been esti- 
mated at 20 A/V.‘ The curvature of the voltage 
time curves is opposite in sign to that obtained on 
dry-ground metal. 

The time taken to grow the anodically formed 
film on wet-ground metal to the same arbitrarily 
chosen finishing voltage of 70 V (1400 A), is 
shorter by a factor of ~ 2 compared with the for- 
mation time on dry-ground metal. Furthermore, 
the total charge passed during anodizing decreases 
as the thickness of the preformed thermal film on 
wet-ground metal increases. Thus, for wet-ground 
surfaces, the anodizing film growth efficiency re- 
mains more nearly constant and independent of 
the thickness of the preformed thermal film. For 


dry-ground metal the anodizing efficiency de- 
creases as the thickness of the preformed thermal 
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4. Anodic growth on thermal substrate; wet-ground material. 
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film increases. In the latter case, therefore, ap- 
preciable electronic charge must flow through the 
thermal film to establish the necessary potential 
drop across the film which will promote further 
(anodic) film growth. This necessary total elec- 
tronic charge must be increased as the thermal 
film thickness is increased. 

The voltage/time rate at high voltages on wet- 
ground metal, when anodic film growth is taking 
place, is approximately double that of dry-ground 
metal provided that the heating time for thermal 
film formation in the latter case is not too long nor 
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initial anodic film; finally the voltage increases with 
time at a nearly constant rate once the final anodic 
film begins to grow. 

There is one important difference, however, 
from the results obtained for anodic growth on 
thermal films formed at 320° C on dry-ground 
material with no preformed anodic film. This is 
that the time to complete the formation of the 
70 V film during the final anodizing decreases with 
increasing total thickness of the preformed anodic 
plus thermal film. The total charge passed thus 
decreases similarly to the observed anodizing be- 
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Fic. 5. Final anodic film growth on anodic/thermal oxide substrate; dry-ground material. 


the temperature too high. If these conditions are 
not observed, the differences between wet- and 
dry-ground surface preparation are reduced, and 
the growth rates approach the value of the wet- 


ground material. 


2.2.3 Anodic growth on compound thermal anodic 
oxide substrates 
In these experiments an anodic film was first 
formed to some chosen formation voltage. The 


specimen was then thermally oxidized so that the 
total oxide film was thickened. Finally, the oxide 
film was grown further by anodizing to the final 
arbitrary finishing thickness of ~ 1400 A under a 


final anodizing potential of 70 V. 

(a) Dry-ground material. ‘The final anodizing 
voltage/time curves are shown in Fig. 5. It will be 
observed that the preformed anodic and thermal 
films both tend to retain their identity. The 
thermal films were formed at 460° C in this case. 
Thus the final anodizing voltage rises quickly to 
the voltage of the anodic film formed first; then the 
voltage is established slowly over the thermally 
formed film as in the experiments on metal with no 


haviour of wet-ground material with preformed 
thermal films. 

This difference is ascribed to the higher tem- 
perature (460° C) which was used to produce 
subsequent thermal film growth on an oxide film 
which had already been formed anodically. 

(b) Wet-ground material. The final anodizing 
voltage/time curves are shown in Fig. 6. These 
curves are similar to those obtained on 
ground material having only preformed thermal 
films (Fig. 4). There is a rapid increase of anodiz- 
ing voltage up to approximately the equivalent 
formation voltage of the composite film (anodic plus 
thermal). The latter are in rough agreement with 
the values of the potential at the intersections of the 
extrapolated linear initial and final parts of the 
curves. The curvature in the voltage/time relation 


wet- 


is again opposite in sign to that observed on dry- 
ground material. This curvature occurs where the 
potential across the thermal film is being estab- 
lished. Once the equivalent formation potential has 
been established across the composite anodic 
thermal film, further anodic growth begins, re- 
sulting in the ultimate nearly linear part of the 
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Final anodic film growth on anodic/thermal oxide substrate; wet-ground material. 
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voltage time relation, up to the chosen finishing 
voltage of 70 V 
The total charge passed again decreases with in- 


creasing composite thickness of the preformed films. 


2.3 The Effect of Ultra-violet Light on Oxidation Rates 


Some study has been made of the growth be- 
haviour of oxide films on zirconium metal pre- 
pared by wet and dry grinding. 

It was found that, provided the metal surface was 
illuminated during the very early stages of film 
growth: 


(a) growth was retarded on dry-ground metal, 
(b) growth was accelerated on wet-ground metal. 


These observations hold whether the oxide was 


grown anodically or thermally. The results are 


Table 1 


shown in 


Table 1. Analysts of dark and u.v 


Conditions Dry-ground material 


U.\ 


film 
thic k- 


Per 
cent- 


Dark 
film 
thick- 


Forn a- 
Differ- 
ence 


(A) 


tion 
age 


differ- 


potential 
(V) 


ness 


(A) 


ness 


ence 


17 


1800 


3. DISCUSSION 


The proposed explanation of these experimental 


observations is based on the supposition that, 
whereas at low field strengths across the oxide the 
growth occurs predominantly by anion movement, 
at high field strengths growth occurs both by 
anion and cation movement under favourable 
circumstances. However, experimental conditions 
which favour the evolution of oxygen gas and the 
transport of electrons across the oxide, in addition 
to the growth of the oxide by ion absorption, may 
impede anion movement, so that only the cation 
migration will contribute to oxide growth. 

Thus, anion movement is impaired when elec- 
trons which are freed from the oxygen ions at the 
oxide/solution interface are trapped at anion 
vacancies as they move across the oxide. The anion 


vacancies will have their effective positive charge 
.-Irradiated anodic oxide film growth 


Wet-ground material 


U.V Per Average 
film 
thick- 


ness 


Dark 
film 
thick- 
ness 


(A) 


Average 
Diiter- 
ence 


(A) 


percent- cent- percent- 
age age 


differ- 


age 
differ- 


ence 


differ- 


ence ence 


440 


600 


1800 2000 
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reduced with the result that their mobility under 
the action of the external field will be less. 

Under strong fields, the mobility of an ion defect, 
which is proportional to its successful jump fre- 
quency, v, depends upon the exponential factor 
exp (zeFb/kT), where z is the effective valency of 
the defect and F the field strength. It follows that 
a smaller value of z resulting from electron trapp- 
ing at anion vacancies will seriously reduce the 
anion contribution to oxide growth. The activa- 
tion energy controlling the jumping of anions into 
neighbouring vacancies in the absence of an ex- 
ternal field will be reduced if the adjacent anion 
vacancy has trapped an electron. This effect will 
counteract the reduced mobility of the anion 
defect. At high field strengths it is considered that 
the resultant effect will be to reduce the anion 
mobility. ‘wo possible cases must therefore be 
considered: 

(1) If the surface condition at the oxide 
solution interface is such as to favour the reaction 
O >O-+2e at low field strengths, then many 
electrons will pass through the existing oxide 
film and the anion vacancies will become saturated 
with trapped electrons. As the negative charge 
develops in the oxide film, the passage of electronic 
current across the film will become more difficult 
and the external field necessary to maintain a con- 
stant current density must be increased. In ad- 
dition the “‘double layer” of trapped negative 
charge in the oxide and compensating positive 
charge at the metal/oxide interface will set up an 
internal field acting in the same direction as the ex- 
ternal field. Consequently ionic defect movement 
across the metal/oxide barrier will be enhanced and 
film growth will occur. At constant current density 
the ratio of ionic to electronic current will increase. 
If all the anion vacancies are saturated, only the 
cation migration can contribute towards oxide 
growth. 

The negative space charge induces a positive 
charge at the metal surface in contact with the 
oxide. The resultant internal field reduces the 
energies of electrons close to the metal/oxide inter- 
face below the Fermi energy of the electrons in the 
metal. A high-resistance barrier to further electron 
conduction from oxide to 
metal is thus set up as electrons become trapped. 

(2) If the initial surface condition does not 
~O-+-2e at low fields, then 


across the interface 


favour the reaction O 
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electronic flow across the oxide will be restricted 
and will constitute a smaller fraction of the total 
constant anodic current density. In such a case the 
(high) field established across the existing oxide 
film will maintain a current which is predominantly 
ionic. Oxide growth will thus occur by both cation 
and anion vacancy migration in this event since no 
appreciable electronic current will have passed for 
any length of time across the existing oxide film; 
consequently few anion vacancies will have trapped 
electrons. The growth rate will therefore be ap- 
proximately twice as great as in the first case des- 
cribed above, provided that the normal contribu- 
tions to growth from cation and anion movement 
are nearly equal. 

On this model the experimental observations can 
be satisfactorily described in a qualitative manner. 

It is suggested that the atomic structure of dry- 
ground metal will be more disordered in its surface 
layers than will that of wet-ground metal. Also 
‘as-received’ metal will be surface hardened to a 
degree depending upon the final cold-rolling con- 
ditions. This surface hardening will modify the 
electronic work function between the metal and 
the metal oxide. Thus the efficiency of the reaction 
O -O+2e, which will depend upon the work 
function, will differ according to the state of the 
metal surface. Furthermore, it is possible that the 
more disordered metal oxide the surface- 
hardened material will contain many more anion 
vacancies than in undistorted oxide, so that elec- 
tronic conduction through the oxide may occur via 
the resulting electron defect band, rather than via 
the electronic conduction band of the more perfect 


on. 


oxide. 

A low electronic resistance may thus be expected 
if there is severe surface disorder, and this is con- 
sistent with the prolonged incubation period ob- 
served in this case. Ultimately, under the low field 
strength which maintains the constant total current 


density across the disordered oxide, a redistribu- 
tion of anion vacancies will occur and film growth 
will then begin. The voltage/time curve will show a 
positive curvature, as the field strength will in- 


crease with the anion vacancy redistribution. ‘The 
film growth rate on surface-distorted metal will be 
low, since the anion vacancies will be rendered re- 
latively immobile by electron trapping. Oxide 
films will grow faster on the more perfect metal 
basis of wet-ground and pickled metal surfaces 
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than on metal prepared by dry grinding or in the 


‘“‘as-received”’ condition. 

The experimental observations of composite 
anodic thermal film growth can then be inter- 
preted as follows. Anodic growth on dry-ground 
material takes place via the mobility of positive 
ions only. Anodic growth on wet-ground material 
the motion of both cation and anion 


occurs by 
defects and is therefore faster than film growth on 
dry-ground metal. 

Thus the growth of composite films on dry- 
ground metal occurs by: (a) the formation of an 
anodic film through the movement of cation defects 
only; (b) the growth of a thermal film by anion 
defect movement, resulting in the formation of the 
thermal film below the anodic film; and (c) the 
growth of a final anodic film above the existing 
films by cation defect movement only. 

During this stage the anodizing voltage neces- 
sary to maintain a given constant current density 
will first rise quickly to the formation potential of 
the first anodic film (a). Then the voltage will rise 
slowly as the potential is established across the 
thermal film which, formed from distorted metal, is 
a relatively good electronic conductor. Electron 
trapping at anion vacancies will result in the forma- 
tion potential across the thermal film (b) ultimately 
being established. During the final anodic film 
formation growth by cation defect, migration will 
occur along with electron trapping at newly 
formed anion vacancies, and the voltage will rise 
to the final film-formation potential. 


i 
here are now two points to be considered. First, 


T 


why do the 


anodic and thermal films formed con- 
secutively on dry-ground metal retain their iden- 
tity inasmuch as the voltage time relationship dur- 
ing final anodizing indicates that this is so? 

During the formation of the first anodic film on 
dry-ground metal, electrons are trapped at anion 
vacancies formed at the metal/oxide interface dur- 
ing growth, and film formation occurs by move- 
ment of cation defects across the film. After the 
anodic film has been formed and the external 
voltage removed, there will be a readjustment of 
positive charge at the metal oxide interface and 
throughout the oxide to neutralize the electronic 
space charge arising from trapped electrons in the 
oxide. 

Subsequent thermal film formation will occur 


by the production of fresh anion vacancies at the 
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metal /oxide interface which will move through the 
oxide towards the oxide/air interface. In this way 
fresh (thermal) oxide will be formed beneath the 
anodic film by the effective movement of oxygen 
ions towards the metal. If the anion defects in the 
initial anodic film have trapped electrons and are 
themselves trapped by interaction with cation de- 
fects then the anodic film will retain its identity 
and during the final anodizing the thermal oxide, 
formed beneath the first anodic film, must first be 
brought to the same physical state (electrons 
trapped at anion vacancies plus positive ion defect 
distribution) as the anodic film. 

Prolonged heating during thermal film forma- 
tion, or heating at a high temperature, will re- 
duce the extent of the deformed surface region so 
that under these conditions final anodic film growth 
will show voltage time characteristics which ap- 
proach those observed on less distorted wet- 
ground or pickled surfaces. 

The second question to be considered is: Why 
should the oxide film thickness be nearly the same 
when an anodic film is formed to the same finish- 
ing voltage, independent of whether the mechan- 
ism of anodic oxidation involves the movement of 
cation defects (dry-ground metal) or both anion 
and cation defects (wet-ground metal)? 

The theory of the formation of thin oxide films 
at suitably low temperatures under strong electric 
fields‘®) indicates that below some critical tempera- 
ture the growth rate effectively becomes negligible 
once the oxide film has formed to a given thickness 
which is uniquely related to the final formation 
potential. 

The linear growth rate, dx dt, is given by: 


dx/dt —w/kT . ezeVb/xkT. 


(1) 


The constant is proportional to the number of 


const * ¢ 


active sites per unit volume on the metal surface 
which feed defects into the oxide, to the volume of 
oxide produced per ion moved, and to vp, the ion 
defect vibrational frequency. W is the height of the 
energy barrier controlling the frequency of success- 
ful jumps into the oxide across the metal/oxide 
barrier, z is the valency of the ion, V the potential 
across the film of thickness x, and b is the half 
jump distance of the rate-controlling jump process 
which is considered to be the excitation of ion 
defects across the metal oxide interface. Experi- 
mentally, the growth rate of anodically formed 
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films becomes small in a time which is ~ 100 sec 
at the final formation potential. It has been found 
that a ZrO, film ~ 1400 A thick doubles itself in 
17 hr at 70 V. The average value of dx/dt, the 
growth rate, after its initial decay at the formation 
potential is thus ~ 10-!°cmsec~!. Taking the 
constant in equation (1) to be 104 cm sec~! (cf. 
CaBreERA and Morr), it follows that 


exp (—W/kT+-2zeVb/xkT) ~ 10-". 


The relation between the formation potential V 
and the corresponding thickness of the anodic 
film x is thus: 


x ~~ {zeVb/(w—32kT)}. (2) 


If now two processes are taking place simultane- 
ously, namely cation and anion transport, during 
anodic film formation under favourable conditions 
(e.g. wet-ground surfaces), then equation (1) will 
be modified to contain two exponential terms on 
the right-hand side. If the growth rate becomes 
small at approximately the same film thickness, for 
a given voltage, as in the case of anodic film forma- 
tion by cation transport only, then, given that the 
coefficients of the exponential terms are of the 
same order of magnitude, it is a necessary con- 
dition that: 


_Faba a 3) 

Wa — 32kT 
where the subscripts ¢ and a indicate cation and 
anion parameters respectively. 

Zirconium oxide has a crystal structure equival- 
ent to a distorted calcium fluoride structure. If it is 
assumed that the cation defects are interstitial 
metal ions, then b, ~ 6,/2, the anions moving by 
lattice-vacancy migration. Also z,= 4, z, = 2, 
and 32 kT ~O0-8eV (T ~ 300° K), whence 
(23/?~,—w,) ~ (23/?—1)0-8. Experiment indicates 
that dx/dv ~ 20 A/V; taking 6, ~ 1-3 A this gives 
w,~ 1leV, so that w, ~ 1:36eV. The value 
chosen for 6, has been calculated assuming a cal- 
cium fluoride structure and a density of 6 g/cm? 
for ZrO,; b, is then the half distance between ad- 
jacent O-~ ions. 

The calculated difference of 0:36eV between 
cation and anion energies (w, > w,) is sufficient to 
imply a small contribution to thermal film growth 
at temperatures around 300° C. The ratio of cation 
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to anion contribution as a result of this difference is 
~ 7x 10-4, so that thermal growth of oxide on 
zirconium in this temperature range is essentially 
anionic in nature. 

It remains to attempt to describe the effects of 
ultraviolet light on ZrO, film growth. Experi- 
mentally, it is observed that ultra-violet light ac- 
celerates the formation of oxide films on wet- 
ground material, but impedes their formation on 
dry-ground material. This result is independent of 
the method of formation; it is the same for thermal 
and anodic growth. The other important feature is 
that these effects are not observed if the film is not 
illuminated during the early stages of formation, 
when it is very thin. This indicates that the rate- 
controlling step lies in the barrier to ion (defect) 
migration set up at the metal/oxide interface, as in 
the Mort theory. 

To account for the observations it seems neces- 
sary to postulate that the absorption of photons 
plays a dual role. Thus: 

(1) Absorption increases the population of elec- 
trons in excited states above the Fermi energy in 
the metal. This effectively reduces the electronic 
work function of the metal; consequently the 
double-layer field set up by electron distribution at 
the metal/oxide interface will be smaller. Ion 
defects will move across the barrier more easily the 
smaller it is and oxidation will be faster. In ad- 
dition the electron availability at the oxide/air 
interface will be increased in the case of thermal 
oxidation and hence, as CABRERA has already ex- 
plained, °1») oxidation will be enhanced by the in- 
creased field. 

(2) Absorption of photons within the oxide 
produces excitons or free electrons and positive 
holes. As a result, electrons can become trapped at 
anion vacancies, so reducing the effective charge 
and hence the mobility of these defects. This effect 
will tend to reduce the oxidation rate. 

If the work function barrier between metal and 
oxide is high, as has already been suggested is the 
case for relatively undistorted metal surfaces (wet- 
ground), then an effective reduction of this barrier 
will have a significant effect and will tend to in- 
crease the oxidation rate. 

If the work function barrier at the metal/oxide 
interface is low, then reduced mobility of anion 
defects will be more important and will tend to 
lessen the oxidation rate. 
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This would account for the increased and de- 
creased thermal oxidation rates on wet- and dry- 
ground metal surfaces, respectively. Moreover 
strong photon absorption will limit the effect to the 
early stages of film growth 

In the case of anodic film growth, the increased 
rate in the early stages of formation under ultra- 
violet illumination is possibly due to excitation of 
electrons on oxygen ions at the metal/oxide inter- 
face assisting the production of anion defects, 1.e. 
increasing the jump rate of oxygen ions into avail- 
able sites on the metal surface. The reduction in 
barrier height discussed above will have a similar 
effect 

The formation of anion vacancies may be more 
difficult in the case of less distorted metal surfaces 
than for surface-hardened metal. In the latter case, 
it has already been suggested that the building up 
of space charge within the oxide is a prerequisite to 
film growth. The release of some of this space 
charge by photon absorption, possibly indirectly 


by interaction with excitons or positive holes, will 


reduce the efficiency of film formation. 

This description may account for the observed 
increased and decreased anodic oxidation rates on 
wet- and dry-ground surfaces, respectively. 


4. SUMMARY 


experimental results can be described 


The 
qualitatively on the suggested basis that: 

(1) The electronic work function between sur- 
face-hardened zirconium and its attendant oxide is 
lower than that between more perfect metal and 
oxide 

(2) In the case of a relatively undistorted metal 
surface, anodic oxidation proceeds by anion and 


cation defect migration. 
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(3) The electronic conduction through the oxide 
on relatively distorted metal is high. This results in 
a space charge forming within the oxide by elec- 
trons trapped at anion vacancies. The anion con- 
tribution to anodic film formation is thus severely 
reduced, and oxidation is essentially cationic. 

(+) The electronic space charge in the oxide in- 
duces a positive charge at the metal surface in 
contact with the oxide. This has two effects: (a) An 
internal field in the same direction as the external 
field enhances cation migration across the metal/ 
oxide barrier. The effective activation energy for 
cation migration is thus reduced. (b) The energy 
levels of electrons in the vicinity of the metal 
oxide interface are so reduced relative to the Fermi 
energy of the electrons in the metal that for a 
sufficiently large space charge a high-resistance 
barrier is set up to electron penetration into the 


oxide. 
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Abstract—The isothermal galvanomagnetic tensor components associated with the Hall effect and 
the magnetoresistance effect are analyzed for arbitrary orientation of the crystal axes in the sample, 
arbitrary orientation of the magnetic field B, and arbitrary crystal symmetry. The conductivity 
components in suitable co-ordinates are expanded in powers of the components of B. The coefficients 
are the galvanomagnetic material constants, called “‘brackets’’. By means of ONSAGER’s relations, it is 
shown that the magnetoresistance effect is always even in B, whereas the Hall effect is odd in B only 
with special geometry. Further, the Hall effect is even or zero for some geometric and crystallographic 
conditions. The effects of the crystal symmetry on the brackets are covered by a theorem. The re- 
sultant dependencies between the brackets are tabulated completely for all powers of B for the crystal 
classes other than trigonal and hexagonal. For the latter, the bracket relations are given up to the 
sixth power of B. Formulae for the number of independent brackets up to any power of B are given 
for all crystal symmetries. The significance of the results obtained is pointed out. 


1. INTRODUCTION AND MOTIVATION magnetic effect.§ The component F% of F along 


IN an isothermal} single crystal, placed in a homo- 
geneous magnetic field B, a constant current den- 
sity J is maintained by means of a suitable electric 
field F (see Fig. 1). Evidently 


(1) 


Fic. 1. Orientation of vectors J, F, B and potential 
probes ab in an anisotropic single crystal. 


The dependence of F on B represents the galvano- 


* This work was supported by the U.S. Signal Corps 
Engineering Laboratories under a contract with The 
University of Michigan. 

+ This work represents, in effect, part of the doctoral 
thesis of L. P. Kad (1956). 

t Isothermal conditions are assumed throughout this 
paper without further explicit statement. 


an arbitrary direction d can be measured by means 
of potential probes ab. If d is parallel to J, the re- 
sulting dependence of F,(J, B) is called the mag- 
netoresistance effect; if d is normal to /, then 
F (J, B) is called a Hall effect.|| Both are special 
cases of the galvanomagnetic (g.m.) effect. 


The early literature is summarized by CAMP- 
BELL!) and by MeEIssner.@) Both effects are 
markedly dependent on the crystal structure and 
orientation®) (anisotropy). For weak magnetic 
fields the Hall effect is known to be proportional to 
B, and the magnetoresistance effect is proportional 
to B?. For stronger fields, and especially at lower 
temperatures, the dependences are much more 
complicated.4-!) In 1905 Vorcr“2) laid the found- 
ation for an appropriate description of the aniso- 
tropy of the g.m. effects. Further contributions to 
the phenomenological theory were made _ by 
Kouter,“3) Casruir,“) Serrz,“44) JuRETSCHKE, 5) 


§ Throughout this paper we restrict ourselves to non- 
ferromagnetic substances. 
We shall adhere to this definition, though some ex- 
perimenters prefer to define the Hal! effect as measured 
with d along an equipotential when B = 0. 
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and others, but a general treatment of the aniso- 
tropy was not available up to the present. 

The objective of the present paper* is to general- 
ize the phenomenological theory of the anisotropic 
g.m. effects, so as to include all magnitudes of / 
and B, oriented arbitrarily with respect to the axes 
of a crystal belonging to any symmetry group. The 
results may assist experimenters in deciding how 
many and what types of measurements are re- 
quired and how data can best be compared; 
theoreticians may find a framework with which 
model theories must comply. 

In Section 2 some general definitions and re- 
lations are established. In Section 3 a general 
method is developed to take into account the effects 
of crystal symmetry. In Section 4+ formulae are 
given for the number of independent g.m. con- 
stants for the various crystal classes. In Section 5 
the significance of the results is discussed. We have 
purposely avoided in this paper to introduce any 
model of the mechanism by means of which these 
complex phenomena may take place. 


2. DEFINITIONS AND GENERAL RELATIONS 
(a) Parity relations 

The g.m. 
described in terms of “laboratory co-ordinates” 
x*(% = 1, 2, 3) with x! along the current density 
], x? in the plane of J and d, and x accordingly. In 
the case of magnetoresistance, d lies along /, allow- 
ing one degree of freedom for x? and x* in the plane 


results of measurements are best 


normal to x!. Vector and tensor components with 
respect to the laboratory co-ordinates will carry 
Greek superscripts. No confusion between super- 
scripts and exponents should arise in practice. The 
definition of the laboratory system implies 


Jz=f=0. (2) 
We assume Ohm’s law. In laboratory co-ordinates: 
fF p(B) 2. 3) 


The g.m. resistivity tensor components p*! depend 
on B. We assume also Onsager’s relations. In 


* The essential ideas of the present paper were first 
given by the authors at the Baltimore meeting of the 
American Physical Society in 1955(® and by E. Katz in 
a contract report, with the U.S. Signal Corps Engineer- 
ing Laboratories, of November, 1954, entitled: ‘‘Mag- 
netically Sensitive Electrical Resistor Material.’’ 


and E. 


KATZ 
laboratory co-ordinates: 
p**(B) 


Taking « = 8 = 1 in equations (3) and (4), one 
sees that the magnetoresistance is an even function 
of B. In the literature“” there has been some con- 
troversy about the evenness of p!!. The above ap- 
proach shows that under the very broad assump- 
tions stated, p!! must be an even function of B 
without exception. Taking « 4 1 in equations (3) 
and (4), one sees that the Hall effect is in general 
neither an odd nor an even function of B, contrary 
to a suggestion by Casimir.) However, in a num- 
ber of special configurations the crystal symmetry 
may impose an even or odd parity on the Hall 
effect. The complete list of such configurations is 
as follows. Consider the crystallographic point 
group, obtained from that of the crystal by aug- 
menting it with an inversion center. The physical 
significance of this augmented group is explained 
in Section 3. Then one can easily prove with re- 
spect to the rotation axes of this augmented group: 


p’*(—B). (4) 


(1) The Hall effect is odd if either 
(a) Blies along a rotation axis of order higher 
than 2 and either / or d is normal to B, or 


if 
(b) B is normal to an axis of even order and 
either / or d is along that axis. 
(2) The Hall effect is even if either 
(a) B lies along any rotation axis and is 
coplanar with J and d, or if 
(b) B, /, and « are normal to the same axis of 
even order. 
(3) The Hall effect vanishes if B and either J or d 
lie along the same arbitrary rotation axis. 


The ‘“‘new” galvanomagnetic effect reported by 
GOLDBERG and Davis !8)+ illustrates cases (2b) and 


(3). 


(b) Symmetry co-ordinates 

For the purpose of deriving the effects of crystal 
symmetry, it is convenient to refer to “symmetry 
co-ordinates” kj(i = 1, 2, 3). These are adapted to 
the crystallographic point group of the crystal, 
augmented again by an inversion center, as follows: 


* The slight discrepancy between the axis direction 
and the direction of zero Hall effect in their Fig. 1 must 
be due to an experimental error of imperfect alignment. 
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kg is taken along the rotation axis of highest order, 
except for 7, where it is taken along a twofold 
axis. Then kj is taken along a rotation axis normal 
to kg if there be one, and keg accordingly. Vector or 
tensor components with respect to the symmetry 
co-ordinates will carry Latin subscripts. The com- 
ponents o,,(B) of the conductivity tensor and 
p;;(B) of the resistivity tensor are functions char- 
acteristic of the material at any given temperature 
and independent of the geometry of galvano- 
magnetic measurements. The crystal symmetry 
will place restrictions on them. 


(c) Power series expansion of a; ;(B) 
Most g.m. measurements suggest that o; ,(B) 
can be expanded as a series in powers* of the com- 


ponents B;, Bo, Bs. Thus: 


oC n m 
a z = [m—p, p,n—m] 5X 
0 p=0 


n=0 m 


6;;(B) 


x Byn “P BoP Bz” m (7) 
x n m 
b3 Bn pa - [m—p, p,n—m],;X 
n=0 m=0 p=0 


(7a) 


Here 7; are the direction cosines of B with respect 


ayy Nn 2, n—m 
x V1 Prot Y3 . 


to the symmetry co-ordinates. The coefficients, the 
“brackets” symbols, are independent of B. They 
are the true phenomenological g.m. constants for 
each material at a given temperature. They are 
sums of components of tensors? of rank 2n+2, 
since B is an antisymmetric tensor of rank two. 


* Such a power series expansion may have a limited 
domain of convergence, for example, if saturation is ap- 
proached according to B?/(1+CB*). Also, experi- 
mental'?°) g.m. effects at low temperatures often contain 
oscillatory terms of the form B sin B,/B, which do not 
possess a derivative with respect to B at B = 0, and hence 
cannot be expanded in powers of B (de Haas—van 
Alphen effect). Consequently, the development pre- 
sented here applies only within the radius of convergence 
of the power series (7), and after that part of the g.m. 
effects which is due to oscillatory terms has been sub- 
tracted out, if present. 

+ In order to set the tensor character in evidence, the 
brackets will sometimes be denoted by [(23)™-?, (31)?, 
(12)"-™],;. The quantities (23), (31), (12) will be referred 
to as the pairs of inner indices and 7 as the outer in- 
dices. 


P 


Onsager’s relations imply 


[m—p, p,n—m],; = (—)"[m—p, p,n—m];; (8) 


and 
[m—p, p, w—m]);; = 0 (8a) 


where w is any odd number. Thus only six pairs of 
ij values will be used: 11, 22, 33, 23, 31, 12. The 
remaining three pairs are expressed in the former 
by equation (8). 

The effects of crystal symmetry on the measured 
functions p(B) are obtained in two steps which 
will be discussed in this order: 

(a) The anisotropy effects on the brackets (coeffi- 
cients of the expansion) of o, (B){ (see Sections 3 
and 4). 

(b) The dependence of p*1(B) on o, ,(B) (Section 

). 


3. THE EFFECTS OF CRYSTAL SYMMETRY 

In this section a method will be developed and 
applied to take into account the effects of crystal 
symmetry on the brackets under a wide variety of 
circumstances. 


(a) Only eleven point groups need analysis 

Material constants which are components of even 
rank tensors must be invariant under the operations 
of the point group of the crystal considered and 
transform identically into themselves under in- 
version. Consequently the brackets must be in- 
variant under the operations of the augmented 
point group of the crystal plus an inversion center. 
Thus it suffices to analyze the eleven point groups 


which possess such a center. They can all be 


generated by at most two rotations in addition to 
the inversion center. The first generating rotation 
will always be taken along kg and where a second 
one is required, along ky except for the cubic 
groups, where it will be taken along the [111] 
direction. 

Under a general rotation each bracket is trans- 
formed into a linear combination of other brackets. 
If the rotation be a covering operation, and thus 


t The measurement of p%! would seem to suggest a 
The 
latter is preferred because its coefficients admit of a 
simpler electron-theoretical interpretation. However, the 
symmetry properties of the p and o brackets are exactly 


power series expansion of p;(B) instead of o;;(B). 


the same. 
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requires invariance of the bracket, then certain 
relations must hold between the brackets. 

Under inversion each bracket is transformed 
identically into itself. Hence, no relations between 
brackets can be derived from the requirement of 
invariance under inversion. 


(b) A theorem concerning the effect of an N-fold 
rotation axis along kg 

The effect of an N-fold rotation axis is that cer- 
tain linear equations must hold between the 
brackets. The following theorem makes it easy to 
produce and to survey all such equations. 

For an -fold rotation axis along kg the brackets 
satisfy the equations 


m 
> g(m, p, w)e(tj,z)[m—p, p,n—m],;=—0 (9) 
ee oe 
q) p=0 


= m+s—2(w+2) 


provided that the quantity h 
satisfies the inequality 


hAkRN (k= 0, (10) 


i.e. his not a multiple of N. 

Here the prime on the first summation signifies 
that of the six independent 4 combinations only 
those with the same number s of ones plus twos are 
included. Each equation is specified by five integers 
n, m, s, 2, W, where nis the sum of the powers of Bj, 
Bo, and Bz of which the brackets occurring in the 
equation are coefficients, m is the sum of the powers 
of B, and Bo, s is the number of ones plus twos in 
yj, and the integers z and w are arbitrary in their 
< m. All brackets 
occurring in one equation have the same n, m, s, 


ranges 0 ¢ z= <sand0<w 
but differ in p, and in 7, insofar as is permitted by 
constant s. The parameters z, w label the various 
equations with the same n, m, s, involving the 
same brackets with different coefficients. The real 
or imaginary coefficient g(m, p, w) is defined in 


terms of binomial coefficients by 


2(m, p, @ (11) 


The factor e(7j, z) is given in Table 1 for all values 
for which it is defined. The proof of this basic 
theorem is given in the Appendix. It can be shown 
that the only solution for the complete set (9) for 
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given n, m, s is that all brackets involved vanish, 
Consequently the equations (9) with the conditions 
(10) represent a complete description of the sym- 
metry properties of the brackets. 


Table 1. The values of €(1j, 2) 


n = odd 


~ 
Uy) 


NN Dd 
NR KR bw Ww 
NNR YR Ww 


For example, the equation for n = 2, m= 2, 
s=Z, * 1, and w=0 is [200]1+[200]oo+ 
4 i[110]1+i[110]oo— [020] —[020]oo = 0. The 
equation is valid provided that h = 2 # RN, Le. 
kg may be a 3-, 4-, or 6-fold axis. 

By suitably combining the equations (9) with 
the same nm, m, s and different w, z, the brackets 
with these n, m, s values can be solved in terms of a 
few of them which are independent (see Section 4). 
These solutions are tabulated below. Before des- 
cribing the results it is expedient to observe certain 
general properties of the equations (9), which have 
guided the form in which the tables could be con- 
structed. 


(c) Some consequences of the theorem 

In formulating the fundamental theorem, a 
rotation axis was taken along ks. It is simple to 
apply the theorem to a rotation axis along A, or ke 


by permutation of both inner and outer indices. 
The effect of a threefold axis along the [111] direc- 
tion can be taken into account by requiring in- 
variance for the brackets under cyclic permutation 
of the indices 1, 2, 3 both in and outside any 
bracket. Thus the effect of symmetry for the 
eleven point groups is completely described by 


the theorem with these generalizations. However, 
in a number of cases the application of the theorem 
is greatly simplified by means of some corollaries, 
which are stated below. Their proofs are straight- 
forward and are left to the reader. 
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Corollaries 

(1) For N = even about ks, brackets with the 
index 3 occurring an odd number of times (inside 
plus outside, the inside being written in the nota- 
tion of pairs of indices) vanish. 

In preparation of Corollary (II) let two brackets 
be called “adjoint” with respect to kg, if they can 
be obtained from one another by interchanging the 
indices 1 and 2,* both inside and outside, and 
writing the resulting pairs of indices in the con- 
ventional order. For example, the brackets 


[m—p,p,n—m]o3 and [p,m—p,n—m]s31 


are adjoint. 

(Il) For N = 4 about kg, non-vanishing adjoint 
brackets are either equal or opposite. They are 
equal if the number of occurrences of the index 2 
is even, opposite if this number is odd. The same 
is true for the index 1. 

(III) If in an equation of the type (9) each 
bracket [m—p, p, n—m],,; is replaced by [m—p, 
p, n'—m],;, where n’ has the same parity as n, the 
resulting equation also belongs to the set (9) and has 
the same h. . 

(IV) Two equations of the type (9) with equal 
n, m, s having parameter values w, zand w’ = m—w, 
2’ = s—z, hence h’ h, are conjugate complex. 

(V) If in an equation of the type (9) each bracket 
is replaced by its adjoint, the resulting equation 
also belongs to the set (9) and has the same |h). 

The corollaries (I-V) are useful in tabulating the 
relations between the brackets for the various 
crystal classes. The corollaries (VI-IX) are useful 
as checking relations. 

(VI) Any relation between brackets with s = 1 
is invariant for interchange of 7 = 23 and 31, 
followed by reversal of the sign of the coefficients of 
all terms with 7 = 31. 

(VII) Any relation between brackets with s = 2 
is invariant for the interchange of 7 = 11 and 22, 
followed by reversal of the sign of the coefficients 
of all terms with 7 = 12. 

(VIII) Any relation between brackets for s = 1, 
n = even, is transformed to a valid relation for 
n = odd with the same m, p, s by changing the 
sign of all brackets with 77 = 23, and vice versa. 

(IX) For m = odd any relation between brackets 


* Similarly we define adjoint with respect to k, (or ky) 
by interchanging the indices 2 and 3 (or 3 and 1). 
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is invariant for the substitution p’ = m — p followed 
by reversal of the sign of the coefficients of all 
terms with 47 = 31 and 12. 


(d) The bracket relations for the eleven point groups 

(i) Sp. No relations other than (8) and (8a). 

(11) Co, and Dop. The relations are given in Table 
2. The effect of symmetry is manifest entirely in 
the vanishing of certain brackets; all non- 
vanishing brackets are independent. Thus, we have 
used three symbols as explained under the table to 
indicate the state of a bracket whose inner part is 
given by the second column and whose outer 
indices appear in the top row. The inner parts of 
brackets contain the symbols e for an arbitrary 
even number and w for an arbitrary odd one. 


Table 2. Bracket relations for C., and D4), 


23 | 31 2] 1 | 22 
| 
oO ‘e) + 


® 
(@wwW) fe) 





ij> 





(eee ) + 


(wWew) 


(wwe) 





| 
| 
| 
| 
| 





(@WwW) 
(wee) 
(ewe) 


(eew) 

















+, bracket independent for C,, and Dy. 
® , bracket independent for C,,, zero for D4. 
0, bracket zero for C., and D,,. 


Examples: [203 ]o3 is found to be zero as shown 

by [eew]o3 in the eighth row, 
[204]i2 is found to be independent 
for Cop and zero for Do, as shown by 
[eee] in the first row. 

The outer indices 11, 22, 33 cannot occur with 

n = odd, according to equation (8a). Table 2 is 

complete for all n. 

(iii) C4, and D4y. The relations are given in 
Table 3. The effect of symmetry is manifest in 
two ways: either a bracket is zero or it is equal to 
plus or minus its adjoint (as defined in Corollary II 
of the theorem). Of each such pair of adjoint 
brackets, one bracket can be chosen as independent. 
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Table 3. Bracket relations for C ,; and D4), 


12 | 11 | 22 


eee) ( o 








(EWG) 





(wew) 


(Wwe) 





4 





(www) 
(wee) 
| (ewe) | 
| 
(e@w) | 


| | 
L 





+, bracket is one of an independent pair and equal to its adjoint for 
Cy and Dy. 

© , bracket is one of an independent pair and equal to minus.its ad- 
joint for C,,, zero for Dur: 

@, @ and in addition zero if self-adjoint. 

0, zero for Cy, and for Dy. 

Broken lines connect adjoint places. 


In the first, fourth, fifth, and eighth or last row self- 
adjoint brackets may occur. A self-adjoint bracket 
may be forced to vanish if it must be minus its ad- 
joint. Thus it turns out that four symbols are 
needed, whose meaning is explained under the 
Table 3, 


lations for all 


which gives the complete bracket re- 


Table 4. Bracket relations for T, and O,, 


(@ cw) 


(wew) 


(wwe 


— 2 ————— 
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Examples: [202]i2 = —[022]i2 for C4n, zero for 
Dn (first row). 
[220 ]ie = self-adjoint and —[220]ie, 
hence zero for C4, and D4p. 
[202}11 = + [022]o2; one of the pair 
is independent, both for C4, and 
Dn. 


(iv) JT, and Oy. Table 4 for these groups is 
derived from Table 2 for Do, and Table 3 for Day 
by requiring that brackets remain invariant under 
cyclic permutation of all indices. The six permuta- 
tions of the indices 1, 2, 3 fall into two groups of 
three cyclic permutations. Brackets belonging to 
two such cyclic groups are pairwise adjoint with 


respect to ki, ke, and kg. If adjoint brackets are to 
be equal, such as happens in Op, or if brackets are 
pairwise self-adjoint, the two cyclic groups coin- 
cide. For example, for 7; a cyclic group of three 
equal brackets, obtained by cyclic interchange of 
inner and outer indices from the first one, is: 


[202]11 = [220]oo = [022]s3. 


The other cyclic group of three equal brackets can 
be obtained from these by interchanging the in- 
dices 1 and 2, i.e. adjoining with respect to kg: 


[022 ]o2 [220 ]11 [202 ]s3. 

For 7, the two sets of three are not equal in 
general, but for Op, all six are equal. On the other 
hand, the bracket [220]33 is self-adjoint with re- 
spect to kg; hence there is only one cyclic group of 
three brackets derived from it, and they are equal 
both for 7; and Op, namely: 


[22033 = [022]: = [202]oo. 


(v) Csi, Dsi, Cen, Den. No simple rules for the 
complete tabulation are available and the theorem 
plus corollaries will be used. In order to obtain the 
most compact form for the results, the following 
scheme has been adopted. 

For any particular bracket we must first decide 
whether or not it is zero. For C3; all zero brackets 
are listed in Table 5. The groups Dg;, Cen, and 
Den have the same zeros as C3; plus the additional 
zeros listed in Table 6. If a bracket does not vanish 
according to Tables 5 and 6, then its relations to 
other brackets are shown in Table 7, up to m = 6 


inclusive. 
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Table 5. Zero brackets for C3; Dg; Cg; Dg), 


23 | 31 I 40 [11 | 22 33 


(Q0e) (Ce) |O0e) 





ij> 





(eee) 
(@ cd) (O1w) 
(qwew) (100) 
(le) 


(@we) (31e) 


| 


(wee ) 


(13e) 








(ewe) 


(eew ) |(OOw)( OOw) 

















Table 7 is arranged in three parts, according to 
s= 0, 1, or 2. Each part consists of seven sub- 
tables for m = 0, 1, ... 6. The sub-tables, except 
the simplest ones, have the form of a core array of 
coefficients bordered by brackets. This arrange- 
ment represents a double-entry table, similar to 


Table 6. Zero brackets for Dz; Cg, Dey, 


Ju | 22 33 





ij> 


23 | 31 








(eee) | x *D 
( eww) 
(wew) | 4 


(@@me)}| xa 








(WW) 
(wee) 


(ewe) 4 


vied | KD 


4 , zero bracket for D,; and for Dy. 

















x , zero bracket for Cy and for Dy. 
*, Is areminder to check Table 5. 


the familiar trigonometric tables: brackets on the 
left are equal to the linear combinations of those at 
the top, with the listed coefficients; whereas 
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brackets on the right use these same coefficients 
with those at the bottom. That this arrangement, 
in which adjoint brackets stand at opposite ends of 
rows and columns, is possible is due to Corollary 
(V). For example, for s = 1, m = 4 we have 


[3le]o3 [40e]31 + 3[04e]31 


[13e]s: 3[40e Jo3+ [04e Jos. 


The two equations are adjoint with respect to kg. 


4. THE NUMBER OF NON-VANISHING _IN- 


DEPENDENT BRACKETS 
By means of suitable counting methods, it can 
be shown that the number of non-vanishing in- 
dependent brackets depends on n, the total power 
of B, as an?+bn-+c. The values of a, 6, and ¢ are 
given in Table 8 for the various symmetries. 


5. DISCUSSION 

The anisotropy of galvanomagnetic effects, first 
studied by RiGHI in 1883, have never been analyzed 
comprehensively for the 32 point groups, as 
attempted in the present study. The resulting 
tables of brackets include as special cases the work 
of VorictT, of JURETSCHKE for Dg and m < 4, of 
SrItz, PEARSON and SuHL, and GOLDBERG and 
Davis for cubic crystals, and some of the work of 
KOHLER insofar as it is concordant with ONSAGER’s 
relations. In order to facilitate the comparison of 
our bracket notations with the notations of some 
other authors, ‘Table 9 has been prepared for the 
case Op. 

The experimenter can make use of the results 
obtained in this paper in various ways. That the 
Hall effect may contain odd and even terms, as re- 
ported by GOLDBERG and Davis as well as by 
LocaNn and Marcus,9 is in perfect order. How- 
ever, if magnetoresistance measurements are not 
free from odd terms,” this must be interpreted as 
an indication that insufficient attention has been 
paid to isothermal conditions in the experimental 
arrangement. 

The tables are useful in planning and interpret- 
ing galvanomagnetic measurements, and in esti- 
mating errors due to misalignment. For these pur- 
poses the following steps are required. 

According to equation (3), the measured quan- 


tity is p*1 = F/]1, In terms of the brackets one has 
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Table 7. Relations for non-vanishing brackets for C3, D3i, Cen, Den 








(i1)s=0 





[00e]s 





[20e]33 = [02e]s5 





[12 w]s5 = 3[30w]s5 
[21w];; = —3[03]s3 


2[40e]33 = [22e]s3 = 2[04e]s5 





[14H]53 —3 [41 w]53 
[05 w 33 
[60e]s5 [33e]ss [06e]s5 
0 3/10 0 [15el]ss 
6 0 9 [24e]ss 
[06e]s3 [33e]ss [60e]ss 








n = even* 














[10w]s, = [01 w]o3 
[01 w]s, =- -[10w]o5 





2(20e]s, = — 23 = —2[02e]s, 

2[20e]}23 = a = 
[30w),, = [12w)y = [21}.3 = [03 w]os 
[30w].3 = [12w],.5 = [21], = [03 w]s1 


]s1 





[40e]5, [0+e 
1 3 
3 
Jos = 
[04e].3 [40e]os 


[50w]s; [O5w]o3 [50 Jos [05 w]s; 
3 [14]. [41 w]s; 2 3 

4 6 [23 wos [32 w]o3 + 6 [23 wa 

[O5 wos [50w] 5, [05 w]s) [50w]os 


[60e]s, [06e]s; 


1 
2 
z 
3 
3 
e 


3 
3 
2 
2 
1 
} 


~ —— (06e]o3 [60e]os 


* The same table can be used for » = odd if each bracket with outer indices 23 receives a minus sign and e, w 


are replaced by w, e according to Corollary (VIII). 
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(3)s = 2 


nm = even 


231 








[00e],, = [00e]z. 





[10w},; 
[01 woo 


[Olw)i, = [10m], 
— [10]. - [01 w)in 





[11e],. = [20e],,— [20e}22 

[02¢]i1 = [20e]o 

[02e¢]on = [20e],1 
—[1le]o = 2[20e],. = 


(Wle}u = —2[02e)12 





[30)i1 [30 Jo 
—1/2 1/2 [12 w]15 
[21 wos 
[211 
[30w];2 


[03 w Joa [03 wy 





[40e]i2 [04e],s 
[3le]iy 1 4 
[31e]oo —1 —3 
[22e],2 —- —=3 

[O4e]i2 [40e]1» 


[40e],1 ([04e]1: + [40e]oa) [O4€]22 
2 2 5/2 
7/2 
1/2 1/2 —1/2 
[O4e]o2 ([40e]z2 + [04e]:1) [40e],1 


(13e]is 
[22e]oo 
[40¢ ]o 


[13e]eo 
{13e].1 
[22e],s 





[SO0w],1 [05 Jy. [50w]o0 
3 —1 
—6 1 
6 —3 
—4 z 
2 —3 
—2 0 
[05 wee [SO0w]12 [05 w]11 


[14H]1s 
[23 wos 
[23] 
[32m] 12 
[41 w]os 
[41 wn 





[60e]12 [06e],2 [33e]11 
2/5 18/5 —3/10 
[5le]oo —8/5 -—12/5 —3/10 
[42e]1. —2 —3 0 
[33e]oo + +4 1 

___ [06e],2 [60] 12 (33e]oa _ 


n = odd 


[60e],1 [60e]o2 [06e},; [06e)22 

[Sle],. —1 1 —3 3 [15e],. 

[42e],, —4 [24e ]o2 

[42e]oo —2 4 6 3 [24e]11 

[33e]j. 2 —2 —2 2 [33e]12 
[06e]s2 [06e]11 [60e]x2 [60e]1, 


(4)s =2 


[Sle] [15¢]es 
[15e]. 
[24e]1s 


(33e)11 


—2 3 6 








[00w]2 








[02]. = [20)). 





[21e];. 
[12e]i2 


—3[03e]12 
—3[30e}12 





2[40w]is = [22wh = 2[04w] yo 





2[41e]ie = 3[23e]:2 
2[14e]i2 = 3[32e)12 


= —[05e],. 
= — [50e]1. 





[S1w]ig = —3/10[33 w]yp = [15 e]j9 
[42w]i2 = —6[60w],.+9[06);» 
: [24 ie = 9[60)}.—6 [06 ],2 
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Table 8. The number of non-vanishing independent 


brackets an*+-bn+c 


arat 
{Wl h 


the 


Indagices}): 


summation 


convention 


on 


repeated 


(12) 
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Table 9. Notations of various authors for Oy 


SEITZ’s Bracket notation 


notation 


[000],, 

[100],, = 
[200]o. = 
[011].5 = 
[200],, = 


Gg = 1 Po 
[00112 
[002}1, 
[110]. 
[002], 


PEARSON and 
SUHL’s 
notation 
{100],,/[000],, 
({200],,[000],; + [100].,*)/ [000], ,? 
({100],,” — [011].,[000],,)/ [000], ,? 
({200],, [200 Joo [011 Jos) [000];; 


where A; ,(B) is the cofactor of o,,(B) in A(B) = 
det o;,(B), and /,* is the direction cosine of the 
laboratory co-ordinate axis « with respect to the 
symmetry co-ordinate axis j. For « = 1 the equa- 
represents the for 
1 the Hall effect. Substitution of equation 


tion magnetoresistance and 
: = - 


(7a) into (12) leads to expressions of the form 


p(B) [A(0)%17;27,14 


A(0) 
+08 121 ye B+R 171d yxy B + ... 


kl 


(13) 


where the constants A(0)?', fod a can be 
tabulated in terms of the brackets for each crystal 
class. Such tables have been prepared in the thesis 
of Dr. Kao, but are omitted here for the sake of 
brevity. They are helpful in answering such ques- 


tions as: 


(a) How should the samples be grown (I)? 

(b) How should they be placed with respect to 
B(y) for the measurement of certain brackets? 

(c) What errors are caused by slight deviations 
from the desired / or y values? 

(d) What is the minimum number of samples, 
required for the determination of all brackets up to 
order n for the various classes? 


It can be shown, for example, that magneto- 
resistance measurements on no matter how many 
samples will not break up certain bracket combina- 
tions. To obtain all brackets individually, a com- 
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bination of Hall and magnetoresistance measure- 
ments 1s best. 

For the zeroth order brackets, the minimum 
number of samples is three for S2, Cop, Don, one for 
T;,, and Op,, and two for all others. For the first- 
order brackets, the minimum number of samples is 
one for all classes provided the zero-order brackets 
are known and that Hall probes can be attached to 
the sample in various directions. 

Finally, if among the measured brackets of order 
n certain ones are much smaller than the majority, 
the tables afford an easy check whether such 
smallness can be interpreted as the result of a slight 
distortion of another lattice for which the bracket 
would vanish. For example, bismuth has the (aug- 
mented) group Ds; but can be considered as a 
slightly distorted case of Dgy. Since the brackets 


631 +1032 
[200 ]o3 and [011]; vanish for Dep, their relative 
smallness for bismuth is thus made plausible. 
The method of analysis developed here is 
applicable to a much wider field than only the 
galvanomagnetic effects, and could be useful when- 
ever power series expansions with tensor coefficients 
of increasing rank are studied. 


APPENDIX 
Proof of the Theorem concerning an N-Fold Rotation axis 
along ks 
Let k,’k,’k,’ be a set of symmetry co-ordinates of a 
point and let k,”k,’’k,’’ be the transformed set of the 
same point after rotation of the co-ordinate axes through 
an angle ¢ = 27/N about k;. With respect to these two 
systems of axes the components of a tensor T of arbitrary 


= 
> auaju aa Al tu .. v9 (A.1) 


oo 


rank are related by 


a 


where 
cos¢ sind 0 


(A.2) 


ait —sind cos¢ 0 


0 0 1 
This is true in particular for the Cartesian components of 
the position vector k of a point, of the magnetic field 
vector B, and of the components o;; of the second-rank 


conductivity tensor. 
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We prefer a pair of co-ordinate systems of a different 
type (complex, non-orthogonal) defined by 


ky’ hy’ + tho’ | 


(A.3) 


ko’ = ky’ —th’ | 


and likewise for double primes. Quantities referring to 
the complex co-ordinates will be marked by a bar through- 
out. We define the complex components of B by 


B,’ = By'+1Be! 
Bo! By’ —1B2' 
Bs’ = Bs’ 


(A.4) 


and likewise for double primes. The complex com- 
ponents of the second-rank conductivity tensor are de- 
fined by* 


513-+1693 
613—1023 
033 

According to Onsager’s relation 


6;;(B) = o;,(—B), (A.6) 
hence terms below the diagonal of equation (A.5) are 
dependent, and it suffices to consider those on and above 
the diagonal. 

For convenience we shall now 
notation. Let s denote the number of ones and twos 
together, and z the number of twos, among the indices 


introduce another 


of a o,;. This definition of z 1s consistent with that given 


* For a tensor of arbitrary rank m the complex com- 
ponent 7;;..., is defined as follows. 

(a) Replace every index in the given order by a symbol 
according to this scheme: the index one by (1,+7,), the 
index two by (1,—%), the index three by (15). 

(b) Multiply the n-fold product of symbols so obtained 
according to the associative and distributive law, but do 
not use the commutative law. 

(c) Replace each “‘term’’ of the symbolic polynomial so 
obtained by T with the indices of that term in the given 
order and with a coefficient equal to the product of the 
coefficient parts (upper parts) of the “‘factors’’ of that 
term. The resulting polynomial in T is the desired ex- 
pression. 

For example, one wants to find the appropriate de- 
finition of T\5. According to (a) he writes the symbol 
(1,+2,)(1,—2)(1,). According to (6) he obtains the 
symbolic polynomial (1,)(1,)(13) —(1)(@)(13) +()(1,)(13) 

(ix)(t2)(13). According to (c) the definition is now 


Ty3 = Tus tT 23 +1 T 213 + T23. 





234 Ly. 2. BAO 
in Section 3b. The numbers s, z define uniquely one of 
the six independent pairs of indices 17 and vice versa. We 
write (note the indices between parentheses): 
O(sz Oj}. (A.7) 
Thus, for example, o(,;) is another notation for o,5. It can 
»y direct substitution of these definitions and 
comparison with equations (A.1) and (A.2) that the 
complex tensor components as defined transform under a 


be verified | 


rotation of co-ordinates about k, according to 


Qitaju eee Ay] ty (A.8) 


In particular, 
By” = By'e-# 
Bs" = Bo‘e? 
Bz” Bs’ 
o's 2(B) = o'¢¢ 2(B)et8-22, 


Let us write, in analogy with equation (7): 


U m 


ae 
o'(s 2(B) pa = »3 C's 2(m, m, w) X 


n=0 m=0 w=0 


x By'’Be'™ wBe'n-m, (A.11) 


Comparison of (A.11) with equations (7) and (8) yields 


C's. 2(", M, w) 


m 
0 


(1/2)"(—)” > > g(m, p, Ww) X 
z 


fa 


) 


x e(s, 6, 2)[m—p, p,n—m|s 6), (A.12) 


where g and « are the functions defined in the text by 
equation (11) and Table 1 

f the rotation is a ‘‘covering’’ operation of the crystal, 
then the equations (A.11) and (A.12) must be invariant, 
i.e. their form in terms of doubly primed quantities must 
be identical to that in singly primed quantities, using 
brackets. The brackets are therefore written 


primes. Consequently, also 


identical 
without any 


C's 2) (n,m,w) = C's 2(n, m, w) (A.13) 


in other words: also the primes on C can be omitted for a 


covering operation 


and E. 


KATZ 


The invariance requirement applied to equation 
(A.11) will yield equations (9) and (10). To see this, we 
express the doubly primed components of o”(s,2) and 
B,”’ in the doubly primed analog of (A.11) in terms of the 
singly primed ones by means of (A.10): 


x nN m 
O12) = > > > Cis 2(7, m, w) X 


n=0 ™=0 w=0 


x ef Oh B,'MBo'm u B3/ m (A.14) 
with h = m+s—2(w+z2). Comparing (A.14) with (A.11), 
it is seen in view of (A.13) that the two results are com- 
patible only if 


either Cis a(n, m, w) = 0 | 


(A.15) 


or eioh 1. 


In connection with (A.12), the equations (A.15) are 
identical with equations (9) and (10) in the text, and the 
theorem is proved. 
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Abstract—The effective mass formalism of ADAMs is generalized by the inclusion of exchange. The 
only difference is that the interband matrix elements in the effective mass sums contain a term from 
the exchange operator in addition to the usual term from the momentum operator. The exchange 
term is estimated theoretically and found to be significant. The interband matrix elements which 
cause optical absorption arise only from the momentum operator and not from the exchange 
Hence a comparison of matrix elements determined from absolute optical absorption with 
elements estimated from effective mass sums provides an experimental method of finding the 


operator 


exchange effect, in principle 


within the uncertainties of the comparison 


1. INTRODUCTION AND CONCLUSIONS 

[HE effective mass formalism has been developed 
through the efforts of a number of authors.” A 
key feature of the formalism is that a great variety 
of experimental phenomena in the field of semi- 
conductors can be explained in terms of a small 
number of constants, the effective masses. These 
effective masses could, in principle, be calculated 
from first principles. At the present time, however, 
the greatest quantitative successes of the theory 
have been in those substances for which cyclotron 
resonance has permitted an accurate experimental 
determination of the effective mass. ©) 

The influence of exchange on the effective mass 


However, 


2 
(3) 


theory was first treated by HERRING 

ater development of the theory the effect 
of exchange has generally been ignored. The pre- 
sent paper derives the effective mass theory with 
exchange, following closely the development of 
ADAMS 


exchange does not alter the formal appearance of 


It will be seen that the introduction of 


the effective mass equation, but it does alter the 
interpretation of the effective mass parameters. 
These parameters are no longer determined solely 
by the interband matrix elements of momentum, 
but contain a contribution from the exchange 
potential as well. This result indicates that attempts 
to deduce absolute values of optical absorption 


constants from effective mass measurements may 


For the cases investigated so far, the exchange effect appears to lie 


be in error.) A crude estimate of the magnitude 
of the exchange term shows that it may be com- 
parable with the momentum term. However, actual 
comparison between absolute optical absorption 
and effective mass suggests that exchange terms 
are not as large as momentum terms.) 

The present treatment, of course, makes the 
single particle approximation. A recent paper by 
KouN®) discusses the effective mass approxima- 
tion from a many-electron viewpoint which in- 
cludes both exchange and correlation effects. At 
the present time KOuHN’s theory has not been ex- 
tended to include the effects of magnetic fields. 


2. EXCHANGE HAMILTONIAN WITH A CON- 
STANT MAGNETIC FIELD 
The Hamiltonian with the inclusion of exchange 
may be written symbolically 


e \2 
H (p+-A) +V+Z (1) 


2m 


where V is the coulomb interaction and Z isthe 
exchange interaction. In the usual r representation, 
V is diagonal and Z is non-diagonal, having the 


form 


: ‘ bb (1 )ob,*(1'2) 


—e¢- 


Z(r}, 2) 


r}2 
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where the y% are self-consistent electronic wave 
functions summed over all occupied states. In the 
same notation we should write 


V(r1, 2) = V(1r1)8(r1— 12) 
(3) 


His = [ H (11, ro)r2) dro. 


In the absence of a magnetic field, the potential 
and exchange terms both have lattice periodicity. 


That is 
V(ri+t) V(r) 
Z(ti+T, fo+T) 


(4) 
= Z(r1, f2) 


where 7 is any lattice vector. 

We now show that in the presence of a uniform 
magnetic field, Z acquires a symmetry different 
from that given by equation (4). Consider the 
unitary operator 


= eft ny p—(e/c)A$* 7. (5) 


We observe the fact that e(’/”)P-* is a displacement 
operator having the property 


eft Wp -rWh(r) 


d(r-+). (6) 
Further p—(e/c)A commutes with p+(e/c)A and 


p *‘tcommutes with A -t. Using these facts, it is 
easily seen that S commutes with the first two 
terms of equation (1).* 

It can then be shown that it is self-consistent to 
assume that S commutes with Z. For if S com- 


Sun bs Smn yp m ( 7 ) 


m 


mutes with H 


where m runs over all degenerate states and 5,» is a 
unitary matrix. Then 


>. {5onl41)}{Sn(r2)}* 
n 


* Strictly speaking these relations are valid only for 
the particular gauge chosen, namely A = 3H xr. How- 
ever, the Schroedinger equation resulting from the 
Hamiltonian (1) is known to be gauge-invariant, so that 
any physical deductions made with one choice of gauge 


will be valid for any gauge. 
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> Smns*intm(11)Y*(2) 


l,m,n 


*ly 
; Ym(11)bm (r2), (8) 
m 

since the summation over contains all degenerate 
states. Also S commutes with r}2. Hence S com- 
mutes with Z, which is the requirement of con- 
sistency. 

This result may be written 

SZS-1= Z 

el—te/chXA, A)-* Z(rj+7, ro+7) 


(9) 
Zr} » 12). 
Comparing equations (4) and (9), it is clear that 
Z(r1, t2) cannot be assumed to be the same as it 
was in the absence of a field. If we consider the 
operator W(rj, rz) defined by 


1e 


W(ri, fe), 
\ch J 


(10) 


r+? \ | 
ra) 


Z(r}, 12) = exp (Ai—As) : ( 


equation (9) shows that we have 
(11) 


W(ri, r2) and Z(rj, r2) become identical in the ab- 
sence of a magnetic field. 

The presence of a small perturbation should not 
strongly affect the operator Z(1r1, 12), because any 
perturbation which mixes only the filled states will 
leave Z invariant. A small change in Z will result 
from a small amount of band mixing. Equation 
(10) shows that a magnetic field cannot be re- 
garded as a small perturbation in the ordinary sense 
no matter how the field may be. This 
difficulty arises because (Hxr)/2 may become 
arbitrarily large. In a mathematical sense, infinite 
band mixing results. The definition of W(rj, rz) in 
equation (10) essentially extracts this gauge- 
dependence and leaves a factor which may be 


W(ri+t, t2+7) = W(1i, 12). 


small 


assumed unchanged for small fields, in accord with 

the physical expectation that the field has only a 

very slight effect on the electron density. 

3. EFFECTIVE MASS FORMALISM WITH EX- 
CHANGE 


In treating the influence of exchange on the 
effective mass formalism, we follow closely the 
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method introduced by ApAms.“) This method is 
centered around the Bloch function representation 
of the Hamiltonian. The Bloch functions yn;(r) 


the Hamiltonian in the 


e’*-ry,1(r) diagonalize 


absence of a magnetic field 


Hodni(r) = En(k)inz(r) 


H, (p?/2m)+V+W. 
the presence of a magnetic field, the Hamil- 
ian may be written 


H = Ho+(e/2mc){ p+, A*}*++ 


(e2/2mc*) Av Alt+ Z—W. (14) 


signifies the anticommutator, 
written in this case only for the sake of symmetry. 
The convention of summing on repeated indices is 
used throughout 

We now expand the exponential in equation (10) 


in powers of A to give the result 


+ Aot)(rj4—ro")|"W(1), re). 


may also be written in operator 


(16) 


It is easily verified by the use of equations (13) and 


(16) that equation (14) can be written in the form 


If Hp does not include exchange, all commutators 


higher than the second vanish 


O. KANE 


Apams") gives the following expressions for the 
important operators in the Bloch representation 
+X 
nn \/~O(R—R’) 
Xnn(k)5(R—R’) 
Pnn(k)5(R—R’) 
SnnO(R—R’)Ep(k). 


k'n'|C\|kn 
k'n'| X|Rn 
k'n'| p|kn 
k'n'| Ho\|kn 


(18) 


Apams has also shown that the diagonal com- 
ponent X»» is independent of & and is zero in 
lattices possessing inversion symmetry. We need 
the following commutator relations 


[r¥, Ho\nn 


a” wt X a (En — En ) 


19 
d?En 7) 


dk dk? 


> 


+ ( Xe n } n + 5 X un ( En — En y 


[r#, [r’, Ho||nn 


In deriving the effective mass equations, we are 
interested in the region about a band maximum or 
minimum. For simplicity, let us assume the ex- 
tremum to be at k=O. If the band is non- 
degenerate, we can write 

; h2/ kz ky? =k? 
En + 
Mzn 


Man Myn 


where the principal axes of the ellipse are taken as 
co-ordinate axes, and the mj, are effective mass 
constants. 

The technique for diagonalizing the Hamil- 
tonian of equation (17) is to make a perturbation 
expansion removing interband matrix elements in 
successively higher orders in the magnetic field. 
An off-diagonal matrix element removed in a given 
order contributes to diagonal elements in higher 
orders. The intraband off-diagonal elements associ- 
ated with the differential operator { cannot be re- 
moved in this way, since the expansion would not 
converge. The removal of interband matrix ele- 
ments to a given order therefore results in a 
differential operator for each band, the bands be- 
ing made independent to the desired order of %, 
the magnetic field. The further diagonalization is 
then accomplished by solving the differential 





INFLUENCE OF EXCHANGE 
equation or by using some other appropriate 
technique. 

The usual effective mass equation is derived to 
be correct to the first order in the magnetic field.* 
To eliminate higher-order terms from considera- 
tion, we consider all operators to be expanded in 
powers of k; k should then be considered to be of 
order #1/2 and 0/dk to be of order H-1/2. We 
must then retain the following terms in equation 


(17): 


9 


nies 1/ te a 
—3[S, [S, Ho]] ( -} AME), AS), | 


2ch 
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| [r“, Ho|nn[r’, Ho|n at+([r’, Ho \nn-[r*,Ho\nn) \" 
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1 
H' = eSHe-S = H+[S, H] a [S, |S, H]]}-+ ... 


(22) 


[S, Ho] ){A"(0), [(r", Holnn}tnZn’. 


| 2ch 


The elimination of the off-diagonal term gives a 
diagonal term in the second order of S which is of 


order #. 


(En—En) 


23) 


Vaetn. 


Using the relations given by equations (19), we can write H’ as follows: 


¢k’n'|H|kn > = Endnnd(R—k’)+ 


—1e 
+ ch ){An(d), [r?, Ho)\nn} Onn + 


—1e 


i {Au . Hf i ; : 
2ch A(X) ans [ »Ho|nn}*nAn'+ 


+(- 


-) {An 


—1e 
3\ 2ch 
j f), [r¥, [r?, Ho} \nn} Onn t 


nil 
+ (——]{AM(O), [r4, Holnn}in An’ 

2ch J 
The first four terms on the right-hand side of 
equation (21) are already diagonal in bands. All 
quantities in equation (21) are to be evaluated to 
lowest order in k. The last term is non-diagonal in 
bands and of order #1/2 according to our pre- 
scription. This term may be eliminated by the 
transformation 


* Terms in H® are required for the calculation of the 
magnetic susceptibility. To develop a theory to order H?, 
the change in the operators V and W with magnetic field 
would have to be included. 


dEn | 
»>—} 0 
dkt J 


nn’ 


ate 
dk dk”) 
Equation (24) can be written even more simply as 


e 
H’ = En(k¥+—A-(6)), (25) 
ch 


which is easily shown to be true to second order in 
k if we use the symmetrical expansion of Fy 


dE d?E 
En(h) = En(0) +h" - +}huk*(——_} (26) 
dk#/ dk#dk”/ 
and substitute k“+(e/ch)A#(¢) directly into this 
expansion. 

Equation (25) shows explicitly that the formal 
nature of the effective mass equation is not changed 
by the inclusion of exchange. This is clearly a con- 
sequence of the fact that equation (17) could be 
written in a form which did not depend on whether 
exchange was included or not. 

Equations (19) give the following expressions for 
the effective mass, m#” 


h2 a2zE 
rie oes 
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he ((r“, Ho|\nn ir’, Ho \n nt+([r’, Ho |nn [r¥, Ho|n n)nF n 


—|? ye [r”, Ho} |nn — 


mm 


[r“, Ho] 


From these equations we see that exchange con- 
tributes to the effective mass through [r+, W]>,, 
W\n, 


and [? 1 [7 


4. OPTICAL ABSORPTION 

One of the results of effective mass theory which 
is sensitive to exchange is the comparison of optical 

absorption constants and effective masses.) 
The Hamiltonian in the presence of a light wave 
is given by equation (1). A is the vector potential of 
which taken to be Ape~*'r+ 
k-r Unlike the case of the constant mag- 


the vector potential does not become 


the light may be 


xu Ao*e 


arbitrarily large for large values of r. Hence A may 
be considered as a small perturbation which will 


The 


not affect the exchange operator Z(ri, ro). 
perturbation H, may be written 


he optical absorption, 
re, gives the momentum matrix element. In 
the case of germanium and indium antimonide, the 


adjacent conduction and valence bands 


ribute a large 


ion (28) 


1lOSe1' 


share of the effective mass sum 
in equat Reasonable agreement with the 


cyclotron masses has been found with the 


matrix element between valence and 


(714 — To" )ben 


use of 


(En an En ) 


(th/m)pe+[re, W] 


conduction bands in germanium) and indium 
antimonide.) In this work exchange was neglected 
symmetry were 


and higher bands of 
assumed to be unimportant in the sum over bands 
of equation (28). The uncertainty in the compari- 


son is such that it can only be claimed that ex- 


proper 


change is less important than the ordinary mo- 
mentum contribution to the effective mass. 

We can obtain a very crude estimate of the size 
of [r“, W]- which shows that it is not negligible 


compared to /ip“/m. We approximate the exchange 
e> Wi(r1)di*(r2) by a constant 


charge density 
ep equal to the average charge density of elec- 
trons of parallel spin for rj2 < ro and equal to zero 


for 712 > ro. The value of ro is given by 


to 
- ro?p (32) 
so that the total exchange charge is equal to —e. 
This approximation is based on arguments given 
by Sater and should be reasonably accurate. 
We further assume that the exchange hole is small 
compared to the size of the unit cell and to the 
scale of variation of the functions u(r). This ap- 
proximation is clearly very bad, but it should give 
With this ap- 
proximation we can write u(12) u(1';) (te—1)° 
u(1;) over the region of the exchange hole. We 


an order-of-magnitude estimate. 


may then write 


*(11)(1y—1o) + \Jden(1'1) drid(11—Te2) 
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The integral of rg—r) is over a sphere rj2 < ro. The 
integral is easily performed to give 


W wt | apn ar 
r! W|= —1o|{—- pF}. (: 
! = = "Wm . | 


The importance of exchange in this approximation 
depends only on the electron density. For ger- 
manium the factor me2ro/4h2 has the value 0-65, 
which indicates that the two terms may be com- 
parable. 

With the same approximations as made above, 
the term [r, [r’, W]]- has the value 


ero 


r#,[r’,W]|-=— - 
[r“, [r”, W]] ; 


This term then, gives a contribution to the re- 
, 
ciprocal effective mass of +0-65 reciprocal elec- 


* Note added in proof: The author wishes to thank Dr. 
James C. PHILLIPs for correcting a sign in equations (33) 
and (34). 


tron masses in germanium. According to the over- 
simplified model used, this contribution would be 
the same for all bands. 
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Abstract 


into account by means 


cry 
whose 
1 
line 


the absorption 


width and il! 


\ theory of ferromagnetic resonance is developed in which dipolar interaction is taken 
of the spin-wave formalism. Due to crystalline anisotropy and the poly- 
stalline character of the material, the homogeneous mode of precession interacts with spin waves 
wavelength is of the order of, or larger than, the average linear grain size. The moments of 
are calculated for the case of vanishingly small single-crystal linewidths. Line- 


lineshift due to crystalline anisotropy are calculated by a perturbation-like approach in 


which interactions which do not involve the homogeneous mode are neglected. The theory predicts a 


very 
geneous mode is approximately 


perpendicular to the d.c. field. 


1. INTRODUCTION 
IN polycrystalline ferrites the anisotropy of the 
individual grains has a marked effect on the re- 
sonance behavior. Thus the linewidths measured 
n polycrystalline samples are usually appreciably 
arger than the single-crystal linewidths. This line- 


i 
] 
broadening mechanism was first considered by 


Van ViEcK”) and later by KiTTeL and ABRa- 


HAMS.) who estimated that the line-broadening 
produced by this mechanism was on the order of 


field H 2|Ki|M-1. A 


1/4 of 
detailed analysis based on the “independent grain 


the anisotropy 


approximation”’ was given by the present author.) 
As a first step, the microwave susceptibility of a 
ngle crvstalline grain was calculated, neglecting 

raction due to dipolar forces. As a second 
step, this interaction was taken into account in an 
approximate and self-consistent way by consider- 
ing the interaction of a representative grain with 
the average magnetization. It was shown that the 
theory correctly accounts for the width of the ab- 
sorption line, for the shift of the absorption peak, 
and for the general shape of the line. An extension 
for the case in which the anisotropy 


of the theory 
(w is the frequency, y 


field is comparable with w 3 
the gyromagnetic ratio) showed that the theory also 
accounts satisfactorily for a subsidiary absorption 


strong frequency- and shape-dependence of the linewidth for the case in which the homo- 
ly degenerate with long-wavelength spin waves propagating in direc- 


peak observed in polycrystalline ferrites of low- 
saturation magnetization. 

Although the dipolar interaction can be taken 
into account in the independent grain approach in 
an approximate way, its validity in a case in which 
47M is very large compared with the anisotropy 
field is very doubtful. An alternative approach, 
which should be valid under these conditions, was 
suggested by GESCHWIND CLoGsTon.) In 
this ‘spin-wave approach”’, the dipolar interaction 


and 


is taken into account as a first step and in an almost 
exact way. The random anisotropy field is taken 
into account as a second step. 

In the present paper some of the less obvious 
consequences of the spin-wave approach are 
developed. It is hoped that this will eventually 
make it possible to decide experimentally which of 
the two approaches gives the more realistic de- 
scription of the physical situation. 

2. GENERAL FORMULATION OF THE THEORY 

As in Ref. (3), it will be assumed that the d.c. 
field is strong enough to approximately align the 
magnetic moments of all grains. Let the direction 
of the d.c. field coincide with the z direction of the 
co-ordinate system and let the « and y components 


of the magnetization be given by Mzz and Mzy, 
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respectively, where M is the saturation magnetiza- 
tion and az, «y are locally variable and consider- 
ably less than one in the small signal approxima- 
tion considered. Let hz and hy be the transverse 
components of the magnetic field. These are also 
locally variable and contain a contribution ho, and 
ho,, from an applied driving field and another con- 
tribution arising from dipolar interaction, or, in 
other words, from free magnetic poles inside the 
sample or at its surface. If complex variables « 

te+ixy and h = hy+thy are introduced, the equa- 
tion of motion can be written in the simple form 


a, = ty'{(H+ A)a+Ba*—h}. (1) 


Here the asterisk denotes the complex conjugate 
and H is the internal magnetic field. The co- 
efficients A and B arise from crystalline anisotropy 
and vary from grain to grain. They characterize 
the shift of the resonance frequency and the lack 
of axial symmetry of the local energy minimum, 
respectively. Whereas A is necessarily real, B may 
be complex. The phase of B is related to the orient- 
ation of the major axis of the energy ellipse with 
respect to the co-ordinate axes. In equation (1) the 
dissipation of energy can easily be taken into ac- 
count by assigning a positive imaginary part to the 
gyromagnetic ratio, y’ = y+zA, where y is the 
usual real gyromagnetic ratio and A a phenomeno- 
logical loss parameter. For a detailed derivation of 
equation (1), the reader is referred to equations 
(12) and (13) of Ref. (3) 

Exchange effects can be taken into account in 
equation (1) by including in H an operator part 
(—H.,. a?\/?), where H,, is the ‘exchange field” 
and a the lattice constant. In this way, the exchange 
effects within the grains are correctly described. 
On the other hand, the interruption, or at least the 
reduction, of exchange forces at the grain bound- 
aries is not taken into account. The error arising 
from this omission is probably not very serious, 
because the random anisotropy field varies sufh- 
ciently slowly to make exchange forces almost 
negligible compared with dipolar forces and aniso- 
tropy forces. For the following discussion it will 
be assumed that exchange forces are not inter- 
rupted by grain boundaries. It will be shown that 
the microwave susceptibility is very nearly in- 
dependent of the exchange field, except for certain 
pathological cases. The theoretical results that do 
depend on the exchange field will probably be 
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modified if the interruption of exchange at the 
grain boundaries is taken into account. These re- 
sults should therefore not be taken literally. 

Since the magnetic field arising from magnetic 
poles may be expressed as an integral over the 
local magnetic moment, equation (1) may be 
looked at as an integral equation for «. To find the 
solution «, A, B, and h are expanded in Fourier 


series: 


~ axperk a 
y Axetk me 
B= = Byetk'r, 

. 
where A_, = Ax*, since A is real. By restricting 
these expansions to Fourier series rather than in- 
tegrals, we have in effect imposed periodic bound- 
ary conditions. Although this is a very unphysical 
assumption, it is not a very important one as long 
as the wavelength 27|k|-! is very small compared 
with the sample dimensions. The summation index 
k of equation (2) is a vector whose components 
assume the values 27/L, where n is an integer 
(positive or negative) and L is the length of the 
periodicity cube. The limits for the summation 
over k will not be important. In principle, the 
lattice constant provides a natural cut-off wave- 
length. However, if the anisotropy field has com- 
ponents only at fairly long wavelengths, as it is 
reasonable to the results will be in- 

dependent of the cut-off wavelength. 

The field produced by dipolar interaction is such 
that its curl vanishes and its divergence equals 


assume, 


7 times the divergence of the magnetization. 
Neglecting surface effects, the field arising from 
magnetic poles is 


k 
~% 


a : 


ya i 
i | 


k\2 


x [Relax +u_x~*)—th,(ap—a_x*) Jeth”. (3) 


Surface effects are negligible if the wavelength 
is very small compared to the sample dimensions. 
They are certainly very important for k = 0, the 
“homogeneous mode’’. In this case they can easily 
be taken into account, provided that the sample is 
ellipsoidal. For simplicity we shall assume that the 
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sample is a spheroid with the d.c. field applied 
parallel to the axis of rotation. In that case the 
transverse magnetic field, expressed in the complex 


notation, becomes 


ho—27M S sin? 6; X 
y 


h 0 


x (xj + e74Pky_p* eth r—47 MN , x, (4) 


where fg is the contribution arising from an ap- 
plied microwave field, 6; and ¢, are polar co- 
ordinates of the propagation vector k, and N , is 
the transverse demagnetizing factor of the sample.+ 
From equations (1), (2), and (4), one obtains an 
equation of motion for the amplitudes «,: 


x9 1) | (H+42MN Jago+ 


+ S (A aes +B K/h} *)—ho 


° Jie | 
mh t) \(H+ Hex(ak)?+ 207M sin= Of, )ap-+ 
+27M sin® 6;,e7" ky t+ 


et 


(Ax Kt + Banas ) 


From equation (5) the variable x; is coupled to 
x_,* via dipolar interaction and to all other «and 


In the present notation the sum of the three principal 


demagnetizing factors is unity. 
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ay* via crystalline anisotropy. The dynamic 
equation is now simplified by the introduction of 
new variables jy; in such a way that the coupling 
due to dipolar interaction disappears. For the case 
of zero intrinsic dissipation, the transformation re- 
lating a, and jz was first given by HosTeINn and 
PrimakorF.() The transformation given below is 
slightly more general in so far as it takes intrinsic 


dissipation into account. Let 


The transformation which has the desired pro- 
perties is then 
Ak Ak 
. (DA, 
a = cosh 5 MA —sinh : Merten (6) 


where the A; are real and are given by 
y’ [H+ Hex(ak)?+27M sin? Oy] cos p 
y'|207M sin? 6. (6a) 


wx cosh A; 
wy, sinh A; 
Here 

Wk y' |{{H+ Hex(ak)*+27M sin? 6x]? x 
xX cos? p—(27M)? sin4 6 \? (6b) 
is the eigenfrequency of a spinwave characterized 
by the subscript k. Its decay constant is 


(6c) 


Ho or 


Kk y’| sin p[ H+ Hex(ak)?+ 27M sin? 6, ]. 


(t 


For the homogeneous mode (k 0), x9 
Ao Q. 
Expressed in terms of the new variables px, the 


dynamic equation is 


— ie ‘ 
fix =1) dE Kk e+ One®) —y hodxo | (7) 


k 


where 
cosh 


Pex = (@Kt+ike oer +ly'| An 
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Equation (7) is valid for all values of & including 
k = 0. The real parts of the diagonal elements of 
Pius’ are the eigenfreauencies. and the imaginary 

kk are the eigenfrequencies, and the imaginary 
parts are the decay constants of the spin waves. 
For the homogeneous mode 


wo = y(H+4nMN ) 
Ko = A(H+47 MN ). 


In the major part of the following discussion the 
limit of vanishing intrinsic dissipation (p —> 0) will 
be investigated. This idealization is permissible if 
the single-crystal linewidth is much smaller than 
the linewidth measured in polycrystals. This con- 
dition is very often satisfied. From equations (7a) 
and (7b), the matrix P;,;’ becomes hermitian in this 
limit, whereas the matrix Ox; becomes symmetric. 
The following discussion, up to and including 
Section 5, is valid only in the limit of vanishing 
intrinsic dissipation. The generalization to the case 
of finite intrinsic dissipation 1s straightforward, and 
corrections due to intrinsic dissipation are dis- 
cussed in Section 7. 

To simplify the dynamic equation even further, 
consider the eigenvalue problem 


>) Prtien = Valen, (8) 
ke 


where vy is the eigenvalue belonging to the eigen- 
vector Uxy. If properly normalized, the eigen- 
vectors form a unitary matrix. We define new 


Lk = Uknsn- (9) 


n 


variables sy by 


In terms of the new variables the dynamic equation 
(7) becomes 


Sn iLonsnt > Qnnsn *—yhowon |, (10) 


n 
where 


i > Qui Ukn*UKen™ (10a) 
kk’ 


is a symmetric matrix. 

Assume now that the applied microwave field 
is circularly polarized; that is, ho(t) = hoe’. Here 
positive w corresponds to the positive sense of 
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circular polarization, that sense which excites the 
resonance. The stationary driven solution of equa- 
tion (10) is of the form 


(11) 


By comparing terms with equal time-dependence, 


Sn anet ott bre tut, 


one obtains 


(vn —w)dn+ ¥ On nOn* 
n’ 


* 
yvhouo n 


(vn+w)bn + i Onn@n* 


n 


Thus, by eliminating 5, 


(vy — w)an — . Rnan{w)an 
n 


(13) 


i * 
vhouon ’ 


where 


_Y Cane n’™ 
Rnn (w) + : 
Vn Ww 


(13a) 
ia) 
n” 
The matrix Ry»'(w) is hermitian in the lossless 
case. 
The average transverse magnetization is 


Mx Muo M > wonsn- 
n 


Equation (11) shows that it has a component rotat- 
ing in the same sense as the field and another com- 
ponent rotating in the opposite sense. The latter 
component vanishes if the sample has overall axial 


(14) 


symmetry, as would be the case if the grains do not 
have a preferred orientation. The circular sus- 
ceptibility is thus, from equations (11) and (14), 


M 
b 3 UonAn- 
I 


10 “TS 
For further progress equation (13) has to be solved. 
Since the coefficients Ry», are small, an approxi- 


mate solution can be obtained by iteration 


An = AnD + an + ... (16) 


where 
yvhouo n* 


ay — 
Vn WwW 
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> Ran (w)an . 


mW —e 


=— * * 
* Onn On n’ UOn 


at (Vn + w)(vn —w) 
nn 


(16b) 


The susceptibility is expanded in a similar series 
X = X)+Xp... (17) 
where, from equations (15) and (16), 


—* Ugnton™ 
yM \S 


—_— 
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’ 


_— uonO Onn *tgn* 
X, - yM » On'\nn’Y1 —. (17b) 


(vn —W)(Vn-+w)(vy—w) 


Ged 

mn’n 
In the next three sections the implications of equa- 
tions (17a) and (17b) will be examined. Particular 
attention will be given to a calculation of the mo- 
ments of the absorption line. 


3. MOMENTS OF THE ABSORPTION LINE IN 
FIRST APPROXIMATION 

From equations (17a) (17b) the 
ceptibility for the case of vanishing intrinsic dissip- 
ation has apparently only a real part. It is well 
known, however, that with a dispersion (real part 
of susceptibility) of the form 1/(wpr—w), there is 
associated an absorption (imaginary part of sus- 
ceptibility) which is localized around the resonance 
frequency wp. In the limit of vanishing intrinsic 
dissipation, the absorption line becomes infinitely 
narrow and thus does not appear in equations (17a) 
and (17b). The behavior of the absorption in this 
limit has to be obtained by a separate discussion. 


and sus- 


If the phenomenological loss parameter A has a 
small positive value, the eigenfrequencies wz, of the 
spin waves all have a positive imaginary part. Thus 
the spin-wave amplitudes px, decay exponentially 
if no driving field is applied. Similarly, the eigen- 
frequencies v, of the variables s, will contain a 
positive imaginary part if A > 0. Separating the 
susceptibility of equation (17a) into its real and 
imaginary parts, one finds that in the limit 
A — +0 the negative imaginary part consists of a 
sum of 6-functions located at w = vp. 


x,” yrM > wontton*3(¥n—«). (18) 
n 


Equation (18) may also be derived in a somewhat 
more formal way from (17a) by means of the 
Kramers—Kronig relations. 7:8) 
The /-th moment of the absorption line is 
f xX (w)w! dw 
: (19) 
fx"(w) dw 
We shall assume that the eigenvectors uzn have 
been normalized to unity. In the first approximation 
the /-th moment then is 


p2 vn'ucnton™- (20) 
n 

With the help of equation (8) and the orthogonality 

of the eigenvectors, the moments can be expressed 

in terms of the matrix P;;’ 


b2 Pow Pr x.» Pr o- 


kyo ky 


(21) 


Thus the first moment is 


Poo (22) 


W>] W0, 


equal to the resonance frequency of the homo- 
geneous mode in the absence of crystalline aniso- 
tropy. The second moment is 


(23) 


1. 2 
Ok k0- 


The second part represents the second moment 
taken with respect to the center of gravity wo. In 
the same way the third moment with respect to the 
center of gravity can be calculated 


Aw? >) = Por Prk ,0— 00 > PoxPro 
k, 20 k 
k, £0 


~N > Pox Prc(wx— w0). 
: 


In the second step we have neglected off-diagonal 
parts of the matrix Px, as compared with diagonal 
parts. 
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In order to evaluate the moments explicitly, one has to 
know the spectral distribution of the random anisotropy 
field. It is shown in the Appendix that under reasonable 
assumptions about the correlation of the orientation of 
different grains, the square of the matrix element Pox is 
given by 
9 9 9 
On? Ha? F(R) 
Oe an ee ie 
105 oD k2 
(. A(H+Hex(ak)?+2nM sin? O)] 

x (19 aa +1 
| Wk 
where f(k) is a normalized weighting function which 
takes into account the spectral distribution of the aniso- 

tropy field 


film eee, (26) 
a [1+(kro)?]? 
H, is the anisotropy field 2K,/M, V the volume of the 
sample and r, the average linear dimension of the grains. 
f(R) is normalized such that 


| f(k) dk =1. 
0 


The second moment of the absorption line will now 
be calculated explicitly by replacing the summation over 
k by an integration over continuous variables. This is 
permissible because |Pox|* is a slowly varying function of 
k; i.e. its value for adjacent discrete k values is almost 


equal. Since 
V 
p. 7" 
(27)3 J 


k 


(27) 


the second moment taken with respect to the center of 
gravity is, from equation (23), (25), (26), and (27) 


oO 1 
f(k) dk | d(cos 6) x 
gee 0 


0 


Hy +227M—2rM cos? 6 
ceenstttinaintin sell +1] (28) 
(H\(H) +407 M—4nM cos? 6) ]# 


where 


Hy = H+ Hex(ak)?. (29) 


By integration over cos @ one obtains 
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47M 


3H+40M Eos 
19 Senanail (— +23], (30) 
Hi+4nM 


V Hy4nM 


The weighting function f(k) is appreciably different from 
zero only in the range in which & is approximately equal 
to 1/ro9. For the experimentally observed average grain 
size r, of approximately 1, the exchange correction in 
H, is quite small. By way of approximation the integral 
in equation (30) may then be replaced by the integrand 
taken at k = 0. The second moment may thus be written 
as 
4(yHa)? 


—F(y), (31) 


(Aw? a1 = 
where 


23|, (31a) 


(31b) 


1, the first factor in equation (31) 


Since F(0) 
represents the second moment in the absence of 
dipolar interaction. The function F(y) is plotted in 
Fig. 1. It is obvious that the dipolar interaction 
increases the second moment. 


— oe 





oan 
47M 
H 
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Fic. 1. Second moment of the absorption line in units of 

4/21(yH,)* versus 47M/H. H, is the anisotropy field 

2K,/M, M the saturation magnetization, and H the 
internal d.c. field. 


4. SECOND APPROXIMATION, COUNTER 
RESONANCE 
By means of partial fraction expansion the 
frequency-dependent summation terms of equa- 
tion (17b) may be expressed as a sum of simpler 
terms, each of which depends on frequency as 
1/(vn—w) or 1/(vn+@). 
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In the fraction expansion, the case in which 


=v,’ has to be treated separately. 


partial 
The resulting 


second-order correction of the susceptibility may be 
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c.c. stands for the complex conjugate of the expression 
preceding it 
We note first that the second part of the right-hand 
side of equation (32a) is negligible, since it is essentially a 
sum over n’’, whereas the first part is a double 
The ratio of the two is therefore proportional to the 
number of modes. For the same reason the last 
rm in equation (32) may be neglected 
For small anisotropy the ire all 
and, for small k, are bunched around yH with 
to the Thus, the 
32) 


eigentrequencies v,, 
positive, 
a spread proportional magnetization 
hirst term of equation ( gives rise to absorption of the 
positive component of circular polarization, whereas the 
second term gives rise to absorption of the negative com- 
The occurrence of absorption of the negative 
and called ‘‘counter 


Its physical origin lies in the fact that the 


ponent 
component was noted previously 
resonance 
free precession of the magnetization in general follows 
an ellipsoidal rather than a circular cone. The resonance 
is thus partially excited by both senses of circular polari- 
zation 

For the evaluation of p, 
are all not very different from yH. 


and q,,, we remember that the 
eigentrequencies 
The terms in the denominators of equations (32a) and 
(32b) which contain sums of such eigenvalues may then 
be approximated by 2yH. For vanishing intrinsic dissipa- 
tion one obtains in this way 


] 
2yH — 


n 22. 
sal (33a) 
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From equations (33a), (33b), and (7b) 


Ae) 
aI" 


(34b) 


| 9: 9 AK 9 9 
y|-ae 2 sinh? ; +| By|* cosh? 


In the last step of equation (34b), products of A and B 
terms have been omitted. They give no net contribution 
for reasons outlined at the end of the Appendix. 


In calculating the second-order correction of the 
moments of the absorption line, the p and g com- 
ponents should be treated separately, because they 
give rise to different absorption lines. We shall cal- 
culate only the correction of the first moment of the 
main line. Equation (34a) shows that the total ab- 
sorption, [y’(w)dw, is unchanged. Thus, the 
second-order correction of the first moment is 


“ 
Pa Vnpn- 


Mt 


With the help of equation (33a), using the sym- 
metry of the matrix Ox, and the orthogonality of 


the eigenvectors, 


ay . 
/ ( 


) —, | Ak A 
> A,|2 sinh? —+] By|2 cosh? 
2H — | 2 2) 


k 
(36) 


Thus the first moment is reduced by an amount 
proportional to the square of the anisotropy field. 
This result was derived by assuming the individual 
magnetization vectors to be aligned at resonance. 
Deviations tend to increase the first moment. 
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5. CALCULATION OF THE LINESHAPE BY MEANS 
OF PERTURBATION THEORY 

The discussion of the present section is based on 
the general results [(17a) and (18)] obtained as a 
result of the first iteration approximation. Equa- 
tion (18) shows that the profile of the resonance 
curve is essentially determined by the square of the 
matrix element won. To obtain the lineshape one 
has to plot |zon|? versus vp, taking the degeneracy 
of the eigenvalues into account appropriately. Since 
the eigenvectors uzn and eigenfrequencies vp are 
well known for zero anisotropy, it is worthwhile to 
investigate the limit of small anisotropy by means 
of perturbation theory. 

We shall assume that the frequency of the homo- 
geneous mode k = 0) is sufficiently removed from 
the frequency of all other modes to justify a non- 
degenerate perturbation theory. ‘This case arises if 
the value of wo =y(H+4rN ,M) exceeds 
y[H(H+427M)}!/? by an amount of the order of, or 
larger than, the anisotropy field. In that case the 
homogeneous mode is not degenerate with any of 
the long-wavelength spin waves considered here. 
If exchange effects are takea into account, it is still 
degenerate with some spin waves. The perturba- 
tion approach is then justified only if the anisotropy 
field has no Fourier components in the range where 
exchange effects become appreciable. 

In the perturbation calculation, the off-diagonal 
elements of the matrix, Px, are treated as small. 
One then finds that to second order in the small 
quantities the square of uo» is given by 


ee NY] Pro 
|Uon|~ Son} 1— —— 


| | 1 
ya | wE— wo | 
k 0 


_ | Pon ' 
+(1—d0n) — a oe 
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(37) 


The eigenfrequency of the homogeneous mode is in 
the same approximation 


* | Pxo|? 
wot ‘ peor, 


vo (38) 
kod WW) WE 
kA0 


Under the conditions described above (in which 
wo is larger than all w,), the presence of crystalline 
anisotropy increases the resonance frequency of 
the homogeneous mode and decreases the amount 
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of absorption associated with this mode. At the 
same time, it produces an absorption due to spin 
waves, which, in the absence of anisotropy, do not 
lead to any absorption in a homogeneous field. 

It is interesting to note that a calculation of the 
first and second moments based on equations (37) 
and (38) leads to the previously derived results, 
equations [(22) and (23)]. This is not surprising, 
since these results are exact within the framework 
of the first iteration approximation. 


6. CALCULATION OF THE LINESHAPE, NEG- 
LECTING INTERACTION BETWEEN SPIN WAVES 

The discussion of this section is based on an 
approximation first proposed by CLoGsToN et 
al.(9) The problem is simplified by discarding from 
the dynamic equation (7) all terms which corres- 
pond to interaction between spin waves. Only the 
interaction between the homogeneous mode and 
the spin waves is retained. This is an intuitively 
plausible approximation, since for vanishing aniso- 
tropy only the homogeneous mode is excited. 
Furthermore, the discussion of Section 3 shows 
that the second moment of the line is completely 
determined by the interaction of the homogeneous 
mode with the spin waves. The analysis presented 
in the present section is similar to that of Ref. (9), 
but differs from it in some important details. In 
contrast to the preceding three sections, intrinsic 
dissipation will not be excluded from the present 
discussion. The limit of vanishing intrinsic dissipa- 
tion will be investigated in detail at the end of this 
section. Corrections due to finite intrinsic dissipa- 
tion are discussed in the following section. 

If interaction between spin waves is neglected, 
the dynamic equation (7) becomes 


fLo i|(wo-tino)pot p3 (Porsen-+ Qoaun*)—y hoy 
k 


> +0 


(39) 
fuk = (we +ig) e+ Propot+ QOxouo*}- 


If ho is a rotating field, i.e. proportional to e’“, the 
stationary solution of equation (39) is of the form 
Lk aye’ “t+ bre iwt, (40) 


By comparing terms with equal time-dependence, 
one obtains from equations (39) and (40) 
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If the grains have no preferred orientation, the 
counterrotating component of the average mag- 
netization vanishes (bg = 0). By elimination of the 


b,-(k 


obtains the circular susceptibility 


variables az,, 0) from equation (41), one 
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The two sums occurring in the denominator of 
equation (42) are now separated into their real and 


imaginary parts: 
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Equation (42) then becomes 


y'M 
—" | ur dh es 
(wot Sp—Sg—w)+1(Ko+ Vi Tat Wo) 


Sp, Sq, Wp, and Wg are dependent on frequency 
and applied field. S, and Sg are related to the 
shift, Wy, and W, to the width of the absorption 
line. Owing to their frequency-dependence, how- 
ever, the interpretation is not entirely obvious. A 
simple interpretation is possible only if the 
frequency-dependence of Sp, Sg, Wy, and Wg in 
the vicinity of the resonance frequency is suffi- 
ciently weak. It is shown below that for w > 0 
(positive sense of circular polarization) W, = 0. 
Thus 2W,,(w) evaluated at the resonance frequency 


represents the contribution of anisotropy broaden- 
ing to the linewidth (measured by varying the 
frequency at constant field), provided that the 
fractional change of W,(w) over the width of the 
line is negligible; i.e. provided 

( W,| Ko+ Wp Z| 


W» 


(45) 


CW res 


If this condition is satisfied, the absorption line 
should have an approximately Lerentian shape in 
the vicinity of resonance. Deviations from this 
Lorentian shape should be expected away from 
resonance. It is shown below that the condition 
(45) is not satisfied if w coincides with one of the 


vy M 


PoxP xo OoxQxo* 
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edges of the spin-wave spectrum. Under these 
conditions the theory predicts an absorption line 
with a complicated, non-Lorentian shape. 

Comparing the present discussion with that 
given in Ref. (9), the reader will note that the only 
significant difference lies in the use of the fre- 
quency domain, rather than the time domain. Thus 
we have calculated the susceptibility, whereas in 
Ref. (9), its Fourier-transform, the impulse re- 
sponse, is calculated. The advantage of the present 
approach is its simplicity. Also, the susceptibility 
is more closely related to observable quantities 
than the impulse response. The calculation of an 
exponentially decaying impulse response in Ref. 
(9) is somewhat misleading, as it suggests that 
the absorption line is truly Lorentian. 

Consider now the case of vanishing intrinsic 
dissipation (A > 0). The numerators in equation 
(43) then become real. If the summation over & is 
replaced by an integration, one obtains: 


‘, 
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where the principal value has to be taken, and 


3 | anlr onl? 3(we—w), 


(46b) 


Wa drp| Oo? d(we+ w). 


a 
27)3 
Here V is the periodicity volume or, for practical 
purposes, the volume of the sample. Since all 
spin-wave frequencies w, are positive, W, from 
equation (46b) is non-zero only if w is positive and 
falls within the spin-wave spectrum. It thus pro- 
duces a line broadening in this range. Similarly, 
W is non-zero only if w is negative and 
within the spin-wave spectrum. The presence of 
W,, leads to an absorption of the negative circular 
component (counter resonance). It will be shown 
below that the lineshift Sp is appreciable only if w 
is not too far removed from the spin-wave spec- 
trum. Similarly S, is appreciable only if —w is not 
too far removed from the spin-wave spectrum. The 
presence of Sg and W, thus does not affect the 
behavior of the absorption near the main peak. 
These terms will not be considered in detail. 


w falls 


where 


a pe 
210 


L f 19+ 20+ 19x? 


oh 
| VR 


I(k) 


V p?—1 ( 19+4+2x+ 19x? 


- (n—tan-! 
210 | Vx2—- 


a2: 


From equation (25) the integrals (46a) and (46b) be- 
come, after integration over the angle 4, 


Ha? f 
= ——— k) dk 
105 ft (*)¢ 
1 
H,+27M sin? 6 1 
[ (cos {19 — 44 suiialades 
‘0 


Wk J W— Wk 


(47a) 
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0 
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where f(k) is given by equation (26), H, by equation 
(29), and wx by equation (6b). The upper integration 
limit for k has been set equal to infinity. Terminating the 
integration at a cut-off wave number (~1/a) does not ap- 
preciably change the value of the integrals. 

The integration over the angle # can be performed 
analytically.“°) With the abbreviations 


/ H,+4nM 
Hy, 


the results can be written in the form: 


(48) 


a 


Sp =—~—*- | f(k) dkI(h), (49a) 


(49b) 


- i 
. + (24198) 5 —sin 3) tim PI) 


(50a) 


/ x2— pe / pe onl 


> B 


/ B2—1 sb a 
bal —_ ifl<x<B 


210 — 
ve (50b) 


J(k)=9 otherwise. 

It can be shown!) that J(R) and /(k) are only weakly 
dependent on k in the range in which the spectral dis- 
tribution of the random anisotropy field f(k) is appreci- 
ably different from zero. Thus the functions J(k) and 
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](k) may be replaced by their values at k = 0. In equa- 
49a (49b) the integration over k then be- 
comes trivial, since {f(k)dk = 1. This approximation 
becomes exact in the limit in which H,,a*® Hr,” — 0. It is 
a good approximation in most practical cases, and breaks 
down only if J or J vary very rapidly with frequency or 
applied field. Subject to the above-mentioned restrictions 
e in and W, as lineshift and line 

iths, respectively, J(0) and 2/](0) evaluated at the re- 
frequency are the lineshift and the line width 


in units of yH ,2, 47M 


tions and 


terpretation of S, 


ance 


asurea 


x 

Linewidth parameter / (full line) and lineshift 

r J (broken lin 
H,) for constant 

The exchange correc- 


lid for 47>M H, = 3 
1 


ion is not included 


) versus frequency on a reduced 


d.c. field. The curves 


In Fig. 2, J 


against frequency on a reduced scale. The para- 


and / are plotted against x, 1.e 


meter 8 has been chosen as 2. On the reduced scale 
the spin-wave spectrum* extends from 1 to 2. 
30th J and / are singular at the edges of the spec- 
trum 

within the spectrum and has an inverse square 


J is non-zero only if the frequency falls 


root singularity at the upper edge. J has a similar 
singularity at the upper edge and a logarithmic 
singularity at the lower edge. If the sample is a 
sphere, the frequency of the homogeneous mode 
in the case (B 2) coincides with the 
upper edge of the spin-wave spectrum. If the 


sample is a prolate (rod-like) spheroid, the fre- 


present 


quency of the homogeneous mode falls outside. If 
it is an oblate (disc-like) spheroid, the frequency of 
the homogeneous mode falls inside the spin-wave 
spectrum. The theory thus predicts that the line 
width will be strongly dependent on the shape of 
the sample. 


- The “spin-wave spectrum’’ will be used to 
I 
denote the 


requencies of spin-wave states of long wavelength.’’ 


term 
‘range of frequency covered by the eigen- 


In Fig. 3, 1(0) and ](0) are plotted against in- 
ternal magnetic field for fixed frequency. It has 
been assumed that y47M/w = 3/2. In that case 
the spin-wave spectrum on the magnetic-field 
scale extends from yH/w 12 to yH/w 1. 
Singularities again occur at the edges of the spin- 
wave spectrum. If the sample is a sphere, re- 
sonance occurs at the lower edge, yH/w = 1/2. 

The linewidth is obtained by evaluating J(0) at 
the resonance frequency. If the sample is a sphere, 


10°O 


Fic. 3. Linewidth parameter /] (full line) and lineshift 
parameter J (broken line) versus internal d.c. field on a 
reduced scale for constant frequency. The curves shown 
are valid for y47M w = 3 2. The exchange correction is 


not included 


one obtains from equations (49b) and (50b) by 


47M 3, 
H,* 


setting H wy 


8ary/3 


| 47M | 21 


where 


360 2 
for w WM 
ol 


3 2 3 
N | wm ‘ | wM 3 


v4nM. 


3 WM 


WM 


If w is smaller than 2/3 w,,, crystalline anisotropy 
does not lead to a line broadening in the present 
approximation. G(w/w,,) is shown as the solid 
line in Fig. 4. 

The case in which the homogeneous mode is 
degenerate with long-wavelength spin waves pro- 
pagating in directions perpendicular to the d.c. 
field is obviously of particular interest in connec- 
tion with the present theory. We will refer to this 
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case as “resonance under degenerate conditions.” 
In the following section the predictions of the spin- 
wave approach concerning this case are discussed. 


, San ih ea 








tO a e 40 


Fic. 4. Theoretical frequency-dependence of the aniso- 

tropy contribution to the linewidth in spherical samples. 

The ordinate is the linewidth divided by 2:07 H,*, 47M. 

The full line is obtained by neglecting exchange effects 

and intrinsic dissipation. The broken line is obtained 

correction assuming that 47Mro? 
H,. a* = 100. 


with the exchange 


7. RESONANCE UNDER DEGENERATE CON- 
DITIONS 

For spheroids magnetized along the axis of rota- 
tion, the condition of degeneracy between the 
homogeneous mode and long-wavelength spin 
waves propagating in directions perpendicular to 
the d.c. field can be realized if the applied fre- 
quency w and the saturation magnetization M are 
related by 
N (1-—N 
w = y4rnM— 


al 


For spheres, the condition (52) obviously reduces 
to 


2 
—y4nM. 
W 3y 


In the present section the predictions of the spin- 
wave approach concerning resonance at a fre- 
quency given by equation (52) will be investigated. 

According to equation (50b) or Figs. 2, 3 and 4, 
the linewidth parzmeter Wy changes abruptly as 
the degeneracy condition is traversed. ‘There are 
several reasons why the variation of W, with 
frequency will actually be more gradual. Of these 
we shall discuss the influence of exchange forces 
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and that of intrinsic dissipation. A detailed 
analysis) shows that the exchange correction 
limits the maximum linewidth to 


Ha? B fine ro 

4nMV Hex a 
This is only a rough estimate, since Wy and Sp 
depend very strongly on applied field in the vicinity 
of the degeneracy point. Thus their interpretation 
as linewidth and lineshift is only approximately 
correct. 

Consider now the effect of intrinsic dissipation 
on the resonance curve. From equation (44), the 


total linewidth then contains a contribution pro- 
portional to the phenomenological loss parameter A 


A 


(AH) max 


(AH) int = 2— (54) 
ie 

Besides this rather obvious effect, the intrinsic 
dissipation changes the values of Sp and Wp. Since 
the matrix Pzx is not hermitian for A > 0, the 
numerator of equation (43) is not real. Thus Wy 
has one contribution arising from the numerator, 
and one arising from the denominator of equation 
(43). The former will be neglected, since it vanishes 
for A > 0 and may be expected to be insignificant 
compared with the term retained. 

The dependence of the spin-wave decay con- 
stants xz on the propagation vector was calculated 
in equation (6c) with the use of a Landau—Lifshitz 
damping term. For the present calculation, how- 
ever, it will be assumed that all spin waves have the 
same decay constant. This is a rather arbitrary 
assumption, made only to simplify the calculation. 

From equation (43), the new linewidth para- 
meter W,’, which is corrected for intrinsic dissipa- 
tion, is obtained from the original W, (obtained 
for vanishing dissipation) by a smearing-out pro- 
cess 


W'(w) wa 
y+ Kn? 


-W,(w+y) dy. 


Here « is the spin-wave decay constant. The 
smearing-out process is most effective in the 
vicinity of the singularity. Even if exchange effects 
are neglected, the linewidth parameter W> is thus 
reduced to a finite value. Neglecting exchange 
effects, one finds by carrying out the integration in 
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equation (55) that the maximum linewidth is given 
by 


Ha" 4nM 
(AH) max & 1:5 (56) 


» ° 


Here it is assumed that the spin-wave decay con- 
stant equals the intrinsic decay constant of the 
homogeneous mode. Equation (56), like (53), is 
only approximately correct, since the interpreta- 
tion of W,’ as linewidth is only approximately 
correct 

Equations (53) and (56) give the expected maxi- 
mum linewidth under the condition that either 
intrinsic dissipation or exchange is negligible. If 
both these effects are important, they co-operate in 
reducing the maximum linewidth. The dashed line 
in Fig. 4 shows the frequency-dependence of the 
linewidth for a representative case. 

So far only the modification of the linewidth 
parameter W,, due to exchange and intrinsic dissi- 
pation has been considered. It is obvious that the 
lineshift parameter S»p 1s affected in a similar way. 
Thus all singularities of S, are smoothed out. By 
reference to Fig. 2 or Fig. 3, it can be seen that the 
real part of the denominator of equation (44) 
vanishes at three points (frequencies or fields 
depending on what is held constant) if the de- 
generacy condition (52) is approximately satisfied. 
Thus, three separate absorption peaks may be ex- 
pected under these conditions. The smearing-out 
effects of exchange and intrinsic dissipation, how- 


ever, will probably prevent a complete resolution. 


8. DISCUSSION 

In this section the validity of various approxi- 
mations introduced in the course of the paper will 
be discussed 

The use of periodic boundary conditions may 
conceivably introduce an appreciable error for the 
case in which the frequency of the homogeneous 
mode lies above the frequency band of the spin- 
wave spectrum. The exact mode spectrum has been 
discussed by WALKER.“!) It has been found that 
the frequencies of the “‘magnetostatic’’ modes ob- 
tained with the correct boundary conditions may 
exceed the frequencies of the long-wavelength 
spin waves. The frequencies of the magnetostatic 
modes can be shown to be smaller than 7(H+27M) 
whereas the spin-wave frequencies are smaller than 
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yV H(H+47M). Thus the spin-wave frequencies 
are contained in a narrower band than the fre- 
quencies of magnetostatic modes. A situation may 
thus arise in which the frequency of the homo- 
geneous mode lies above the spin-wave spectrum, 
but inside the range of frequencies of magneto- 
static modes. Under these conditions the present 
theory predicts zero anisotropy broadening, where- 
as a more exact theory, which uses the correct 
boundary conditions, would predict a finite aniso- 
tropy broadening. Apart from this special case, 
the use of periodic boundary conditions does not 
appear to introduce an appreciable error. In all 
final results the spectral distribution f(R) occurs as a 
weighting function. Since f(k) ~ k? for small k, the 
very long wavelengths (comparable with the sample 
dimensions) do not contribute appreciably. The 
wavelengths which contribute most strongly are of 
the order of the average grain size rp, and for these 
the use of periodic boundary conditions is well 
justified. 

The error due to the neglect of the interruption 
of exchange forces by grain boundaries is difficult 
to estimate. Because of this effect, two spins within 
the same grain are more closely coupled than two 
spins in different grains. The interruption of ex- 
change forces by grain boundaries thus favors the 
independent grain picture and may, therefore, be 
expected to reduce the linewidth under the de- 
generate condition discussed in Section 7. 

The neglect of spin-wave interaction (Section 6) 
should be a good approximation for small aniso- 
tropy. This approximation is unnecessary for the 
calculation of the moments of the absorption line. 
Unfortunately, however, the moments can not, at 
present, be obtained from experiments with any 
accuracy. 

The theory presented in this paper 1s expected to 
provide a realistic description of ferromagnetic 
resonance in polycrystalline ferrites, provided that 
the anisotropy field is much smaller than the 
saturation magnetization. Under these conditions 
the dipolar coupling between different grains is 
very strong, and anisotropy may be treated as a 
perturbation. In the converse situation, in which 
the anisotropy field is of the order of, or larger than, 
the saturation magnetization, the present theory 
does not apply, and the independent grain ap- 
proach of Refs. (3) and (4) is expected to provide a 
better description of the physical situation. 
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The range of validity of the two approaches is 
difficult to estimate theoretically and should, 
therefore, be obtained experimentally. A con- 
venient way of achieving this aim is the investiga- 
tion of resonance under the degenerate conditions 
described in Section 7. For this case the spin-wave 
approach predicts a substantial increase of the 
linewidth, and a rather unusual lineshape. Accord- 
ing to the independent-grain approach, on the 
other hand, the anisotropy contribution to the 
total linewidth should be independent of fre- 
quency. Thus the two approaches lead to com- 
pletely different predictions in this case, and an 
experimental decision in favor of one or the other 
should be rather easy. 
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APPENDIX 
SPECTRAL DISTRIBUTION OF RANDOM 
ANISOTROPY FIELD 


In Section 2 the additional field due to crystalline 
anisotropy was expanded in a Fourier series. 


A(r) > Anees, 
k 


where A-; = Ax* and the components of k are of the 
form k, = (27/L)n, where n is an integer and L the 
length of the periodicity cube. Since 


1 2 


5 | etk + dry = dx, 
- 
v7 
where V = L’, the autocorrelation function 
I F , , 
| A(r’+r)A(r’) dr, 
Vy 


(A.1) 


Thus the spectral distribution of the random anisotropy 
field is given by 


To find the autocorrelation function ¢(r), consider a 
one-dimensional example. The function A(x) is constant 
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in each interval na << x < (n+1)a, where a is the length 
of the interval and m an integer. Assuming that the values 
of A(x) in non-identical intervals are statistically in- 
dependent, the autocorrelation function becomes 


L 
1 a 

d(x) ; | A(x’ +) A(0’) de’ 
“0 


0 cd Ve | 
A?(1 “4 if —-a<x<a (A.3) 


= 0 in remainder of periodicity interval of 
length L, where, 
L 
1 7 
Ae | A(x)2 dx. 
| 


0 


¢(x) is, of course, periodic with period L. 

The analysis can easily be extended to the three- 
dimensional case. The results would be valid if all grains 
were cubes of identical size. Since this is a rather arti- 
ficial assumption, and because the exact nature of the 
autocorrelation function is not very important for the 
present purposes, we shall postulate a plausible auto- 
correlation function without trying to justify this choice 
on a rigorous basis. 

From the physical nature of the problem, it is obvious 
that the three-dimensional autocorrelation function can 
depend on x, y and z only via r = (x?+y?+27)'/2. A 
plausible choice is 

b(r) = Ae", (A.4) 
where ry is a suitably chosen length, characterizing the 
range of the correlation. It is of the order of magnitude 
of the average of the grains. The 
spectral distribution is, from equations (A2) and (A4), 


linear dimensions 


where the periodicity volume has been approximated by 
a sphere of radius R. The upper integration limit can be 
replaced by ©, since the integrand decreases rapidly 
with increasing r. By straightforward integration from 
equations (A4) and (A5), 


(A.6) 
[1+(Aro)?}* 


Using the same method, the spectral distribution of 
the coefficient B of equation (1) can be calculated. Thus 


87] Bl? ro3 


Vi [1+(kro)? 2 
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A and B on the orientation of the 
to the crystalline axis was cal- 


The dependence of 
d.c. field with respect 
culated previously.* For first-order cubic anisotropy the 


result 1s 


(A.8) 


are the directional cosines of the 


where 3,, 3,, and 
magnetization with respect to the crystalline axes, and 
For random orienta- 


A? and |B/* are 


V/ is the anisotropy field 


crystallites, the averages of 


1 
f ¢ 
the 


(A.9) 


evaluate the square of the matrix element 


h occurs in Sections 3 and 6. In this connection 
to realize that it is sufficient to calculate a 
P.) 2 


an ensemble of macroscopically equivalent 


it is important 


taticti ] ‘ “a 0 t 
StatIstiCdi aver 


The average is taken with 
respect to 
samples which may have the same grain boundaries, but 


This 


ging procedure is already inherent in the calculation 


which differ in the orientation of their grains. 
autocorrelation function, and thus in the calcula- 
1;-\° and |B It is important to recall that the 
Fourier coefficients By; contain an arbitrary phase, re- 
minimum. 


lated to the orientation of the local energy 


Since all such orientations are equally probable, products 
of A and B terms give no net contribution to | Pox!” 
From equations (7a), (A6), (A7), and (A9) 
3 
To 
) 
Po, x 
79 
(1+(Aro)*}* 


Ax) 
' 


A 
, rh 19 
x 10 cosh? +9 sinh? 
| 9) 


Using the definition (6) of the parameters Ax, 


finally be expressed as 


* Equations (27) and (44) of Ref. (3) 


Hq? f(r) 
VR 


y[H+ Hex(ak)?+27M sin? 0x] 
x 19 +1 
Wk 


(A.11) 


Here we have introduced a normalized weighting func- 
tion 


+ k2793 


f(R) samy 
7 [1+(kro)?}? 


Note that 


| f(k) dk =1. 
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FERROMAGNETIC RESONANCE IN POLYCRYSTALLINE 
FERRITES WITH LARGE ANISOTROPY—I 


GENERAL THEORY AND APPLICATION TO CUBIC MATERIALS WITH 
A NEGATIVE ANISOTROPY CONSTANT 
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Abstract—lIf the anistropy field is much larger than the single-crystal line width and the saturation 
magnetization, the shape of the resonance line is essentially determined by the spreading of resonance 
frequencies for different grains due to crystalline anisotropy. More precisely, if w(H)dH is pro- 
portional to the number of grains that have their resonance in the range of applied d.c. field between 
H and H+dH, the absorption versus field curve should be a smeared-out image of the distribution 
function w(H). The distribution function has characteristic singularities arising from the stationary 
points of the resonance field versus orientation surface. The behavior of w(H) in the vicinity of the 
singularities is calculated for first-order cubic anisotropy, and w(#) is obtained by interpolation. For 
small anisotropy fields, the calculated line shape has a single peak which corresponds to grains in 
which a [110] direction is aligned with the d.c. field. For larger anisotropy fields (yHa/w > 0.5), a 
secondary peak occurs. It corresponds to grains in which an easy axis is aligned with the d.c. field. 
The theory accounts for secondary resonance peaks at low fields observed in ferrimagnetics near the 


compensation point. 


1. INTRODUCTION pendent-grain approach”. This approach has been 
POLYCRYSTALLINE ferrites usually have a much used by Mixes, STANDLEY and STeveENs,) and 
wider absorption line than single crystals of the the present writer") and has proven to be fairly 
same composition. It was pointed out by VAN _ successful in accounting for observed shifts and 
ViecK") and by KirreL and ABRAHAMS") that the asymmetries of the absorption line. Dipolar inter- 
additional line broadening is due to crystalline action can be taken into account in an approximate, 
anisotropy in conjunction with the random orienta- _ self-consistent way by considering the interaction 
tion of the grains. There are at present two essenti- of a representative grain with the average mag- 
ally different methods for obtaining quantitative netization.”) The theory becomes particularly 
estimates of the additional line broadening. One simple in the case in which the saturation mag- 
method, proposed by GESCHWIND and CLOGsTON™)  netization is very small compared with the aniso- 
and further developed by the present author,“ tropy field. Dipolar interaction can then be 
takes the dipolar interaction between different neglected, and the shape of the resonance line is 
parts of the sample into account in an almost exact _ essentially determined by the number of grains that 
way and treats the torque arising from crystalline go through resonance in a given range of applied 
anisotropy as a small perturbation. This method  d.c. field. 
may conveniently be called the ‘‘collective ap- In the present paper the independent-grain ap- 
proach” or the “spin-wave approach’’. Itisexpected proach is adopted. The limit in which the satura- 
to be valid if the anisotropy field is much smaller tion magnetization is very small compared with the 
than the saturation magnetization. The other anisotropy field is considered, and dipolar inter- 
method starts with a consideration of individual action is therefore neglected. Under these condi- 
grains, and may therefore be called the “inde- tions the individual grains go through resonance 
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independently, and one may define a distribution 
of resonance field strengths w(H) in such a way that 
w(H)dH is proportional to the number of grains 
which (at a fixed frequency) have their resonance 
in the range of applied d.c. field between H and 
H+dH. If the single-crystal line width is much 
smaller than the anisotropy field, the absorption 
should depend in essentially the same way on the 
applied field as does the distribution of resonance 
field strengths w(H). Because of other line- 
broadening mechanisms, the absorption will not be 
an exact but only a smeared-out image of the distri- 
bution w(/7). In previous work? the distribution 
«#(H) was calculated with the assumption that the 
anisotropy field be very small compared with 
w/y, where w is the frequency and y the gyro- 
magnetic ratio. In the present paper this assump- 


tion will not be made 


crystalline anisotropy the magnetization 


vectors of individual grains will not all be aligned parallel 
field. If a microwave magnetic field is ap- 


field, only the component 


with the d.c 
plie d perpe ndicular to the d.c 
perpendicular to the static magnetization of the in- 

is effective in producing resonance ab- 


dividual grain 


Thus, the theoretical line shape «(H) should 
be compared with the absorption measured in the 


field, but rather with the 


sorption 
not 
direction transverse to the d.c 

m of the absorptions measured in the two transverse 
lirections and the longitudinal direction (i.e. to the trace 
imaginary part of the susceptibility tensor). How- 
absorption is probably much 


ever, the longitudinal 


the transverse absorption, so that a com- 
parison of w(H) 


adequate for practical purposes. 


smaller than 


with the transverse absorption is 


The object of the present paper is a calculation 
of the distribution of resonance field strengths 
w(H) for crystals of cubic symmetry. For this 
purpose the angular dependence of the field 
strength necessary for resonance in a single crystal 
is investigated. If 6 and ¢ are the polar angles of the 
d.c. field in a co-ordinate system fixed in the 
crystal and Ho(@, ¢) is the field strength necessary 
to produce resonance, the distribution function 
w(H) is 

1 a 
w(H) = - S[H—Ho(0,4)]dQ (1) 
gi sphere 
where 5[H —H)(@, ¢)] is the Dirac delta function, 
and the distribution function is normalized such 
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that 
| co(H) dH 


For the final discussion it will be assumed that only 
the first-order anisotropy constant Kj is different 
from zero. Special attention will be given to the 
stationary points of Ho(@, ¢), since they give rise to 
characteristic singularities of the weighting func- 


tion. (7-9) 


2. ANGULAR DEPENDENCE OF THE FIELD 
STRENGTH NECESSARY FOR RESONANCE 
Let Eo(3, 4) be the energy required to pull the 

magnetization vector of a sample of ferromagnetic 

material of unit volume into the direction 3, ¢ 
from a given reference direction. In the present 
case Ey contains a contribution from the d.c. field 

(Zeeman energy) and the crystalline anisotropy 


energy. The resonance condition!) is 
| l 
M; 


C 2Eo C 2Eo 
2 Cy % 


ocd | 


sin2$ | 092 Co 


where the second derivatives must be taken at the 
point of equilibrium, @Eo/09 CEo/Co = 0. y is 
the gyromagnetic ratio (y = ge 2mc) and Ms; is the 
saturation magnetization. Equation (2) gives the 
resonance frequency as a function of the direction 
of the magnetization vector 9, ©. This direction 
does not in general coincide with the direction of 
the applied d.c. field (6, ¢). 

To obtain an explicit expression for the de- 
pendence of the resonance field strength on the 
direction of the applied field, consider the limiting 
case, in which crystalline anisotropy can be treated 
as a perturbation. Let —2K,/M; = Hag, the ‘‘aniso- 
tropy field” (Kj is negative for most of the cases of 
interest) and k = yHq/w. It is shown in Appendix 
1 that for first-order cubic anisotropy the resonance 
field strength is given by 


@ 
14k(1—5F)} (3) 


H(6, ¢) 


where 
F = 4g? hy? + %202? + 427u7”. (3a) 


(ry %y, and «, are the directional cosines of the d.c. 
field with respect to the crystalline axes, and higher 
powers of k are neglected. It is easily shown from 


x 
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equation (3) that for k<1 the only stationary 
points of Ho(@, 4) are those required by the cubic 
symmetry of the crystal. They correspond to the 
[100], [110], [111] directions. 

It is quite difficult to calculate the angular de- 
pendence of the resonance field strength for arbit- 
rarily large values of k. An expression valid up to 
second powers of k is given in Appendix 1, but the 
convergence is too poor to make it useful. Fortun- 
ately, it is sufficient for the present purpose to 
know the behavior of Ho(@, ¢) in the vicinity of the 
stationary points. This can be found exactly for 
arbitrarily large k.* 

Consider now the case in which the d.c. field is 
applied in a (100) or (110) plane of the crystal. If 
the d.c. field is very strong, the magnetization will 
be aligned parallel to it. If the field strength is now 
reduced, the magnetization deviates from the field 
direction, but stays in the symmetry plane till a 
certain field strength is reached at which the energy 
minimum becomes flat. Before this field strength is 
reached, however the system goes through re- 
sonance. At resonance the magnetization is there- 
fore in the same symmetry plane as the d.c. field. 

Under certain conditions there may be several 
stable positions for the magnetization vector. The 
position in the symmetry plane is not necessarily 
the most stable (lowest-energy) one. However, it 
is that position which is realized if a large magnetic 
field is initially applied in the symmetry plane and 
then gradually reduced. 

Let 6, ¢ and 3, @ be the polar angles of the d.c. 
field and the magnetization respectively. ‘The total 
energy is 


Eo = —HM,f{sin 9 sin @ cos(g—¢)+ cos > cos @]+ 
+ Ki F(9, @). (4) 


If the co-ordinate system is chosen such that the 
symmetry planes (100) or (110) corresponds to 
@ = 7/2, the resonance condition (2) becomes 


*It is not obvious that the exact H,(#, ¢) has no 
stationary points besides those required by symmetry. 
This question cannot be decided by the present method. 
It can be shown, however, that none of the stationary 
points change their character (from saddle point to 
maximum, say) as k increases. This makes it very un- 
likely that additional stationary points exist, since the 
combined number of maxima and minima equals the 
number of saddle points plus two for arbitrary R. 
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@ \2 Ha 
-) = [H cos(9—4) — —Fy9]x 
i 2 
Ha 
x [H cos(e—¢) — : F 99], 


XH 


where 9 and ¢ are related by the condition 


CEo ao) 0; 1.€. 


H sin(o—¢) = 4HgF 2 (6) 


and F,, Fy 9, and Fy. are partial derivatives of 
F(%, 9). Equation (5) should be compared with 
formulae given by Kitret,"!) Bickrorp,“2) and 
HEay."!%) Their results do not take into account 
the difference in the direction of magnetization 
and d.c. field and thus agree with equation (5) only 
if ¢ =¢. This has also been emphasized by 
ARTMAN. 14) 

Equations (5) and (6) determine the angular de- 
pendence of the resonance field strength in the 
(100) and (110) planes. From this the behavior of 
H (9, ¢) in the vicinity of the stationary points (i.e. 
also for points that do not lie in the symmetry 
planes) can be inferred. Details of the calculation 
are presented in Appendix 2. The results are most 
conveniently presented in a co-ordinate system 
whose polar axis coincides with the stationary 
point in question. In the vicinity of each stationary 
point the angular dependence of the resonance 
field strength is given by 
H0(9, 6) = Hoo(1+A sin?0+B sin?@+C sin*@) (7) 
where higher powers of sin @ are neglected. For 
the [100] direction 


6) 


Hoo (1+), 


fg 
9 
Aw —Sk(1+—k), 


B=0, (8) 


a a ee 
i. Sk-+47k2+ 588+ — kt — — #5) sin? 2¢ 


15 283 245 
+ (- k+- —k?4+——_k3— 
4 8 é 
171 
—22k4 — ——15) cos? 24. 


C / 
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Similarly, for the [111] direction 


Hoo 


on FS 
COS JQ, 


1975 
k3 — 
108 


‘inally, for the [110] direction 


; QY 1 
Hoo l k2 — -k}, 
: N "i + 


a sin? d—b cos- 4, 


a 27 
5k(1—-k,/ 14+—k? ke 
| 5 N\ 16 TH | 


’ 


9 3 
1+-— A244 k) 
16 + 


g 
‘ 1+, 


27 
k?+ k?) 
16 sv 


Y 


5k| +k, 1+ 


Q 
1+—k? 
16 
In each case ¢ = 0 corresponds to the (110) plane. 
The coefficients B and C for the [110] case have 
not been calculated, because they will not be 
needed for the discussion which follows. 


3. BEHAVIOR OF THE DISTRIBUTION FUNCTION 
«(H) NEAR ITS SINGULARITIES 

It has been shown previously that the stationary 

points of Ho(6, ¢) give characteristic 

singularities of the distribution function w(H).-9) 

Thus, the maxima and minima of Ho(6, 4) give 

rise to finite steps of w(H) at the ends of the 


rise to 


interval, in which it is different from zero. The 
saddle points give rise to logarithmic singularities 
of the In the following 


distribution function. 
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section the asymptotic behavior of the distribution 
function near its singularities will be calculated. 
Let v be the number of equivalent stationary 
points about which the expansion (7) is valid with 
a given set of coefficients H,,, A, B, C. If A isin- 
dependent of ¢ (as it is for the maxima and minima 
in question), it is easily shown from equation (1) 
(see Appendix) that the behavior of w(H) at the 
edges of the interval in which it is different from 


zero is given by 


H—Ho0\' 
w(H) 


: | 
ie 
4! 4| Hoo | A3/2 Hoo 
B2 
+43 2 


& | H— Hoo | 7 
a 
As A2 2A | Om 


Hoo /) 


where higher powers of H—H,, are neglected and 
the averages are taken with respect to d 
B dd, ete. 
27. 0 

If equation (7) is an expansion near a minimum 
(4 > 0), the distribution function vanishes for 
H—H,, <0 and is given by equation (11) for 
H—H,, > 0. Similar hold for 
A < 0. It should be noticed that in the present 
case B equals zero (equations (8) and (9)). The 
square-root term of equation (1 1), therefore, does 


considerations 


not occur. 

In the vicinity of a saddle point, the behavior of 
Ho(@, 4) is given by equation (10). As shown in 
Appendix 3, the distribution function behaves for 


H—H,,| < Haas 


y H— Hoo 
log, : 


w(H) x — 
47Ho0\ ab He 


Equation (12) gives only the singular part of the 
distribution function. For a complete description a 
power series in (H—H,,) should be added to the 
singular part. However, the coefficients of this 
power series cannot be calculated reliably from the 
approximate expression (7) for Ho(6, ¢). This is due 
to the fact that near a saddle point the condition 
Ho(6, 4) H has solutions of arbitrarily large 6, 
even for H -> H,,. This is in contrast to the be- 
havior near a maximum or minimum and prevents 
the complete calculation of w(H) in the vicinity of 
the logarithmic singularity. 
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4. DETERMINATION OF THE DISTRIBUTION 
FUNCTION FROM ITS SINGULARITIES 
The following discussion is simplified by the in- 


troduction of reduced variables. Let x 


/) 


(H —w/y+2/3Hq)/Hq and u(x) = Hqw(H). The 
reduced distribution function u(x) is different from 
zero in the interval 0 << x« < &. Its logarithmic 
singularity is at 


5 J 2 ' 
x + +. ke— ). 
12 A 16 


From equations (11), (8), and (9), the height and 
slope of the distribution function at x = 0 and at 
x = } can be calculated for an arbitrary value of 
the anisotropy parameter k. Figs. 1 and 2 show the 


(13) 


results. 

The distribution function is now approximated 
by the sum of its singular part u(x) and a suitable 
trial function u(x) with five free parameters. 





O20 





O15 








reduced distribution function 
5/3 versus anisotropy parameter 


k yHa Ww, 


Height of the 
O and x 


Fic. 1. 
u(x) at x 
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The singular part is, from equations (12) and (10), 


us(x) (14) 


—« loge|x—xo| 


where 


9 
1+—k?2 
16 


261 ~—s 81 81 
k44+—k' 
3200 * 400 
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Fic. 2. Slope of the reduced distribution function u(x) 
at x = 0 and x = 5/3 versus anisotropy parameter 
k yHq/w. The two branches of the w’(0) 

correspond to the two scales on the left side. 


curve 


The five parameters of the trial function are subsequently 
determined from the known values of u(x) and u’(x) at 

3 and from the normalization condition 
‘his method is similar to the one used by 


x 0 and x 
fu(x) dx = 1." 
Lax and LesowiTz'!*) and by RosEeNstock,''!®) who cal- 
culated the frequency distribution of crystal lattices from 
the singularities and the moments of the distribution. 

The selection of a suitable trial function is somewhat 
arbitrary. Calculations were made with two types of trial 
functions, one a fourth-order polynomial, 


Pit port pax?+ paxi+psx4, (15a) 


uf) 
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the other a more complicated function involving a 
logarithm which has its singularity outside of the interval 
0 x 


—]1 loge( v—g2)+q3t+ y2(3— x)(Ga+qs5x). 
(15b) 


The logarithmic trial function is made 
plausible by that for k the distribution 
develops a logarithmic singularity at x 0. The five 
coefficients were in each case determined from the known 


) and the normalization 


choice lt a 


tact 


alues u‘(O), u(3), u’(3 
condition by means of an electronic computer (IBM 650). 


of u(V), 


The results for the two trial functions agree closely if the 
anisotropy parameter k is small (k 0.5). Significant 
deviations occur when & is larger than 0.8. Under these 
conditions the distribution functions obtained with either 
one of the trial functions become negative in part of the 
, the one on the left-hand, the other 
of the logarithmic singularity. A 
when this 


interval O x 
on the right-hand sid 
scheme was used 


graphic interpolation 


occurred 

Fig. 3 shows the resulting distributions for 
various values of the anisotropy parameter k. It is 
interesting to note that with increasing anisotropy 











= H-@/y+2/3Ha 
Hg 


a 


x 
Fic. 3. Reduced distribution function for first-order 
cubic anisotropy and various values of the anisotropy 
yH,/w. The anisotropy constant K, is 

assumed negative. 


parameter k 


ERNST SCHLOMANN 


the low-field side of the resonance line becomes 
more prominent and that a separate absorption 
peak is predicted if k > 0.5. The physical reason 
for the shift of the center of gravity of the distri- 
bution towards smaller fields is as follows: For 
small anisotropy the magnetization vector of each 
grain is very closely aligned with the d.c. field when 
the resonance condition is reached. Crystalline 
anisotropy shifts the resonance field strength to 
lower or higher values depending on the orienta- 
tion, and the effect averages out to zero if the aniso- 
tropy is small. For large anisotropy, however, the 
magnetization vectors will deviate appreciably 
from the direction of the d.c. field with an in- 
clination towards the nearest easy direction. As a 
consequence, crystalline anisotropy preferentially 
assists the d.c. field. Thus, the center of gravity of 
the absorption line is shifted towards lower fields. 


5. CONCLUSIONS 

The theory described in the preceding sections is 
expected to be valid, provided that the saturation 
magnetization is much smaller than the anisotropy 
field. ‘This condition is ideally realized in nearly 
compensated ferrimagnetics. Since the lineshift 
produced by crystalline anisotropy is proportional 
to the anisotropy field, rather than to the energy 
constant, one should expect the anisotropy to have 
a profound effect on the resonance line in any 
nearly compensated polycrystalline ferrimagnetic. 
The theory should also apply in a qualitative way 
to other ferrimagnetics with a large anisotropy 
constant (e.g. nickel ferrite in which an appreciable 
amount of nickel has been replaced by cobalt). 

A secondary absorption peak, as predicted by 
the present theory, has been observed in nearly 
compensated ferrites such as NiFe).4Alo.gO4 and 
Lig. 5Fey.25Cri.2504."718) This secondary absorp- 
tion peak has been attributed to the excitation of an 
“exchange-mode’’."!9.20) The present theory shows 
that in polycrystalline material, a secondary ab- 


sorption peak can also occur because of crystalline 


anisotropy. 

Which of the two explanations of the low-field 
resonances is correct in any given case can only be 
decided by careful examination of the experimental 
data. Experimental results on a series of nickel 
ferrite aluminates which are in good agreement 
with the present theory will be published in 
another journal. @1) 





FERROMAGNETIC RESONANCE IN POLYCRYSTALLINE FERRITES 


Acknowledgements—The author gratefully acknowledges 
many stimulating discussions with Dr. H. Starz and 
Dr. M. H. Sirvetz. He is especially grateful to Mrs. M. 
STuRM, Miss W. Douerty, and Mrs. J. NEWELL for their 
help with the numerical calculations. 


APPENDIX 1 
Angular Dependence of the Resonance Field Strength for 
Small Anisotropy 
In equation (4) let » = K,/HM,. The direction of 
minimum energy to first order in 7 is given by 


6—nF 5, 


C . 
min 


(A.1) 


o—nF» 


Qmin RG, 
sin? @ 
where Fy and F’9 are partial derivatives of F(%, 9) taken 
at the point 6, ¢. The second derivatives at the equili- 
brium point are 
1 7K 
1+nF 99 
HM, 


op? 


C2Ep ; : 
- sin? 6+7(Fee— Fy sin é cos @) 


(A.2) 
l C7Eo 


n( Fyo— F cot 0) 
HM, cc © 
where higher powers of 7 are again neglected. From 
equations (2) and (A2) 


1+n| Fo9+ Foe + Fs cot @).(A.3) 


sin? 6 


This equation is correct up to first order in 7. It has been 
derived previously for the case in which the field is 
applied in a (110) plane by ArtTMaN.(!) Equation (3) is 
obtained by solving for H,(6, ¢) and noting that the terms 
inside the parentheses of equation (A.3) equal 4(1-5F), 
where F is as defined in equation (3a). 

The calculation can be revised in such a way that the 
results are correct up to second order in the expansion 
parameter 7 (or k if the angular dependence of the field 
is considered). In that case the result for first-order cubic 
anisotropy is 
H(6, 4) 

k 
1-+A(1—SF)-+—(85F?—19F—84G), 


= 2 


G) | 


(A.4) 


where G = (aza,a2z)?. 


APPENDIX 2 


Angular Dependence of the Resonance Field Strength in the 
Vicinity of the Stationary Points 


The resonance condition is, from equation (5), 


H? cos*(9—¢) — }HHy cos(9—¢4)(F99+Foo)+ 


+ [Ha2F y9F oe — | “i ) 0). 
¥ 


(A.5) 


The equilibrium condition (6) gives 


Hq 
2H ) 


cos*(9—4) i—| (A.6) 


By elimination of ¢, we first determine the dependence 
of the resonance field strength on the direction of the 
magnetization. The co-ordinate system is chosen in such 
0 corresponds to the stationary point in- 
sin 9. For  < 1 let 


a way that o 
vestigated. Let ¢ 


F’y9+ Foo = cot x20? + 2303+ x404 


F99Fo9 = Bot+B20?+Psl?+Balt = (A.7) 


. ‘ ¥9 ys 
Fo =yibt+yol?+yst3 
where higher powers of ¢ are neglected. The coefficients 
X%, % ... Ys characterize the behavior of F'(%, 9) near the 
stationary point and will later be determined. 
In the vicinity of a stationary point, the solution of 


equation (A.5) and (A.6) is of the form 


Ho(9) = Hoo(1+al?+b03+cl4+ ...). (A.8) 


From equations (A.6), (A.7), and (A.8) the equilibrium 
condition becomes 
cos?(9—¢) = 1—ul?—v?— wl (A.9) 
where 
yi7F an 
AHoo? 
yiy2Ha* 


2H 00" 
[2yi(y3—y14) +2" 


Ho, 4, 6, and c are obtained from equations (A.5), (A.7), 
and (A.9) by equating equal powers of ¢. 
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X2 Bo uUxp 
7 Hoo Ha+uHoo* — *— ——HooHa 
2 2 4 4 


x0 Bo - 
Hoo? — —HooHat+ Ha?—| 
2 4 Y 


0 


od 
Hoo0| 2Hoo— —Ha 
2 (A.11) 
43 D3 V%O 
Ho0Ha+vHo0?— H,? — ~HooHa 
2 4 4 


Hoo 2Hoo— —Ha) 


au ew uw a u L4 B4 
(—a8+ 2am) H+ | —20| 4 + 4 Th )+a2{ ; {)+ : | Hoot — 


0 


x 
Hoo| 2Hoo— — 


H, 





From equation (6), (A.7), and (A.8) the equilibrium con- 
dition is 


2Hoo 
Ha 


~(5€9°— 2ej€3). 


(1+al?+b+cl4)(f cosd— V 1—f* sing) In a polar co-ordinate system with [100] as polar axis 
yioty2e°t+ ys? F(9, 0) = sin? 9 cos? }+sin4 3 sin? o cos? o. 
Thus, to third order in € Thus, in the (100) plane (% 1/2) 


sind = €)C+ 620-430? F, 1/2 sin 4¢ 
? as ? 
2—sin?2 


, 
“yy 


) Ha r 2—4 sin? 20 
' 2H 
ee where 9 0 corresponds to a [100] direction. By com- 
H, parison with equation (A.7) for the [100] direction in the 


9 (100) plane, 
2Hoo 


7 3Ha 


| \(1—e1) —- 
2 2Ho0 


rom equations (A.8) and (A.12) the angular dependence 
, 14 a4 = 20 B, = 104 
he resonance field strength 1s = 
Ho(¢) Hoo(1+A sin2¢+B sin? d+C sin’ ¢) Similarly for the [110] direction in the (100) plane, 


(A.14) 


t0 —] 


ne x: 30 


The omitted coefficients are irrelevant 


In a polar co-ordinate system with [110] as polar axis 
F(3, 9) = }{1—[2 sin? 9—sin4 9(2+sin? ¢)] x 


fe 


x (2—3 sin? ¢)} 
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Thus in the (110) plane (9 = 2/2) 
F, = sing cos ¢(1—3 sin? 9) 
F'o9 = —(1+sin?9)(2—3 sin? 9) 
Foe 


(1—2 sin? @)(1—3 sin? 9)—6 sin? 9 cos? @ 


0 corresponds to a [110] direction. For the 


m/2) 


where © 
[100] direction in the (110) plane (9 = 


ag = 15 By 


and the omitted coefficients are the same as in equation 
(A.16). Similarly for the [110] direction in the (110) 
plane, 


121 v3 = —4 (A.18) 


—1 Bo 
a2=—10 Bo 


where the omitted coefficients are irrelevant. 
Finally for the [111] direction 


44 


If the coefficients given in equations (A.16)—(A.20) are 
inserted in equations (A.11), (A.13), and (A.15), the 
results given in equations (8), (9), and (10) are obtained. 


APPENDIX 3 
Behavior of the Distribution Function Near its Singularities 
Assume that H,(0, ¢) is given by equation (7). If new 


variables & H—H,, and z sin’@ are introduced, the 
weighting function from equation (1) for & 1 is 

9 

=" 


| ddd X 


“0 
x [€— Hoo( Az+ Bz3 2+ C2°)], 


where the integration over z is from zero to some positive 
2,9 such that the point at which the 5-function is different 
was ex- 


(A.21) 


from zero is inside the interval. The factor v 
plained in Section 3. 
equation (A.21) for a 
0) introduce 


1 . 
To evaluate minimum of 


H(A 
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y= Hoo(Az+ Bz? 2+ C2?) 
as a new variable. By inversion of equation (A.22) 
I B 
y— - 3 Po 
HooA £1.99 /2A®/2 
1 /3 B 
ta eS) 
Ho" 2 A4 A3 
where higher powers of y are neglected. Thus, to first 
order in y 
dz 1 ; 
I 
Vi-—z HAI! 
Be 
+(3 
AB 


From equations (A.21) and (A.24) 


= wis 


w(H) 
4HoA\ 2 AB as 
, Ae ee oe 


+4: — 2—+ 
| AB A2 2A/ Hoo!) 


where higher powers of & are neglected and the averages 
are taken with respect to ¢ 


1?" 
B | Bd d, etc. 
27. 
0 


The calculation for the case of a maximum of 
H,(A < 0) is similar. 

To investigate the behavior of the distribution near its 
logarithmic singularity, let 


Ho(6, 6) = Hoo[1+(a sin? d6—b cos? 4) sin? 4] (A.26) 


and & H —H,,. From equation (1) in this case 


x ddd[E— Hoo(a sin? d—bd cos? d)z] (A.27) 
0 


where the integration over z extends to a positive 29, 
which has to be chosen in such a way that the contribu- 
tions from each saddle point are counted only once. Per- 
forming the integration over ¢ first, one obtains 
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1 na dz l 
2773. V 1—2z |2zHo0(a+5) sindcosd 


(A.28) 


where the integrand has to be taken for those values of ¢ 
for which the condition 


(A.29) 


é Hoola sin? d—b cos? d)z 


illed is the smallest value of z for which this 
condition can be satisfied. Since there are four equivalent 


‘ 


branches of solutions of equation (A.29), a factor 4 has 
been added in the transition from equation (A.27) to 
equation (A.28). From equations (A.28) and (A.29) for 


1 dz 
w(H) =~ 
V (1—z)(Hooaz—€)( Hoobz+€) 


(A.30) 


for & 0 the singular 


integral is due to the last two factors 


This integral diverges Since 
beha\ the 


under the square root, the first factor can be approxi- 


10r of 


mated by 1, if only the singular part of w(H) is to be cal- 


culated. Then by standard integration formulae 


{ a+b 
— 109g 
47Ho0\ ab|\ 


w(H) 


E+ log 2abzo+ 


00 





0. The 


replaced by 


In a similar way «(H) can be obtained for & 
result is of the form of equation (A.31) with & 

Finally, the influence of higher-order terms in the 
expansion (A.26) or (7) can be investigated. It can be 


shown that they do not affect the singular part of the 


distribution function. 
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Abstract— Mixtures of Na,CO,, ZnO, and Fe,O, were fired at elevated temperatures in a flowing 
oxygen atmosphere. Most of the preparations resulted in single phases with the spinel structure, 
which were strongly magnetic. The intensity of magnetization of the materials could be accounted for 
on the basis of NEEL’s theory of ferrimagnetism. It was found that when K,CO, was substituted for 
Na,CO, a non-magnetic material resulted. MgO could be substituted for ZnO with the retention of 


strong magnetic properties. 


1. INTRODUCTION 
A SERIES of compounds was prepared by firing 
mixtures of NaaCQs, ZnO, and FeoCs3 at high tem- 
peratures in a flowing oxygen system. Oxygen was 
introduced into the system to ensure the presence 
of iron in the trivalent state. The compounds can 
be thought of as mixtures of the hypothetical com- 
pound Nae.5Fe2.504 and the known compound 
ZnFegO4. The compounds in most cases had the 
spinel structure and were strongly magnetic, pro- 
perties common to the technically important class 
of materials known as the ferrites. 
This appears to be the first time that sodium has 
been introduced into the magretic spirels. 


2. EXPERIMENTAL 


NaeCOg (Mallinckrodt A.R. anhyd.), ZnO 
(N. J. Zinc Co., S.P.), and «-Fe2Q3 (Fisher Certi- 
fied Reagent) were fired at 1350°C in platinum 
crucibles in a flowing oxygen system for 34 hr. The 
materials were cooled slowly at a rate of about 
100°C hr to about 250°C. Preparation of NaFesOg 
was not attempted, since GorTER") has found that 
the major product obtained under similar condi- 


* Work supported by the Signal Corps Engineering 
Laboratories. 

+ From a dissertation submitted by A. H. Mones to 
the Department of Chemistry, Polytechnic Institute of 
Brooklyn, in partial fulfilment of the requirements of the 
Ph.D. degree. 

t Present address: Hogan Laboratories, New York, 


N.Y. 
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tions is a hexagonal compound, NaFeOg, rather 
than a spinel such as LiFes5Qg. 

The spontaneous magnetization of the resulting 
magretic materials was investigated as a function of 
temperature by the ponderometer technique of 
RATHENAU and SNOEK.) The technique was modi- 
fied to provide automatic counting and timing of 
the pendulum oscillations inherent in the method. 
Thermomagnetization curves were plctted for the 
material from liquid-nitrogen temperature to about 
the Curie temperature when such data were ob- 
tained. 

The crystal structures of the materials were in- 
vestigated principally with the Philips X-ray 
diffractometer end by film techniques on poly- 
crystalline semples; single crystals were not ob- 
tained in the course of this investigation. 

X-ray fluorescence analyses, utilizing the Philips 
X-ray fluorescence unit, were made on several of 
the preparations to determine whether the ZnO 
volatilized during firing. No evidence of volatiliza- 
tion was found when the atomic ratio of iron to zinc 
was compared in fired ard unfired samples of the 
same initial composition. 


3. RESULTS 
The ternary diagram (Fig. 1) shows some of the 
principal results of the investigation. ‘The numbers 
located near the points in the diagram represented 
the saturation magnetization values, o, in Gcm?/g 
at liquid-nitrogen temperature. The points in- 
dicated by the half white-half black circles are 
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compositions where it was definitely established 
by X-ray diffraction that more than one phase ex- 
isted, e.g. the magnetic phase and excess «-FegQs3 or 


ZnO 


1. Ternary diagram 


\lthough all of the samples were investigated by 
X-ray diffraction, this was used mainly as a means 
of identification and checking the phases present in 
the samples The lattice constants of a few of the 
samples, obtained by averaging values calculated 
from several diffractometer peaks, are listed in 
Table 1, along with Curie-temperature data. The 
lattice constant for the first two samples is ap- 
proximate, based on the cubic spinel peaks in the 
\t this composition, additional peaks ap- 

act These 


irting materials or to any 


diagram 
could not be attributed 
known com- 


in the system. Attempts to fit the extra lines 


pound 


iSO UNSUCCEeSS- 


om arn Ge 


45 


ted spinel structure wer« 


These preparations, at Nao.57Zn, 


rably more sodium than most of 


uned consid¢ 
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the others. The extra lines may belong to a pre- 
viously unreported ternary phase at higher sodium 
contents. We did not investigate this any further 
at this time. 

The relatively large size of the unit cells in these 
materials is consistent with the large ionic radius of 
sodium compared to those of the elements usually 
found in spinels. 

Thermomagnetization curves showed an es- 
sentially linear variation of magnetization with 
temperature. It was on this basis that extrapolation 
of the magnetic intensity to 0°K was made. 


50 100 150 200 250 300 


° 
Temperature, K 


Fic. 2. Specific magnetization versus temperature for 


Nao. 49ZMo.09F 2.490, (low temperatures). 


Table 1. Curie temperatures 


Composition 
-Z2n og Fe 
>ZNy oF e 
Zn Fe, 

oF ¢ 
F¢ 


Curie temp 


constant (A) 


was quenched from 1350°C in air; the others were cooled slowly as 


de scribed 


+ Room temperatures ranged from 


to 26°C 





FERRIMAGNETISM IN THE SYSTEM Na,O-ZnO-Fe,O, 


Fig. 2 is a typical plot obtained between room 
temperature and liquid-nitrogen temperature for 
members of this series. Fig. 3 is typical of Curie- 
temperature plots for members of this series for 
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Fic. 3. Specific magnetization versus temperature for 
Nao. 40ZNo.29F €2.4904 (high temperatures). 


which such a determination was made. It will be 
apparent from Fig. 3 that there are two linear por- 
tions of the curve which differ slightly in slope. ‘The 
region of steeper slope was extrapolated to zero 
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magnetization and the corresponding temperature 
was taken as the Curie point. Table 1 lists Curie 
temperatures for a few members of the series. The 
Curie temperatures are probably correct to within 
10°C, 

Table 2 compares, for nine compounds in this 
group, the experimental saturation values extra- 
polated to 0°K (in Bohr magnetons (n g)) with those 
calculated on the basis of a distribution where Zn!! 
occupies only tetrahedral sites, Na! the octahedral 
sites, and Fe!!! the remaining available sites in the 


spinel. 


4, DISCUSSION 

Reaction products obtained with the system 
Na-Zn-—Fe-O were in most cases strongly magnetic 
single phases similar to the spinels. 

Initially, there was some question as to the cause 
of magnetic activity in the series, since it is known 
that mixtures containing ZnO and FeeQs fired and 
quenched from high temperatures (ca. 1400°C) are 
strongly magnetic.-4) Zine can be frozen into 
octahedral sites on quenching such a system, 
although normally it prefers tetrahedral co- 
ordination.) In fact, magnetic samples were pre- 
pared in this investigation by quenching mixtures 
of ZnO and Fe2O3 from 1350°C. However, such 
samples lost their magnetic activity when cooled as 
described above, while samples containing NagCO3 
in addition to the ZnO and Fe2QOg retained their 
magnetic activity, irrespective of whether they 
were quenched or cooled slowly from temperature. 
This is rather strong evidence that a new class of 
magnetic materials of a ternary oxide type has been 


found. 


Table 2. np values computed for members of the series 


Moles Moles Fe!!! 


Zn"! 


Moles 
Na! — 
Oct. Tet. 
“$00 
‘680 
‘661 
-653 
“615 
‘600 
*540 
-500 

-463 


-600 
*350 
*318 
325 
-300 
-200 
-250 
‘280 
0-140 


‘682 
‘677 
‘715 
‘S00 
‘790 
0-780 
0-907 


ee oe ee 


0-400 
‘650 


np Exptl. 
Calcd. Exptl. np Caled. 
2-09 
4-02 
4-06 
4-00 
4-07 
3°64 
3-49 
3-36 
1-97 


Weert eoeun 
h : Oar 
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The possibility that some of the iron is present 
in the divalent state, e.g. that magnetite is present 
in solid solution, was discounted for several chem- 
ical reasons. First, the magnetic behavior is in- 
dependent of the rate of cooling. If Fe!! were being 
formed in appreciable concentration, we should 
expect a substantial difference in magnetic be- 
havior between and slowly 
samples of the same nominal composition, since 


quenched cooled 
the decomposition pressure of a non-stoichiometric 
oxide is strongly temperature-dependent. Second, 
under a pressure of 1 atm of oxygen, Fe2Osg 1s the 
stable composition in the temperature range in- 
vestigated. Third, those preparations which are 
far enough from the spinel stoichiometry to show 
an extra phase containing iron were all found to 
contain x-FesOs 

On the assumption of a spinel structure, with 16 
octahedral and 8 tetrahedral sites in the unit cell 


I 


occupied by cations, fair agreement was obtained 


between the extrapolated values of the saturation 
magnetization values at 0°K and those calculated 
on the basis of the assumed cation distribution 
shown in Table 2. It will be noted that the devia- 
tion is largest when large quantities of zinc are 
incorporated in the compounds. This can be under- 
stood qualitatively from NEEL’s theory, in terms 
of a decrease of the antiferromagnetic coupliag 
of the Fell in tetrahedral and octahedral sites 
which determines the net magnetization. As the 
zinc concentration increases, the number of tetra- 
hedral sites available to Fe!!! decreases, and along 
with it the antiferromagnetic coupling. 

Since the quenched and slowly cooled samples of 
Nao 57Zng ogFe 5.2804 identical 
magnetization results, it can probably be concluded 


gave essentially 


that the presence of sodium stabilized the zinc ions 
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in the tetrahedral sites over a large temperature 
range. Since lithium, which is a smaller ion than 
sodium, has been shown to occupy octahedral sites 
exclusively in Lig.5Feo.5O4, it is reasonable to 
suppose that the sodium occupies octahedral sites 
exclusively in this system. 

In the ideal spinel structure, there are 3-00 
cations per formula unit. In most cases the de- 
parture from ideality in this respect for this series 
was about 3 per cent. It can be seen from Fig. 1 
that compositions with high values of o lie in a 
small composition range where the total number of 
cations is very close to 3-00 moles per formula unit, 
i.e. compositions on the line connecting 
Nao.5Feo. 5 )4 and ZnFeol )4. 

No attempt has been made to interpret the 
nature of the thermomagnetization curves in this 
investigation. NEEL has predicted linear thermo- 
magnetization curves and such plots have been ob- 
tained in other investigations. 

Additional preparations were made, as for 
example Ko.30Zno.35Fe2.3304. This material was 
magnetically inert as compared to the strongly 
magnetic Nao.3Zno.35Fe2.3304. A spinel X-ray 
pattern was not evident for this material. The 
compound Nao.40Mgo.30F« 2.3304 was, on the other 


hand, strongly magnetic. 
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Abstract—The titanium crystal was cleaned by heating, ion-bombardment, and annealing in high 
vacuum. Low-energy electron diffraction was used to determine that the surface was essentially free 
of contamination and to make structure determinations. The copper deposits varied in average 
thickness from 0:5 to 25 atomic layers. The copper formed at nucleation centers in the form of 
discrete oriented crystallites with a lattice spacing parallel to the substrate which was the same as that 
of the (111) plane in bulk copper, and with the (110) azimuth of copper parallel to the (11-0) azimuth 
of titanium. No variation of lattice spacing with thickness was detected. Deposition of copper on a 
titanium surface, covered with a chemisorbed layer of oxygen, resulted in the formation of dis- 


oriented deposits at nucleation centers. 


1. INTRODUCTION 

EpITAxy has often been studied by examining, 
with the use of light microscopy, the growth from 
solution of one material upon a crystalline sub- 
strate of another material.“) More recently the 
high-energy electron-diffracticn method has been 
applied to examinations of electrodeposited films’? 
and films condensed from thermally-produced 
vapors."8) In the latter case the films were de- 
posited in the diffraction camera and examined 
without exposure to air or other corrosive gases. 
These latter results indicate that the method is 
sensitive to films having thicknesses of the order of 
one monolayer. However, it is known that special 
efforts are required to produce and maintain clean 
surfaces of many crystals.) These requirements 
are not met in the conventional high-energy 
electron-diffraction camera so that the possible 
effects of contaminating layers should be con- 
sidered when evaluating the results obtained by 
this method. 


* Supported by Office of Ordnance Research, U.S. 
Army. 

+ Final Technical Report (WAL 401/143—11) 30 
September 1955 under U.S. Army Ordnance Research 
Contract No. DA-19-020-ORD-1816. 
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We have applied the low-energy, electron- 
diffraction method to this problem and have em- 
ployed techniques which ensure a clean surface of 
the substrate crystal onto which a film has been 
condensed from thermally-produced vzepor in 
high vacuum. The low-energy electron-diffraction 
method is capable of detecting a small fraction of 
one monolayer. In the case of a silver film on a (100) 
face of a gold crystal, it was shown by one of us‘) 
that at least 75 per cent of the diffracted intensity 
came from the first monolayer when the incident 
electron energy was less than 50 eV, and the silver 
film covered the gold uniformly in an oriented 
silver lattice. It was also shown) that a silver film 
of only two monolayers in average thickness de- 
posited from the vapor on a (100) face of a copper 
crystal near room temperature nearly extinguished 
the diffraction pattern from the copper crystal, 
thus indicating a complete coverage. Since no 
lattice structure of the silver film could be detected, 
it was concluded that the silver approximated an 
amorphous film. 

The choice of materials in the present case was 
governed to some extent by an observation by CoBB 
and Unvic®) that the addition of copper ions to 
solutions attacking titanium has an inhibiting 
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effect on the corrosion rate. It has been suggested 


that the copper forms a monolayer on the surface 
which results in passivity. 


2. APPARATUS 
(a) Diffraction tube 


This is similar to those used in other investiga- 


tions in this laboratory,?) but with the addition of 


a source of copper vapor. It is enclosed in an all- 
Pyrex envelope for evacuation and outgassing. Fig. 
1 shows the essential features, consisting of an 


Filaments 


Crysta 


SS 
a | 

a 
ad 


Pyrex shield 


Fic. 1 


Experimental tube 
electron gun,‘8) which produces a beam of elec- 
trons incident normally on the crystal face, a 
double-walled Faraday collector which can be 
rotated by remote magnetic control about an axis 
lying in the face of the crystal and perpendicular 
to the incident beam, a movable mounting of the 
crystal, and a movable evaporator as the source of 
copper vapor 

The crystal is mounted on a molybdenum block 
which has been pre-outgassed before assembly. 
This block is supported by a molybdenum rod held 
firmly on the axis of a ground quartz tube, which is 
moved by remote magnetic control parallel to its 
axis or rotated about its axis. In Fig. 1, the crystal 
is shown in the withdrawn position, the forward 
position being indicated by the dotted outline. 
With the evaporator in the withdrawn or dotted 
position, the crystal may be outgassed or annealed 
by electron bombardment of the molybdenum 


mounting from the lower filament, when this 


mounting is positioned directly below the fila- 
ment. When in the withdrawn position, the crystal 
may be cleaned by positive argon-ion bombard- 
ment. The gas discharge for the bombardment is 
muintained by ionizing electrons emitted from the 
upper filament and accelerated by the lower fila- 
ment serving as a grid. An ion current of about 
100 A is obtained with an argon pressure of about 
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10-3 mm Hg. Subsequent annealing of the crystal 
in vacuum at about 500-600°C removes the im- 
bedded argon and restores the crystal lattice. 


(b) Evaporator 

This consists of a molybdenum container sur- 
rounding a piece of pure vacuum-melted copper 
and held with a support which is moved by a re- 
mote magnetic control in a side tube. In the for- 
ward position the evaporator may be heated by 
electron bombardment so that copper vapor will 
pass through an opening and deposit on the crystal 
face. A movable shield between the contzirer and 
crystal permits a control of the time of deposition. 

The calibration of the evaporator was made, 
with an auxiliary vacuum system, by using a 
quartz-beam vacuum microbalance to weigh the 
amount of copper which passed through a hole 
14 mm from the opening in the copper source, this 
distance being the same as that to the crystal face 
in the experimental tube. A sensitivity of 1-404 

0-04 « 10-4 g mm determined from the 
period and moment of inertia of the balance. A 


Was 


1mm corresponded to a deposit 
density of 6-67 +0-20 « 10!8 atoms/cm?. The cali- 
bration data were plotted in the form logio of the 
deflection per minute against the reciprocal of the 


deflection of 


absolute temperature. The best straight line re- 
presenting the points was determined by the 
method of least squares, each point being weighted 
according to the amount of the deposit. The follow- 


ing relationship was found to apply: 


Logig R = 34:33—2-20 x 104/79 -+0-085, 
where R is the rate of deposit in atoms cm? min. 

A thermocouple, originally placed in the evapor- 
ator, gave indicated temperatures which were too 
low when compared with those of an optical pyro- 
meter. Since the same pyrometer readings and 
corrections were used in the calibration and sub- 
sequent experiment, the error in the deposit mea- 
surement should not exceed that which would be 
caused by a 5°C error in temperature measure- 
ment, even though the error in the absolute value 
of the temperature exceeded this amount. The 
rate of deposit at the temperature used in the ex- 
periment was given by the equation: 


eot0'5 , eos 
R = 1-58", ‘3 x 1015 atoms/cm? min, 
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with a variation of less than +20 per cent for the 
various deposits. 

The latent heat of evaporation of copper, cal- 
culated from the observed rate of deposit is 100,000 
cal/mole, while that given by DusHMAN") is 
72,810 cal/mole. This difference may be due to an 
error in the measurement of the absolute value of 
temperature. 


(c) Vacuum and gas-handling systems 

Two single-stage mercury diffusion pumps in 
series are separated from the experimental tube by 
two cold traps, one using dry ice and acetone, and 
the other liquid nitrogen. Mercury in the dry-ice 
trap returns to the pump when the trap is warmed. 
A porcelain tube leak, adjusted by a mercury 
column, is used to control the argon (or other gas) 
pressure in the tube, and is separated from the tube 
by a trap cooled in liquid nitrogen. Mercury cut- 
offs between the diffusion pumps allow the use of 
the higher-pressure pump for evacuation of the 
gas inlet system. After evacuation, baking and out- 
gassing procedures, a residual pressure of about 
10-8 mm Hg is obtained. A molybdenum filament 
in a side tube is then flashed to form a getter film 
on the walls which further reduces the residual 
pressure. After sufficient outgassing and flashings, 
residual pressures of 5 x 10-1 to 10-9 mm Hg can 
be obtained and maintained for several weeks with- 
out further flashing of the getter. 


3. CRYSTAL PREPARATION 

The crystal was prepared from iodide titanium, 
using the strain-anneal method,* and was in the 
form of a rod 6 mm in diameter. Using the back- 
reflection X-ray method, and a thin composition 
cutting wheel, a surface was cut parallel to the 
(00-1) face. After abrading on 4/0 metallographic 
paper, and lapping with alumina and gamal, the 
surface was etched in a solution of 50 per cent 
hydrofluoric acid and 50 per cent glycerine, and 
rinsed in distilled water. 

The resulting surface contained a number of 
triangular etch pits, the bottoms of which appeared 
parallel to the (00-1) plane. 


* We are indebted to Professor JOHN P. NIELSON of 
New York University for the growth of this crystal in his 
laboratory. 


S 


4. OUTGASSING AND SURFACE CLEANING 

Although a distinct diffraction pattern from the 
surface was obtained after heating the crystal 
somewhat above 500°C, it was not characteristic of 
the titanium lattice. Further heating to 750°C in- 
creased the intensity but did not alter the char- 
the pattern. Higher-temperature 
heating was prevented by a lattice-structure transi- 
tion temperature of the titanium crystal. Although 
the observed lattice structure was not identified, it 
appeared to consist of more than one lattice with 
spacings larger than that of titanium. 


acteristics of 


In an attempt to remove the foreign material 
from the crystal surface, it was bombarded for 
several minutes with positive argon ions in a low- 
100 
A/cm? of surface, and 1 pressure. Subsequently, 
a weak diffraction pattern characteristic of the 


pressure discharge,“@) using about 500 V, 


titanium lattice was observed. The pattern was 
greatly improved by annealing for several minutes 
at 500°C, but it indicated that the surface was not 
entirely clean. After further outgassing, followed 
by ion bombardment and annealing, observations 
indicated that the surface was clean and remained 
in this condition for periods of several hours to 
several days, depending on the thoroughness of 
cleaning and residual gas pressure. The spectro- 
scopically-pure argon used for ion bombardment 
was obtained in one-liter Pyrex flasks with break- 
off tips. ‘Tests showed that exposure of the crystal 
to this gas at pressures and times used in the dis- 
charge produced no observable contamination. 


5. RESULTS AND DISCUSSION 

After obtaining a diffraction pattern character- 
istic of a clean titanium crystal face, several differ- 
ent deposits of copper were made and examined by 
diffraction. Between successive deposits, the crystal 
surface was cleaned by ion bombardment and 
heat-treatment to remove copper and any other 
contamination. Fig. 2 shows a plot of the positions 
of diffraction beams from a copper deposit of 
3-0 -+-0-8 x 1016 atoms/cm?. Due to the low penetra- 
tion of the electrons, the diffraction beams grow 
and decay in accordance with the surface plane- 
grating formula for the azimuth in question. ®) 
The depth grating influences the intensity but not 
the positions of the beams in angie and wave- 
length. The circles represent experimental points 
and the solid lines are theoretical plots of the plane 
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surface grating formulas, using the X-ray spacing 
of the copper lattice in the (111) plane and the two 
major azimuths. Diffraction beams (not shown) are 


also present due to the titanium lattice and fall on 


or near the dotted lines which are the correspond- 


ing theoretical plots for the titanium lattice. 


10-C 





lar positions and wavelengths of diffraction 
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specified closer than about 1 per cent. For the ob- 
served orientation of copper, the average thickness 
of the above deposit is 17--5 atomic layers. 

Fig. 3 shows representative diffraction beams for 
several amounts of deposit. The voltage of the 
beam is chosen to give the maximum diffracted 
current from the copper lattice. In each case, the 
maximum at the left is due to the titanium lattice. 
As the thickness of deposit is increased, the beam 
at the right due to copper increases in intensity. 
The deposits varied from one-half to 25 atomic 
layers in average thickness. The observed lattice 
spacing of the copper is the same as the X-ray 
value, within the error of measurement, in all cases. 
The mismatch for these orientations of copper and 
titanium is about —13 per cent. 

The following observations all indicate that the 
copper is not distributed uniformly over the sur- 
face of titanium, but forms at nucleation centers in 
the form of discrete oriented crystallites, leaving 
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Growth of a diffraction beam with increasing average thickness 


of copper deposits 


These results indicate that copper is deposited in 
the copper lattice with the (111) plane parallel to 
the surface titanium plane and with the (110) 
azimuth of copper parallel to the (11-0) titanium 
azimuth. the measurements is 
such that the agreement of the observed copper- 


lattice constant with the X-ray value cannot be 


The acc uracy Of 


the surface uncovered in the remaining areas: (1) 
The amount of copper required to extinguish the 
pattern from titanium is much greater than that 
which would be required for uniform coverage. In 
the case of a silver film deposited on a gold crystal, 
it has been observed? that for energies below 
50 eV the first monolayer contributes 75 per cent 
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of the diffracted intensity, and the first three mono- 
layers contribute all of the measurable intensity for 
energies below 300 eV. (2) A uniform deposit 
should result in an exponential decrease of the 
intensity from titanium with increase of deposit 
thickness. The observed decrease is approximately 
inversely proportional to the thickness of deposit. 
(3) After some of the deposits were made, the 
crystal was exposed to oxygen at pressures 
below 10-7 mm Hg. The effect of oxygen adsorp- 
tion on the diffraction from titanium is the same as 
that for a clean surface. (4) Annealing the copper 
deposit at about 350°C produces a large decrease in 
beam intensity from the copper without changing 
the titanium pattern appreciably, the effect being 
more pronounced for the thicker deposits. Thus 
the orientation of the deposit is reduced without 
removing the deposit or changing the percentage 
coverage. 

An estimate of the fraction of the titanium sur- 
face that is covered by the deposit can be made if 
one assumes that the intensity of the titanium 
beam is proportional to the square of the uncovered 
surface area. For example, for an average deposit 
thickness of 0-5 atomic layer, 15 per cent of the 
surface is covered and the average crystallite 
thickness is approximately 3 layers. For an average 
deposit thickness of 4 atomic layers, 60 per cent of 
the surface is covered, and the average crystallite 
thickness is 7 layers. The average surface area of 
the crystallites should be related to the width of the 
diffraction peaks at half maximum. However, since 
the widths of the beams from the deposit are ap- 
proximately the same as those from the titanium 
lattice, it must be concluded that the resolving 
power is limited by the geometry of the diffraction 
apparatus rather than by the number of lines in the 
unit diffraction grating and hence no conclusion 
can be drawn regarding the area of the crystallites. 

The temperature of the crystal during deposit is 
not known, but an upper limit due to radiation 
from the evaporator and filament has been esti- 
mated at 100°C for the equilibrium condition. 
Since the times of deposit were less than the time 
required to produce equilibrium, the estimated 
temperature during deposits is less than 100°C. 

The presence of a monolayer of oxygen on the 
titanium surface was found to have a definite effect 
on the structure of the copper deposit. For ex- 
ample, a deposit, with average thickness of 10 


atomic layers on a titanium surface covered with a 
monolayer of oxygen, caused a large decrease in the 
intensity of the diffraction pattern from the 
oxygen-covered titanium, but only a weak pattern 
from the copper was observed (about 10 per cent 
of that expected without the oxygen contamina- 
tion). The reduction of the pattern from the 
oxygen-covered titanium was approximately the 
same as for the corresponding case of a clean sur- 
face. Hence, it is concluded that a monolayer of 
adsorbed oxygen on the titanium surface inhibits 
the orientation of the deposit, although the actual 
surface coverage by the deposit is not altered ap- 
preciably. Evidence of variation in orientation of 
deposit was also observed in other cases as a varia- 
tion in the intensities of the diffraction patterns 
from the copper deposits (up to 50 per cent), 
although the intensity of the pattern from titanium 
decreased uniformly as the deposit was increased. 
This variation is attributed to slight fluctuations in 
the degree of cleanliness of the surface for the 
different deposits. 

Comparison of the results for copper on titan- 
ium may be made with earlier results obtained by 
one of us) for silver on copper and gold crystals, 
using the low-energy electron-diffraction method 
for detection. As mentioned above, silver de- 
posited from the vapor in high vacuum onto the 
(100) face of copper near room temperature to an 
average thickness of only two monolayers resulted 
in extinction of the diffraction beams from copper. 
No lattice structure of the silver could be detected, 
and there was no indication of nucleation occurring 
for average thicknesses up to 15 atomic layers. 
However, heating the crystal and deposit for a few 
minutes below 300°C caused an orientation of the 
silver into an imperfect silver lattice. Deposition 
onto this imperfect lattice at room temperature 
failed to develop it further, but the surface layer 
again assumed the state originally obtained by 
deposition directly on the copper. It is to be noted 
that the spacing for bulk silver is greater than that 
for the supporting copper crystal, while in the 
present experiment the lattice of copper is smaller 
than that of the supporting titanium crystal. 
Although the ion-bombardment method of clean- 
ing the copper crystal was not used, the crystal was 
heated at temperatures where copious evaporation 
occurred and the diffraction pattern showed only 
slight traces of a double-spaced structure on the 
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surface. When silver was deposited onto the (100) 
face of a gold Cry stal, the silver film covered the 
gold uniformly in an oriented silver lattice. This is 
to be expected since the lattice constants of silver 
and go 


Using high-energy electron diffraction, NEWMAN 


ld differ only by about 0-4 per cent. 


and PasHLEY'?) have observed copper deposited on 
111) silver surfaces and find no lattice structure of 
copper during the deposition of the first 0-8 A. 
For greater thicknesses, a diffraction pattern due to 
oriented copper nuclei was observed. This result 
liffers from the above observation for a silver 
deposit on a (100) copper surface and again in- 
dicates that the results for plus and minus misfits 


ire not the same 


6. CONCLUSION 
The present results do not support a monolayer 
hypothesis, such as that of VAN DER MERwE,"!) but 
are in agreement with a nucleation hypothesis" 
according to which the substrate tends to orient 
material. As the nuclei 


nuclei of the deposited 


grow, the role of the substrate becomes that of a 
mechanical support. However, a comparison of the 
results of FARNSWORTH")? for silver deposited on 


(100) copper with those of NEWMAN and PasHLEy® 


for copper deposited on (111) silver suggests that 


the results are not the same for plus and minus 


misfits, when using the same two metals. In the 
uniform, non-oriented structure was 


the 


first case a 


observed and in second case a nucleated, 


oriented deposit was 
greater 0-8 A 


possibility of a variation in results for different 


thicknesses 
the 


observed for 
than (There is, however, 
crystal planes and for different amounts of con- 
tamination in the two cases.) 

The present work does not furnish support for 
the view that a monolayer of copper can cause a 
clean titanium surface to become passive. How- 
ever, in view of the difficulty of obtaining a clean 
surface of titanium, it appears that a relatively 


thick layer of contamination is present on the sur- 


and H. E. 


FARNSWORTH 


face when it is exposed to a corrosive solution con- 
taining copper ions, as in the experiment of CoBB 
and Un tic.) Such a layer can alter the manner 
in which a copper layer is formed on the surface, 
and might also alter the degree of coverage. 

In comparing results of different experiments, 
controlling factors which must be taken into ac- 
count include: (1) contamination of the surface, (2) 
temperature of surface during deposit, (3) magni- 
tude and sign of misfit, and (4) rate of deposition. 
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Abstract—Energy differences among the two superlattice and the disordered solid solution at the 
composition Au;Cu, have been derived from calorimetric measurements of the heats of formation of 
the three phases. It is shown that neither of these transitions is understood in terms of quasi-chemical 


theory. 


1. INTRODUCTION 

At the equiatomic composition in the gold 
copper system there occur three solid phases: the 
f.c. tetragonal superlattice (I), with a critical tem- 
perature of 400°C, the orthorhombic superlattice 
(II), investigated by JOHANssoN and LINpe, 
having a critical temperature of 421°C, and the 
essentially disordered f.c.c. solid solution (D). Each 
of these phases is separated from the adjacent phase 
by an equilibrium two-phase field,'?:*) so that each 
of the two transitions is associated with a finite 
latent heat. 

Unlike the transformations of the AuCug super- 
lattice, those at AuCu have been insufficiently in- 
vestigated as to the energetic relationships. 
NysTROM() BoreLivus et al.) 690 
cal/g-atom for the energy difference between I and 
D, but did not observe any latent heat between I 
and II. HrraBayasu1) measured the specific heat 
of a number of gold—copper alloys, and for the 


and found 


composition of 50-8 atomic per cent gold found I, 
250°C 550 cal/g-atom J] 430 cal/g-atom py 429°C. 


taal 
The author derived, by an unspecified procedure, 
a figure of 390 cal/g-atom for the latent heat for 


II — D at 421°C. 


2. EXPERIMENTAL 
In the present work, a well-homogenized alloy 
of 49-97 +-0-05 atomic per cent gold was made with 


* Work done on A.E.C. Contract No. W-31-109-Eng 
va 


great care from copper and gold of 99-999 per cent 
purity. In the finished alloy, only a trace of silver 
was detected as impurity by emission spectro- 
graphy. The alloy was reduced to ;'g-in-diameter 
wire, and was cut into very short lengths for use in 
the calorimeter. A quantity of alloy was held under 
pure helium at 370-380°C for 5 days and then 
cooled at 20° per day to 200°C, whereupon the 
furnace power was turned off. The resulting f.c. 
tetragonal superlattice produced an _ excellent, 
sharp Debye—Scherrer pattern free of extraneous 
lines. A small quantity of the alloy thus treated was 
again encapsulated and held at 408-415°C for 26 
days, after which it was rapidly quenched into 
brine at 10°C. 
structure produced an excellent Debye—Scherrer 
pattern, matching that found by JOHANSSON and 
LINDE; there were also a few very faint lines of 
the tetragonal structure. The f.c.c. solid solution 
was made by holding a small quantity of the 
initially tetragonal alloy at 460°C for 2 days, and 
then rapidly quenching into brine at —15°C. This 
treatment produced an alloy giving a very sharp 
Debye-Scherrer pattern, a9 = 3-8733 +-0-0007 A. 

The calorimeter employed in this work is a 
differential solution calorimeter previously de- 
scribed.) It can be calibrated electrically, and of 


The resulting orthorhombic 


special importance for this work is the feature that 
a metal sample can be held at temperature, to 
achieve thermal and internal configurational equili- 
brium, before it is added to the solvent bath and 
there dissolved at the same temperature. This 
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means that the measured heat of formation of an 
alloy is unambiguously relatable to the internal 
configuration of the alloy existing at equilibrium at 
that temperature. In these experiments, an amount 
of alloy was dissolved in one cell of the calorimeter, 
and an equal amount of the corresponding mech- 
anical mixture of the pure components was 
simultaneously dissolved in the other cell. From 
the resulting differential thermocouple signal and 
the calibration factor, a heat of formation of the 
alloy referred to the pure solid components may be 
calculated. For each of the three phases of this 
alloy, four individual measurements of the heat of 
formation were carried out. The resulting mean 
heats of formation, with mean deviations as a 
measure of reproducibility, are shown in Table 1. 


Table 1. Heats of formation of Au,Cu, alloys 


Structure 


and W. K. 


Measuring temp. (°C) 


MURPHY 


It is natural to expect that the I — II transfor- 
mation should entail less energy than the II — D 
transformation, since the configurational change 
involved in the former is much less than that in the 
latter. Nevertheless, the energy change for the 
I -> II transition is strikingly large in view of the 
fact that the step shifts that occur at every fifth 
atom along the [010] direction in the orthorhombic 
phase") do not involve a change in the number of 
nearest-neighbor Au—Cu bonds, if the small devia- 
tions from cubic symmetry in both phases are 
neglected. It is clear that other than the nearest- 
neighbor considerations of the quasi-chemical 
theory must be adduced in order to explain the 
stability of the orthorhombic superlattice. 

Since the latent heats of transition cannot be 


Heat of formation (cal/g-atom) 





(1) 


Face-centered tetragonal 
Orthorhombic (II) 
Face-centered cubic 


(D) 


The estimated accuracy of these figures is +1-2 
per cent. The differences between these heats of 
formation represent the energies required to trans- 
form the alloy from one structure at one tempera- 
ture to another structure at another temperature. 
The following scheme is obtained: 


379 
411 
437 


1851+23 


evaluated at present, the best comparison between 
existing theory and experiment can be carried out 
by forming the ratio Eo/RT,, where £o is the 
energy difference between a fully ordered struc- 
ture and the corresponding alloy in a perfectly 
random state. The critical temperature, T;, for 





592 + 3ical/g 


| atom 
Orthorhombic, 411°C 380 + 20cal/g atom 





Fic. tetr, 379°C = * 





Fic. 


3. DISCUSSION 

An attempt was made to estimate the contribu- 
tions to these numbers from the anomalous heat 
capacities in the neighborhood of the critical tem- 
perature, as measured by H1raBayasuH1,) but this 
attempt proved unsuccessful. It must be recognized 
that the latent heats of transition are smaller than 
the above numbers by an as yet undetermined 
amount. 


35 cal/g 


atom 


1 


I > D, if II did not intervene, may be taken for 
the present purpose to be 410°C. Eo cannot be very 
different from the 950 cal/g-atom measured by 
HIRABAYASHI, 6) since RoBeERtTs‘8) has shown that 
there is only a moderate amount of short-range 
order left in the Au,Cu, solid solution above 7~. 
If, therefore, one estimates Eo as 1000 cal/g-atom, 
the ratio Eo) RT, = 0-73. The best theory at 
present, that of L1,‘) which uses the tetrahedron as 
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the local unit in the quasi-chemical treatment, 
gives 1-369 as the value of this ratio for the f.c. 
tetragonal structure at the 1 : 1 composition. 

it is of interest also to use the measured energies 
of formation to calculate values of the parameter 
(Nv), where N is the Avogadro number and 
v = v4p—4(V44+0pB). It will be remembered 
that v is the relevant linear combination of the 
interaction energies v,; between nearest neighbors z 
and j, and that in all forms of the quasi-chemical 
treatment v is assumed to be independent of com- 
position and of phase. From the present value of 
the energy of formation of the tetragonal super- 
lattice, ane calculates Nv = 463 cal/g-atom. From 
the present value of the energy of formation of the 
f.c.c. solution and from the measured short-range 
order parameter of Roserts,8) one obtains Nv 
373 cal/g-atom. The large difference in (Nv) be- 
tween the two phases points up the difficulty of 
treating the ID transition by the quasi- 
chemical theory. This large difference in v may be 
ascribable to the changes in symmetry and in inter- 
atomic distances through the transition. The value 
of (Nv) of 373 cal/g-atom for the f.c.c. solution is 
in good agreement with the value of 350 cal/g- 
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atom obtained by GuTTMAN"®) as giving the best 
fit with measurements of thermodynamic activity 
and of short-range-order parameter at the Au, 
Cu,, f.c.c. solution. 
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Abstract 


The heat capacities of annealed and quenched samples of Lig-9;Zno-99F€2-9;04 and of 


quenched ZnFe,O, have been determined over the range 5-350°K. Addition of lithium to zinc 
ferrite lowers the temperature of the co-operative thermal anomaly associated with antiferromagnetic 


ordering transition in accord with theory, and quenching of either material results in nearly com- 
plete disappearance of the A-anomaly but modifies the pronounced high-temperature tail less 


significantly 


tT10ns 


1. INTRODUCTION 
ANNEALED zinc ferrite possesses the normal spinel 
structure. The zinc is located on the tetrahedrally 
co-ordinated A sites, and the iron on the octahed- 
rally co-ordinated B sites.”) As pointed out by 
NEEL, ) the transfer of the zinc from A to B sub- 
lattices can be described in terms of an energy 
increment, w. When kT is considerably larger than 
«, the zinc can be considered to be uniformly 
distributed among the various possible sites of 
both The 
partially inverted. With decreasing thermal agita- 


sublattices material would thus be 
tion, the zinc should preferentially migrate to the 
A sites until, at 0K, the material, after an infinite 
time, would be entirely normal. NE&EL®) hypo- 
thesized that the energy w is large and negative for 
manganese. It then numerically decreases with in- 
creasing atomic number and passes through zero 
between copper and zinc. He gave evidence to 
show that copper ferrite is partially inverted under 


* This work was supported by the United States Air 
Force Office of Scientific Research of the Air Research 
and Development Command No. 
AF 18(603)-8. Reproduction in whole or in part for any 
purpose of the U.S. Government is permitted. This work 


under contract 


was presented in part at the Conference on Magnetism 


and Magnetic Materials, Washington, D.C., held in 


Nov. 1957 


The effects on the thermal properties are interpreted in terms of sublattice popula- 


suitable heat-treatment. BROCKMAN®) pointed out 
that zinc ferrite could be made ferromagnetic by 
quenching from about 1400°C. According to the 
NE&EL"™) theory of ferrite magnetization, this would 
occur if the zinc were located partially on the B 
sublattice—a fact in agreement with a small posi- 
tive energy increment for the transfer of zinc from 
the A to the B sublattice. The heat capacity of zin 
ferrite (annealed) shows a sharp peak between 9- 


c 
5 


and 9-7 K.) This A-type anomaly is due to a type 
of antiferromagnetic ordering of B sublattice iron 
moments. 6-8) The presence of a partial inversion, 
small deviations from stoichiometry, or foreign 
substances drastically effects the magnitude of the 
peak.'9-10) It was therefore decided to measure the 
specific heat of a sample deliberately partially in- 
verted by water-quenching from 1100°C. The ob- 
ject was to determine if the effect complementary 
to the appearance of a magnetic moment at low 
temperatures, namely the disappearance of the 
9-5°K heat-capacity peak, occurred. This was in- 
deed observed. 

Quenched and annealed samples of zinc ferrite 
containing small amounts of lithium were also pre- 
pared and measured. The analogous heat-capacity 
difference of the zinc ferrites was still present. 
Annealed lithium-zinc ferrite is considered parti- 
cularly interesting because of the possibility of 
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ordering of the lithium on the B sites.) This 
provides a possible means of inserting nonmagnetic 
ions into the B sublattice, while producing only 
limited modifying results due to molecular field 
fluctuations. 12) 


2. EXPERIMENTAL 

(a) Preparation and purity of the samples 

The samples were prepared by the technique 
described for ZnFe2O4) except that two of these 
samples were quenched from 1100°C by immersion 
in distilled water. One sample was stoichiometric 
ZnFe2O4; two were mixed to the composition 
Lig.o5Zno-90F e2-0504. Quantitative analysis gave the 
results shown in Table 1. 
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to 350°K. The individual measured temperature 
increments are probably accurate to a millidegree 
after corrections for quasi-adiabatic drift. 

The calorimeter was loaded with 
evacuated, filled with helium at 4 cm Hg pressure 
at 300°K (to provide thermal contact between 
calorimeter and sample), sealed, placed in the 
cryostat, and cooled over a period of several days 
to approximately 4°K. The weights of samples 
used were 209-950 g of Lig.o5Zno.g9Fe2.0504 (an- 
nealed), 213-331 g of quenched Lio.o5Zno.90 
Feg.9504, and 238-384 g of ZnFe2Ox. 


sample, 


3. RESULTS 


The heat-capacity determinations are listed in 


Table 1. Analysis of zinc ferrites 


Composition Treatment 


ZnFe,O, Annealed* 
Quenched 
Annealed 

Quenched 


Lig-95ZMo-9oF eg: 9504 


* Data on this specimen reported in reference (5). 


(b) Cryogenic technique 

The Mark I cryostat and the technique em- 
ployed for low-temperature adiabatic calorimetry 
are described. 9) 

The copper calorimeter (laboratory designation 
W-9) was similar to calorimeter W-6; 4) it was 
gold-plated inside and out, but had only four vanes. 
The specific heat of the empty calorimeter was 
separately determined (using the same thermo- 
meter and heater, and the same amounts of indium- 
tin solder for sealing and Apiezon-T grease for 
thermal contact with the thermometer and 
heater); it represented from 20 to 50 per cent of 
the total heat capacity observed. The platinum 
resistance thermometer (laboratory designation 
A-3) was calibrated at the National Bureau of 
Standards. The temperatures are believed to 
correspond with the thermodynamic scale within 
0-03° from 10° to 90°K, and within 0-04° from 90° 


Theoretical 


Percentage by Weight 


Observed 


Table 2 in chronological order. The individual 
temperature increments can generally be estimated 
from the adjacent mean temperatures. The values 
are expressed in terms of the defined thermo- 
chemical calorie of 4-1840 absolute J. 

The ice point is taken to be 273-15°K. The 
molecular or gram-formula weights of Lipg.o5 
Zno.90Fe2-9504 and ZnFeoO,4 were taken to be 
237-682 and 241-08, respectively. An analytically 
determined “curvature” correction for the finite 
temperature increments employed has been added 
to each observed value of AH/AT. Because of the 
low pressure in the calorimeter, the values thus 
corrected to dH/dT are equal to C,° or Cy 
within the limits of the experimental error. Above 
30°K, most of the points deviated from the curve 
by less than 0-001 cal/mole/°“K; the deviations 
were not normally distributed and in a very few 
cases were close to 0-01 cal/mole/°K. Experience 





Table 2. Molal heat capacities (C,,) of zinc and lithium-zinc ferrites 
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T(°K) Cc, 


T(°K) Cs 





Lig-o5ZMo-9oF €2-9504 
Series I (cont.) 


250-07 30°39 
260-05 31:11 
270°14 31-76 
280-12 32-37 
290°23 32-96 
300-48 33-52 
310-90 34-05 
321-53 34°54 
332-39 35-03 
343-39 35-49 


Series I] 






5-29 0-62 
5-90 0-92 
6°58 1-64 
7:19 3-03 
7°82 3-01 
8-63 2°74 
9-13 2°64 
2°5 
>. 
2°3 
9. 


Quenched Lip.9;Zno-99F €o-05 


Series II (cont.) 


8-70 1:30 
9-76 1-37 
10-95 1-42 
12-20 1-447 
13-43 1-483 
14:79 1-510 
16°37 1-539 
18-11 1-578 
19-89 1-632 
21°85 1°715 
24:12 1-828 
26°64 1-973 
29°48 2°245 
32°54 2-554 
35:77 2:925 


5-29 0-58 
6-08 0-380 


8-76 1°31 
9-66 1-37 
10-58 1-41 
11°61 1-46 
Series 1V 
54:94 5-720 
60°61 6°626 
66°28 7-550 
72°19 8-534 
78:38 9-574 
84°89 10°695 
91°87 11-°847 
99-45 13-085 
107-54 14-392 

15-670 


287-47 33°51 
297-28 34-01 
307-03 34:49 
316°67 34°98 
326:27 35-39 
335-96 35:79 


Series II (cont.) 









14°64 2°143 
16°13 2-039 
18-00 1935 
20°14 1-862 
22°34 1-843 
24°64 1-872 
27°16 1-960 
Series III 
5-05 0°53 
5-92 0°95 
6:79 2°01 
7-49 3°35 
8-14 2°81 
9-07 2°65 
10-08 2°52 
11-07 2:42 
27°41 1° 
30°22 2° 
33:21 2° 
2: 
3- 
3- 






Series III (cont.) 












Series V 













36°19 
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Table 2 (continued) 


T(°K) 


Cc, TCK) | Cc, 





Quenched ZnFe,O, 


Series II (cont.) 


292-23 
301-82 
311-29 
320-81 
330-45 
339-30 
347-80 


83-97 
90-94 
98-28 
106-20 
114-41 
122-86 
131-53 
140-24 
148 -94 
157-90 
167-26 
176°68 
183 -62 
195-05 
204°89 
214:49 
224-03 
229-61 
238°91 
248 °35 
258-02 


UUmnuw vu 


Series II 
253-41 
26322 
273-00 
282-63 


33-34 12°18 


indicated that these deviations are not reproducible 
and presumably not significant. Below 30°K the 
measurements become progressively less accurate 
due to the smaller absolute heat capacity, the 
smaller temperature intervals, and the decreased 
sensitivity of the thermometer. Below about 9°K, 
considerable time was required for the establish- 
ment of thermal equilibrium, as had been noted in 
the heat capacity of zinc ferrite.) 

Values of C, , S°—So, and (H°—HAo°)/T at 
selected temperatures are presented in Tables 3, 4, 
and 5. The enthalpy and entropy increments were 
computed by numerical integration, using graphic- 
ally interpolated values of heat capacity. The values 
of entropy are considered to be accurate to +-0-01 
eu, even at the higher temperatures, and the 
enthalpy values are considered accurate to +0:1 
per cent, except at the lowest temperatures. 

Some of the tabular data are given to an ad- 
ditional digit because, while it is not significant on 


Series III 


Series 1V (cont.) 
13-44 1-372 
15-07 
17-03 
18-94 
20:97 
23°16 
25-64 
28-42 
28°15 
31°12 
34-14 
37°32 
40-19 
43-71 
47-84 
52-66 
58-00 
63-60 
70-41 
78°59 


85:67 


Series V 


Series 1V 


1-330 


an absolute basis, it is significant on a relative basis, 
as when the entropies or enthalpies at different 
temperatures are compared. 


4. DISCUSSION 


(a) ZnFe204 

From the results given in Table 2 and depicted 
in Fig. 1, it is apparent that the quenching has 
eliminated all except elemental vestigia of the anti- 
ferromagnetic type ordering below 10°K. This is 
in agreement with the interpretation of sublattice 
population and spinel inversion as discussed by 
NeéeEL®) and evidenced by BRocKMAN®) utilizing 
the magnetic moment. The annealed zinc ferrite 
sample had a sharp peak of magnitude greater than 
2-3k per iron atom. Although we were not able to 
establish an upper limit to the magnitude of the 
peak, it is probable that it is less than the 3-37k 
predicted by Tacurk1 and Yosipa.®) It is expected 
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Table 3. Molal thermodynamic functions for (an- Table 4. Molal thermodynamic functions for quenched 
nealed) lithium zinc ferrite (Lig.95Zno.99Fe2-0504) at ~— Lithium zinc ferrite (Lio-o5Zno-90Fe2-0504) at selected 
selected temperatures temperatures 


H°—H, 
C. S°—S, H°—H,° ———— Cc. S°—S, H° —H,° 
K) (cal deg (cal deg (cal/mole) T T(°K) § (cal/deg. (cal/deg. (cal/mole) 
mole) mole) (cal/deg. mole) mole) (cal/deg. 
mole) mole) 


| 


144 0:8698 : 0:3466 
531 - of +4599 7 0:7174 
641 637 9099 0-9299 
684 : 8 -2994 35 0940 
*734 ‘298 6745 37-67 *2557 


N = = PO tO 
ww Ww hd 


‘817 a $3; 30675 50°45 4415 
941 3° 3-4867 66°13 -6545 
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to be larger than the 2-36k given by their mole- 
cular field approximation. The measured value 


Table 5. Molal thermodynamic functions for quenched 
zinc ferrite (ZnFe2O4) at selected temperatures 


H°—H, 
S°—So H°—H, — 
(cal/deg. (cal/mole) i 
mole) (cal/deg. 


Ca 
(cal/deg. 
mole) 


T(?K) 


mole) 
327 532 039 
1-418 ‘081 ‘718 
591 510 : 913 
‘886 *$94 ‘075 
275 37:3: 245 


2:674 438 
3-103 : ‘661 
3-563 36° ‘912 
4-055 2 ‘188 
5-121 3 ‘801 
6:279 3:477 
7°505 ‘192 
8-789 -940 
10-115 5-706 
11-470 712°8 -480 


12-847 871: 
14-240 1045- 
15-641 1234-5 
17-045 1438: 
18-448 1655°: 


1886: 
2128: 
2383: 
2648: 
2923: 


19-845 
21-233 
22-608 
23 -967 
25-308 


3207°5 
3500°8 
3802: 
4111:! 
4427-6 


26°631 
27-935 
29-218 
30-480 
31°719 


32-937 
34:°134 
35-309 
36°461 
41-911 


Suuwnu > 


33-317 


36°250 5690°9 


here is probably low because: (a) averages over 
finite temperature increments had to be measured 
and thus the numerical result must always be equal 
or less than the maximum, ()) the experimental 
procedure was difficult because of the large time lag 














Fic. 1. The molal heat capacities of zinc ferrites at low 
temperature. 


in establishing thermal equilibrium, and (c) be- 
cause our annealed sample was probably partially 
inverted. The reason for the latter is that the so- 
called Tammann temperature of zinc ferrite—the 
temperature for which body diffusion becomes 
negligible—is about 700°C. Although this is not a 
strict lower limit to the annealing temperature at 
which the zinc population can be in equilibrium 
between the two sublattices, it is improbable that 
the equilibrium would persist to a very much 
lower temperature. Thus the conditions at about 
700°C would be frozen into the annealed speci- 
men. 


(b) Lao.05Zno-90F€2-0504 

Fig. 1 also illustrates the difference in heat 
capacity at low temperature of annealed and 
quenched mixed lithium—zinc ferrite of the com- 


position considered in Table 1. The same general 
differences occur, but the height, shape, and tem- 
perature of the transition in the annealed speci- 
men is different from either that of zinc or mixed 
nickel—zinc ferrite. 

Within the limits of experimental error, the 
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additional 10 mol per cent NiFegOq leaves the 
ZnFe2O, transition temperature unaltered, while 
10 mol per cent (LiFe)o.5Fe2O4 lowers it some 20 
per cent. This is true even though the nickel re- 
placed 0-1 and the lithium 0-05 of the B-site iron. 

This behavior difference appears to lie in either 
(a) that the Ni ion possesses a magnetic moment 
and the Liion does not, or (6) that the Li ion forms 
an ordered substructure on the B sublattice. This 
demonstrated for (LiFe)po.5 
Hypothesis (+) is substantiated in that 


has been annealed 
FesO4 
the temperature of the remanent heat capacity 
quenched lithium-zinc ferrite 


anomaly in_ the 
oincides with the 9-5° of zinc ferrite rather th: 
coincides with the > of zinc ferrite rather than 


t} 7 & 


the 7 anomaly of the annealed lithium-—zinc 


ferrite 














ation of the molal heat capacities of 


Fic. 2. 


zinc I rom those of zinc ferrite (annealed). 


The thermal properties of ZnFegOq4 are thus 
seen to depend strongly upon thermal history, and 
may be interpreted in terms of sublattice popula- 
tions. Small amounts of lithium considerably re- 
duce the Néel temperature. It is suggested that the 
lithium goes onto the B sublattice to an ordered 
structure in a mixed zinc ferrite even when only 10 
per cent of the available ordered lattice sites are 
occupied 

It is to be noted in Fig. 2 that not only are the 
deviations in thermal properties between quenched 
and annealed zinc ferrites pronounced in the vicin- 


ity of the anomaly, but are indeed significant over 
the entire temperature range studied. Thus be- 
tween 50 and 100° in both compositions the heat 
capacity is about 10 per cent greater for quenched 
than for annealed samples. This increment de- 
creases to about 4 per cent at 300°K. The im- 
portance of careful thermal treatment of samples of 
magnetic materials of the complexity of ferro- 
spinels and transition-element chalcogenides is 
emphasized by these results. This is especially 
significant when such samples are to be used in 
the procurement of thermodynamic data. However, 
the comparison of the entropy increment at either 
300 or 350°K reveals that S°—Sp° of the two 
quenched compositions are identical within -+-0-01 
eu. Those of the annealed materials are also nearly 
identical to each other, but 0-2—0-4 eu smaller 
than those of the quenched samples. Hence a 10 
per cent lithium ferrite substitution in zinc ferrite 
does not significantly alter the total entropy incre- 
ment nor apparently the magnetic entropy. 
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Abstract—It is pointed out that trivalent cobalt with an octahedral co-ordination of oxygen ions has a 
low-spin and a high-spin state of comparable energy. The anomalous magnetic properties of the 
perovskite-type mixed crystals La,—-,Sr,CoO,-, are interpreted in the light of this fact. It is assumed 
that the tetravalent cobalt ion is always in the low-spin state in this system. It is shown how the 
geometry of the perovskite-type lattice lends itself to the formation of two sublattices, each consist- 
ing of a set of (111) planes, in one of which the cobalt ions are predominantly in a high-spin state and 
in the other in a low-spin state. Experiments indicate that the magnetic interaction between trivalent 
cobalt ions in the high-spin state is antiferromagnetic, whereas the interaction between the low-spin 
tetravalent cobalt ions and the high-spin trivalent cobalt ions is ferromagnetic. These interactions are 
considered in relation to modified superexchange and the semicovalent-exchange models. The 
ferromagnetic Co*+t—Co!Y interaction permits a sharp distinction to be made between the two, 
although there is always some ambiguity in qualitative models. Further, the ferromagnetic inter- 
action can be understood without recourse to ZENER’s double-exchange mechanism. 


1. INTRODUCTION 
THE magnetic properties of the perovskite-type 
mixed crystals La,_,?*Sr,?*CoO3_, have been 


studied by several workers, !~®) but there has been 


no satisfactory interpretation of the interesting ex- 
perimental results. The perovskite-type com- 
pounds are of particular interest to the theory of 
magnetism because the structure is ideal for un- 





ambiguous, indirect magnetic-exchange interaction 
via an intervening oxygen ion. This structure is 
shown in Fig. 1. As illustrated, the cobalt cations 
of the system under discussion constitute a simple- 
cubic array with oxygen ions at the centers of the 
cube edges. An indirect exchange interaction | 
; : . Fic. 1. Ideal perovskite-type structure for the system 
between the magnetic moments of two neighboring La Sr COs 

cobalt ions must involve the intermediary oxygen ; 
ion; this interaction is optimized by the perovskite- change interaction than that between a cobalt ion 
type configuration, since the two neighboring 
cations perturb the same p-orbital of their common 
oxygen ion. There will probably be no other ex- 


and its six nearest magnetic neighbors. 

The interesting properties of this series of mixed 
crystals are summarized below. Any interpretation 
of the magnetic interaction must be consistent 


* The research in this document was supported by the ‘th all of ¢ ; 
Army, Navy, and Air Force under contract with the with all of these propertics. : 
Massachusetts Institute of Technology. AskHAM et al.) studied the crystal structure of 


287 





288 JOHN B. 
the whole series of mixed crystals and found that it 
is perovskite-type with a small rhombohedral 
deviation from the cubic form, the distortion de- 
creasing with increasing strontium content up to 
about 50 per cent strontium, a number of extra 
lines appearing in the X-ray diagrams at high 
trontium content. They found only a small varia- 
tion of the ps¢ udo-cubic-cell axes, from 3-82 A for 
LaCoOs to 3°84A for SreCooOs. Further, the 


tice parameter 3-82 A for LaCoQsg is to be com- 


pired with 3-838 A for LaNiOg, recently measured 


WATANABE!) has found 
the 


compounds is cubic if the compounds are prepared 


by WoLp and Banks. 


the crystal structure of strontium-rich 


am of oxygen, but is indeterminate if pre- 
| VACUO 


JONKER and VAN SANTEN®)? reported that it is 


extremely difficult to obtain the correct oxygen 


content for a perfect perovskite-type lattice. In 


LaCoOg3 there were always some tetravalent cobalt 


] 


ions present. However, as strontium was added, 


they were unable to obtain more than 45 per cent 


tetravalent ion, this maximum 
0-6. Stron- 


of the cobalt as a 
being attained in 
tium cobaltite tends toward the formula SrgCo2O,. 


the 


a mixture with x 


WATANABI reported that he could 


tetravalent cobalt content from 6-3 to 59-3 per cent 


vary 


in SrCoO3_, and from 11-3 to 61-0 per cent in 


Lay.;Sr9.;CoO3_, by heating im vacuo or in a stream 
or oxygen 


JONKER and VAN SANTEN 


paramagnetic 
Curie temperature, and the saturation magnetiza- 
I 


also measured the 
susceptibility, the paramagnetic 
tion below the Curie temperature. In Fig. 6 are 
shown their measurements, expressed in numbers 
of Bohr magnetons per cobalt atom, for the satur- 
magnetization ng and the effective para- 
The effective paramagnetic 


ation 
magnetic moment peg 
moment per cobalt ion is considerably less than 
that predicted from spin-only contributions of 
Co? and Co# 
Fig. 6(a)). Further, the paramagnetic Curie tem- 


ions in their high-spin state (see 


peratures, though negative for small tetravalent- 


concentrations (indicating an antiferro- 
magnetic Co?+—Co? 


more than 10 per cent of the cobalt content is 


cobalt 
interaction), are positive if 


tetravalent. The paramagnetic Curie temperature 
rises sharply from below 200°K for small 
tetravalent cobalt concentrations to above room 
temperature for over 40 per cent tetravalent cobalt. 


GOODENOUGH 


Although this indicates a predominantly positive 
coupling between trivalent and tetravalent cobalt 
ions, the saturation magnetization at the absolute 
zero of temperature is less than 1-5 xg per cobalt 
ion. WATANABE") found similarly that the peroy- 
skite-type compounds which resulted from heating 
in an oxygen stream had lower effective paramag- 
netic moments than would be predicted from a 
spin-only calculation of the Co*+ and Co** ions in 
For x= 0-5, he found 


their high-spin state. 
A 0-055 and pg — 3°65, as against a pre- 
dicted value of 5-52. For x = 1, he found A=0-208 
and peg = 3°32, as against a predicted value of 


5-50. Compounds heated im vacuo and of undeter- 


’ 


mined crystal structure, however, had effective 
paramagnetic moments which were very close to 
those predicted from spin-only values of Co#+ and 
Co** in their high-spin states. Further, WATANABE 
found that the samples treated im vacuo had a 
negative paramagnetic Curie temperature, in- 
dicating a predominantly antiferromagnetic inter- 
action, whereas samples heated in oxygen had a 
spontaneous magnetization below room tempera- 
ture. 

KOEHLER and WOLLAN® 
LaCoQOg3.95 with neutron diffraction and found no 
magnetic ordering at temperatures down to 4:2°K. 


studied the compound 


JONKER and VAN SANTEN”) observed a discontinuity 
in the paramagnetic susceptibility/temperature 
curve in LaCoOg.o1; at about 500°K the suscepti- 
bility remains constant over an interval of about 
100°, obeying a Curie-Weiss law above and below 
this region. 

Finally, electrical-resistivity measurements":?) 


’ 


indicate that as the amount of tetravalent cobalt is 
increased, the temperature coefficient of the re- 
sistivity goes gradually from a negative value 
(normal semi-conductor) to a positive value. This 
result is qualitatively in agreement with well- 
known ideas on semiconduction in oxidic sys- 
tems. 

From these facts it is apparent that any inter- 
pretation of this system must answer the following 
questio1 S: 

(1) Why is the 
LaCoOg3_, smaller than that for LaNiO3, and why 
is its variation with strontium substitution so small? 

(2) Why is it difficult to obtain more than 50 
per cent tetravalent cobalt in the perovskite-type 


edge of 


pseudo-cubic-cell 


lattice? 
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(3) Why are the magnetic interactions in 
perovskite-type compounds containing both tetra- 
valent and trivalent cobalt predominantly positive? 

(4) Why are the magnetic 
vacuum-prepared SrCoOg.5 (structure undeter- 
mined) definitely negative, whereas neutron- 
diffraction patterns in perovskite-type LaCoO3.95 
show no magnetic ordering down to temperatures 
of 4-2°K? 

(5) What is the origin of the curious anomaly in 
the magnetic susceptibility of LaCoO3 9; at 500°K? 

(6) For the perovskite-type compounds, why are 


interactions in 


the measured magnitudes of 4 and mg so low? 


The purpose of this paper is to show that a 
satisfactory answer to these questions can be given 
if one takes account of the stabilities of the low- 
spin states of trivalent and tetravalent cobalt in 
octahedral interstices of an oxygen lattice and of 
the particular geometrical properties of the 
perovskite-type structure. 


2. THEORETICAL FOUNDATIONS 


If a transition-element cation is located in an 
octahedral interstice of a cubic anion lattice, the 
electrostatic fields associated with the cations will 
cause the atomic d level to split into a stable, triply 
degenerate state t,, (composed of d,,,d,,,,d,,) and 
an upper, doubly degenerate state e, (composed of 
d,2_,2 and d,2).) The magnitude of the splitting 
A depends upon the particular anion complex and 
the valency of the cation. Cations of higher valence 
will be located in a stronger electrostatic field, and 
the magnitude of A is greater. The two halves of 
the d level are, as in the atom, split by the intra- 
atomic exchange effects, caused by the Pauli ex- 
clusion principle, which favor a parallel alignment 
of spins within the atom. If the magnitude of this 
exchange splitting is denoted by E£,,, then the 
energy-level diagram for the d orbitals of a transi- 
tion-element cation in an octahedral anion inter- 
stice will be as shown in Fig. 2, where are illus- 
trated the conditions for the occurrence of Co#+ or 
Co4*, high-spin states with E£,, > A, and for 
Co!!! or Col’, low-spin states with E., < A. It 
should be realized that although the e, orbital is a 
stable orbital for localized d electrons, a hybrid 
(e,°sp*) orbital may be more stable for non- 
localized electrons which are shared between a 
cation and an anion. 


T 
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Magnetic measurements and optical spectra of 
compounds and complexes containing trivalent 
cobalt indicate that if this ion is in an octahedral 
interstice of oxygen ions, the exchange splitting 
and the crystal-field splitting are approximately 


(a) Eg, >4:C0= [too(#)] [eg ¢)} [teg(¥)] > 4u, 


a+ 


( 
3 2 
co =[tag(#)] [eg(#)] —>5x5 


Fic. 2. Schematic energy-level diagram for the 3d 
orbitals of a cobalt cation in a perovskite-type lattice 
with (a) E., > A and (bd) E,, « 
and fgg are doubly and triply degenerate, respectively. 


A, where the states eg 


This means that second- 
whether trivalent 


equal,®) or E., ~ A. 
order effects may determine 
cobalt is in a high-spin or a low-spin state. 
CossEE") has recently performed an elegant series 
of experiments which demonstrate that trivalent 
cobalt in the octahedral interstices of the spinel 
CogO,4 are diamagnetic, whereas JONKER and VAN 
SANTEN’s) experiments suggest that in the ideally 
stoichiometric perovskite LaCoQOs3, the trivalent 
cobalt ions are in their high-spin state, carrying a 
magnetic moment nearly that of their spin-only 
value of 4 wg per cobalt ion. Since F,, is the same 
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in both compounds, it is apparent that the differ- 
ence must lie in the variation in A in the two in- 
stances; the larger A should be associated with the 
larger crystalline field, or for a given lattice struc- 
ture and set of ionic charges, with the shorter dis- 
tance between the positively charged cation and 
the center of charge density on the negatively 
charged anion. Paramagnetic-susceptibility data 
by Lotcerinc”®) on MnCosO4 and ZnCo20, 
(Co-O2- distances ~ 2-08 A and ~ 2-10 A, re- 
spectively) indicate that only 5-5 and 15-5 per cent 
of the cobalt is in a high-spin state. In CogO4 the 
octahedral Co"!!-O2- distance is™°) 2-02 A; in 
LaCoO3 the Co®+—O?- distance appears to be 
1-91 A. The contribution from nearest neighbors 
to the crystalline field about the trivalent cobalt ion 
in LaCoOg3 exceeds that in Cog04, MnCooQ,, and 
ZnCo2O4; hence it is reasonable to expect that 
although trivalent cobalt in LaCoQsg is apparently 
in a high-spin state, in this lattice A = E,,, so that 
whether a particular trivalent cobalt remains in 
the high-spin state or is converted to the low-spin 
state, may depend upon small changes in the crys- 
talline field. These changes could be induced by 
thermal expansion or contraction of the lattice or 
by the introduction of ions of different charge. 

The introduction of a tetravalent cobalt ion into 
an octahedral interstice will increase the electro- 
static-field splitting probably by as much as 
10,000 cm~!;"%1) this should be more than enough 
to offset any increase in exchange energy. There- 
fore, for tetravalent cobalt in an octahedral site of a 
perovskite-type lattice, it is reasonable to assume 
that A > E., and that Co! is in a low-spin state 
with a spin-only magnetic moment of 1 paz. 

If a Co!’ ion is introduced into an ideal LaCoOg3 
lattice, the crystal fields about the neighboring 
trivalent cobalt ions will be altered in two ways: 
first, the presence of the higher charge on Co!V 
will increase the crystalline fields at the neighbor- 
ing cobalt sites; second, the presence of Co!’ with 
empty e, orbitals overlapping the filled 2p orbitals 
of the neighboring O?- ions will induce some elec- 
tron sharing, or covalence, in the Co!Y—O2- bonds. 
This, in turn, will shift the center of negative- 
charge density about the O?- ions towards the 
Co! ion, so that the crystalline field at the trivalent 
cobalt ions on the opposite side of the O?- ion is 
reduced. Therefore it is postulated that, because of 
the large positive charge, the introduction of a 
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Co! ion into the LaCoQs lattice should increase 
the crystalline field in its environment sufficiently 
to induce the neighboring trivalent cobalt ions to 
go into their low-spin state Co!!!. However, the 
resulting covalent bonding decreases the crystalline 
fields about the nearest neighbors sufficiently to 
stabilize these in the high-spin state, so that only 
next-nearest neighbors are changed to the low- 
spin state Co!!!, Again, covalent bonding about 
the Co!!! will stabilize further the near neighbors 
of the Co!Y in a high-spin state, as well as the 


next-next-near neighbors of the Co! ion. It is 


therefore postulated that the introduction of a Co!Y 


into LaCoOg induces the transformations 


> Co!!! which are illustrated in Fig. 3. 


ion 
Co 






































Fic. 3. Postulated cobalt-ion distribution about a Co!’ 
ion introduced into an ideal La*+Co**Q, lattice. 


Two features of this diagram are to be noted: 
first, there is a tendency for the cobalt ions in 
alternate (111) planes to be in a low-spin state and 
for those in the other set of (111) planes to be in a 
high-spin state; second, the introduction of a 
Co!Y ion may be reasonably expected to induce 
approximately 18 neighboring, trivalent cobalt ions 
to become Co!!!, Since the Co!!! ions are dia- 
magnetic, the introduction of a Co!¥ ion into a 
matrix of Co®+ ions causes a cluster consisting of 
the Co!’ ion and its six near-neighbor Co*+ ions 
to become magnetically isolated from the rest of 
the lattice. If a sufficient number of Co! ions are 
present so that the Co!’ ions have near-neighbor or 
next-near-neighbor Co! ions, then the additional 





MAGNETIC PROPERTIES OF PEROVSKITE-TYPE 


Co!Y ions tend to order in the (111) planes of low- 
spin state, an electron interchange being all that 
is necessary for ordering. It is only as a result of 
regions of relatively large Sr?+ or La** concentra- 
tions that mismatch occurs. 

If z is the fraction of the total cobalt ions which 
are present as Co** ions in the (111) planes of low- 
spin state in a region of perfect ordering of low- 
spin and high-spin states, all the Co!Y and Co!!! 
ions order in the alternate set of (111) planes and 
2z ~ e 18. The parameter € represents the frac- 
tion of total cobalt ions which are Co!Y, and the 
expression approximates the boundary conditions 
2z = 1-18€ for small € and z = 0 at €= 0°55. 


3. MAGNETIC INTERACTIONS 

In order to interpret the magnitude of the 
spontaneous magnetization which is developed in 
some of the compounds containing Co! ions, as 
well as to understand the signs of the paramagnetic 
Curie temperatures, it is necessary to review briefly 
the theory of indirect magnetic-exchange inter- 
actions. The double-exchange mechanism of 
ZENER!) is not considered relevant, even though 
ferromagnetic coupling is developed between two 
cobalt ions of different ionization, which is just the 


condition required for the double-exchange mech- 
the 


anism. This mechanism is discounted on 
following grounds. First, as pointed out by JONKER 
and VAN SANTEN,") there is no anomaly in the 
electrical resistance at the Curie temperature. 
Second, of the several rocksalt-type and perovskite- 
type structures that have been investigated which 
have a transition element in two valence states, only 
the perovskites containing Mr.%+—Mn* 
Co*+—Co4* interactions contain ferromagnetic 
interactions. ANDERSON and Hasecawa(!?) 
shown that even in the perovskites containing 
ferromagnetic Mn*+—Mn‘* interactions, the be- 
havior of the paramegnetic susceptibility is in- 
compatible with a double-exchange mechanism. 
Finally, it will be shown that a ferromagnetic 
Co*+-Co!Y interaction follows from modified 
superexchange considerations, so that there is no 
need to have recourse to ZENER’s double-exchange 
mechanism to account for the ferromagnetic 
coupling. 

In indirect magnetic-coupling interactions be- 
tween two cations via an intervening oxygen ion, 
the origin of the interaction lies in the existence of 


and 


have 
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excited states of the cation—anion—cation configura- 
tion. Magnetic interactions cannot be accounted 
for on the basis of a purely ionic model of the 
lattice. In the excited configurations, one or both 
of the electrons in a 2p oxygen orbital are excited 
into the empty, or partially filled, cation orbitals 
which overlap it on either side. This situation is 
shown schematically in Figs. 4 and 5. Pratr'l4) has 
drawn attention to the fact that configurations in 
which two electrons are simultaneously excited, 
one to each of the neighboring cations, may con- 
tribute as strongly, or more strongly, to the mag- 
netic interaction as those configurations in which 
only one oxygen electron is excited from the purely 
ionic ground state. Others">-16) have called atten- 
tion to the importance of the configuration of the 
empty or partially filled cation orbitals in deter- 
mining which of the excited configurations are the 
more stable. In Fig. 4 the cation e, orbitals, which 
point toward the six near-neighbor oxygen ions, are 
indicated, these being the critical d orbitals in the 
superexchange model?’ for magnetic interactions, 
since they overlap the filled oxygen 2p orbital. The 
hybrid (e,?sp?) is considered to have too high an 
energy to play any role (see Fig. 4(a)). In the semi- 
covalent-exchange model"® for magnetic inter- 
actions, on the other hand, the hybrid (e,*sp*) 
orbitals are assumed to be relatively stable, as 
shown in Fig. 5. The difference between the super- 
exchange model of KramMers"!8) and ANDERSON “7° 
and the semicovalent-exchange model"®) lies in 
the fact that the hybridized orbitals, (¢,?sp%) in 
octahedral sites or (¢2,s) and (sp%) in tetrahe dral 
sites, are less than half filled, whereas the e, or 
te, orbitals may be half filled. This difference is 
significant for Co%+, the trivalent cobalt ion of 
high-spin state. 

In Fig. 4 are shown the various magnetic inter- 
actions which are predicted if the hybrid (e,?sp%) 
orbitals are of too high an energy to be relevant to 
the discussion. From this model the Co?*—Co** 
interaction is unambiguously antiferromagnetic. 
The oxygen electrons are perturbed by the elec- 
trons in the near-neighbor cation ey orbitals, the 
oxygen electron with spin parallel to the net cation 
spin being excluded from the neighborhood of the 
cation ee orbital, provided that there is a low-energy 
excited state available to admix with the ground 
state. If the Co%* ion on the opposite side of the 
oxygen ion has a magnetic moment antiparallel to 
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Fic. 4. Superexchange model for indirect magnetic interactions. The dashed arrow in brackets represents 


a 7 bonding alternate excited state 


(c) and (d) represent, respectively, the competitive Co® 


Co!" ferro- 


magnetic and antiferromagnetic interactions. 


that of the first Co*+ ion, then two low-energy 
excited states are available for admixing, viz. an 
e, of higher energy but larger overlap (co bond) and 
a to, of lower energy but smaller overlap (z bonds). 
Since the importance of the excited state varies 
with the amount of overlap and inversely with the 
energy difference between it and the ground state, 


the relative importance of the o and z bonding is 
the 
Co®* case the two excited configurations are co- 


not completely unambiguous. However, in 


operative, and no ambiguity arises. Similarly the 
the 
ion, and its 


other oxygen 2p electron is excluded from 
neighborhood of the second Co® 
orbital is altered by the admixture of excited states 
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involving the first Co®+ ion. An antiferromagnetic 
interaction results between the Co*+ ions on either 
side of the oxygen ion. This is pictured schemati- 
cally in Fig. 4(a), the dashed arrows enclosed in 
brackets depicting 7 bonding and the other dashed 
arrows indicating o bonding. 

A general conclusion which follows from this 
discussion is that whenever octahedral-site cations 
are located on opposite sides of a common anion, they 
interact antiferromagnetically if they have a half- 
filled ey orbital (e.g. Mn?*, Fe?*, Fe?+, Co?+, Co, 
Co4+, Ni?+). Further, the strength of this interaction 
increases with decreasing E.,, since the energy 
difference between the ground and excited con- 
figurations decreases with F,,. This trend is ex- 
perimentally observed in the series of compounds 
MnO(T,, = 122°K), FeO(7, = 198°K), CoO(T, 
291°K), and (NiO(7,, = 523°K). 


The Co! cation, on the other hand, has a com- 
pletely empty set of e, orbitals. This means that 
the oxygen 2pf electrons are not excluded from the 
neighborhood of the cation e, orbitals; in fact the 
overlap of the empty e, orbitals with the full oxygen 
2p orbitals means that considerable o bonding can 


take place via excited configurations in which an 
oxygen electron is excited into the cation e, orbitals. 

ciliata 
between e, 


Because of the energy difference F., 
states with spin paralle! or antiparallel to the net 
cation moment, the oxygen electron with parallel 
spin will precominate in the c bond. However, the 
to, orbitals are not completely occupied, so that the 
oxygen electron with antiparallel spin predominates 
in the 7 bonding, especially as the oxygen electron 
with parallel spin is excluded from the neighbor- 
hood of the ¢, orbitals. Since a magnetic interac- 
tion across the oxygen ion depends upon the net 
difference in the stabilities of the excited states 
with spin parallel and antiparallel to the net cation 
spin, the unco-operative character of the o and 7 
bonding weakens the magnetic interactions in- 
volving cations with a completely empty e, orbital. 
Although there is a possible ambiguity as to which 
type of bonding predominates, any interaction be- 
tween identical cations via an intervening, sym- 
metrically bonded oxygen ton must, by symmetry, be 
antiferromagnetic, the identical configuration on 
the opposite side of the oxygen ion being possible 
only if the electron of opposite spin predominates 
in the bonding on this side. This is illustrated in 
Fig. 4(b). The relative magnitudes of the o and z 
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bonding change oppositely with increasing crystal- 
field splitting A. Therefore Cr?+—Cr3+, Mn4+—Mn** 
and Co!Y—Co!Y interactions in a perovskite-type 
lattice should be antiferromagnetic, and _ the 
Cr3+—Cr3+ interaction, which smaller 
crystal field for a given anion sublattice, should be 
stronger than the Mn*+—Mn?* interaction if o 
bonding predominates. This conclusion agrees 
with the experimental observations for9) CaMnOg 
(T, = 105°K) and? LaCrO3(7, = 300°K), o 
bonding apparently predominating. 

Because of the ambiguity, from qualitative 
arguments alone, as to the relative strengths of the 
o and 7 bonding, there is an embiguity in the sign 
of the Co3+—Co! interaction. If 7 bonding domin- 
ates the Co!Y—-O2>- interaction, then the Co?+—Co!V 
interaction is antiferromagnetic, as indicated in 
Fig. 4(d). However, the large overlap of the cation 
e, and oxygen 2p orbitals argues strongly for the 
predominance of the c bonding, or a ferromagnetic 
Co#+—Co!Y interaction as depicted in Fig. 4(c). 
This is also the conclusion reached from the ex- 
perimentally observed magnitudes of the Cr8+—Cr3+ 
and Mn*+—Mn?** interactions. This conclusion is 
significant, as the model provides a ferromagnetic 
Co?+—Co!Y interaction without the need to in- 
voke ZENER’s double-exchange mechanism. 
the observation of 


has the 


From this discussion and 
ferromagnetic coupling between the trivalent and 
tetravalent cobalt ions in the lanthanum-strontium 
cobaltites, it is possible to infer a third general con- 
clusion: if octahedral-site magnetic cations are 
located on opposite sides of a common anion, they 
interact ferromagnetically if one cation has com- 
pletely empty e, orbitals and the other has half-filled 
e, orbitals. 

In Fig. 5 are shown the various magnetic inter- 
actions which are predicted if the hybrid (e,?sp*) 
orbitals are of sufficiently low energy that o bond- 
ing predominates in the magnetic interactions. 
Since these orbitals are not completely filled, inter- 
actions are of the type described above for 
Co!¥—-Co!Y interactions, the « bonding predomin- 
ating. Although this energy-level scheme is com- 
patible with the antiferromagnetic coupling of the 
Co3+—Co3+ and Co!¥—Co!Y interactions, it is not 
compatible with a ferromagnetic Co?+—Co!Y inter- 
action. Thus the experimental observation of a 
ferromagnetic Co?+—Co!Y interaction rules out the 
energy-level-scheme requirement for semicovalent 
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Fic. 5. Semicovalent-exchange model for indirect magnetic interactions. The dashed arrow in 
brackets represents a 7 bonding alternate excited state. (c) represents a highly improbable, 
ferromagnetic Co**—Co!” interaction. 


exchange.* It is concluded that the modified super- 


* The arguments in reference (16) remain valid. How- 
empty (d?*sp*) 
ions, empty dz*_,? orbitals may re- 


ever, empty eg orbitals may replace 
orbitals about Mn** 
place empty (dsp*) orbitals in the discussion on magnetic 
coupling, and the lattice distortions can be accounted for 
by the Jahn-Teller effect, this effect being due to the 
same symmetry arguments for the d wave functions. The 


two descriptions are supplementary. 


exchange model depicted in Fig. 4 is essentially the 
correct model, provided that due attention is paid 
to the spatial distributions and occupation of the 
cation fg, and e, orbitals. 

Finally, it should be noted that the cation Co!!! 
has the outer-electron configuration to 6 and is dia- 
magnetic. Therefore there can be no magnetic 
interaction between a Co!!! ion and a Co%+ or 
Co! ion. 
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4. APPLICATION OF THEORY TO THE SYSTEM 
La,_,Sr,CoO;-, 

The ground work for an interpretation of the 
system Lay_,Sr,CoO3_, isnowestablished. Ideally, 
the cobalt lattice may be separated into two sub- 
lattices, each representing the cobalt ions on a set of 
alternate (111) planes. Thus the chemical formula 
for the system might be more appropriately written 


B+ ht, 8+) IV ll 
' Sr (Co (A)Co (\y)Co x 
x z y 


x 0.5-y—z2° A 


3+ IV II] 
x (Co (\V)Co_ (/A\)Co 


—y 0.5—£+y—z" 

where €=( x—24A) represents the fraction of total 
cobalt ions which are Co!Y. Since all magnetic 
interactions are between sublattices A and B, 
the spins associated with the various cations are 
denoted symbolically. These orientations follow 
immediately from the fact that the Co?*—Co#* and 
Co!VY-Co!V interactions are antiferromagnetic, 
while the Co?+—Co! interaction is ferromagnetic. 
The fraction y, where 0 < y < 0-56, is a measure 
of the ordering of the Co!Y ions on the sets of 
alternate (111) planes depicted as sublattice A or 
sublattice B. Therefore an ordering parameter 7 is 
defined as » = 1—(2y/£) such that 0 : 
For low values of € there can be no long-range 
order, as there are not sufficient low-spin-state 
cations available; in this range of compositions 
y = 0-5€ and » = 0. At higher € values, the long- 
range order is never complete even though only 
electron transfers among the cobalt ions are in- 
volved, since there will always be local regions in 
the crystal of high Sr?+ density in which some Co!Y 
ions are forced into sublattice A. It is assumed that 
the crystal field associated with tetravalent cobalt 
is always sufficiently strong so that this ion is in its 
low-spin state, Co!Y, regardless of its location in 


7) t. 


the lattice. 

Finally, in the estimate for 2’ 
assumed that high-spin-state Co* is practically 
always correlated with Co!Y: i.e. that the ColY 
cations have Co%+ near neighbors. This is con- 
sistent with the concept that a low-spin-state 
cation stabilizes its near neighbors in a high-spin 
state: electrostatic considerations minimize the 
number of Co!Y—Co!Y pairs. The expression for z 


and 2’, it is 
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given at the end of Section 2 is therefore amended 
to: 


22’ ~ e184 12(¢—y)[1—2(y+2’)] 


22''~ e718(E-Y) 4. 1 2y[1—2(E—y +2"’)]. 

It is now possible to calculate w.¢ and mpg as a 
number of Bohr magnetons per cobalt ion. As a 
first approximation, it is assumed that the orbital 
angular momentum is quenched, so that the 
spectroscopic splitting factor is g = 2. In the case 
of cobalt this approximation is undoubtedly in- 
correct, but the errors introduced by taking the 
spin-only values should be relatively small. From 
expression (1), it follows that 


[24(2’ +2”) 4+ 3é]! 


Hen(spin only) 


np = 4(2'—2"')+€&n. 
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Fic. 6. Paramagnetic moment and _ saturation 


magnetization mp for 
3+ o_2+ 1 3+ ao _1Ve_ Ill + 3+7_IV 
Laj-,Sr,* (Co;" Coy’ Coo.5-y-2) (Cor Cog-y 
«I 
Coo5-€4+y-2")O3-a 


as a function of &, the percentage of cobalt ions that are 

Co!’, Theoretical curves are calculated from spin-only 

values of the atomic moments. The parameter 

n 1—(2y/&) is a measure of the degree of order of 

Co!Y on a given set of alternate (111) planes. Experi- 

mental points (() for pe, /\ for mg) are taken from 
JONKER and VAN SANTEN.') 
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In Fig. 6 are plotted ».,_ and mg as calculated from 
equations (2) and (3) after the ordering parameter 
y has been adjusted to give the best fit with the ex- 
data At Sr? 
0} because there is no long-range interaction 


perimental low concentrations, 
between ferromagnetic clusters about the Co!V 
ions. As the Co!’ concentration increases (€ > 0-1), 
long-range order sets in, but the ferromagnetically 
ordered regions are not everywhere matched. Also, 
for values of € just greater than that required for 
the onset of long-range order, there are clusters 
which remain magnetically isolated. The param- 
eter », then, essentially provides a measure of the 
degree of long-range matching of the ferromagnetic 
regions, or the degree of ordering of the individual 
The of » with 


variation ; 
composition given in Fig. 6 is certainly reasonable. 


ferromagnetic clusters 


5. DISCUSSION 
It is now possible to discuss the several ques- 
tions listed in Section 1 which were presented by 
the experimental data 
The small pseudo-cubic-cell edge of LaCoO3_, 
can be understood as due to the presence of con- 
Since it is extremely difficult to 


siderable Co!!! 


prepare stoichiometric LaCoQOsg and the value of 


z falls off rapidly with departures from stoichiom- 
that in 
crystals which have been studied by X-ray diffrac- 
~ 0-1 and nearly 0-4—0-5 of the cobalt ions 


etry, it 1s reasonable to assume those 
tion, € 
were in their low-spin State at room temperature. 
Further, the ionic size of octahedrally located Co!!! 
and Co!¥ ions should be similar, since in each case 
he e, orbital which points toward the six near- 
neighbor anions is completely empty. Since the 
ratio of Co** to low-spin-state cobalt ions remains 
approximately the same all the way across the 
system for the range of compositions studied by 
X-ray diffraction, the variation in lattice parameter 
should be largely determined by the difference in 
the La 
Further, the compound LaNiOs is peculiar because 


size of and Sr2+ ions, which is small. 


gave no detectable coherent neutron-diffrac- 


tion peaks at 4-2°K. Recent measurements in the 


author’s laboratory!) indicate that below room 
temperature LaNiQOg has a temperature-independ- 
ent paramagnetic susceptibility of only 5 10-6 
c.g.s. units. These data, coupled with definite 
evidence?) that Ni** is in a low-spin state in the 


system La(Mn, Ni)Og3, suggest that Ni** is in a 
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low-spin state in LaNiOgs. But even low-spin-state 


Ni? has one electron in the e, orbital and should 


therefore have a larger ionic radius than either 
Co!!! or Col, 

The curious anomaly in the magnetic suscepti- 
bility of LaCoOg.; at 500°K can be attributed to a 
variation through this temperature range in the 
number of trivalent cobalt ions in the low-spin 
state. Such a change could be induced by the 
thermal expansion of the lattice. If the energy re- 
lations in trivalent cobalt are, as postulated, such 
that F.. ~ A, an expansion of the lattice, which 
would reduce A, could induce transitions of the 
type Coll - Co? 
the correct direction to account for the observed 


Such transitions would be in 


anomaly. If this interpretation is correct, however, 
the Curie-Weiss plot of the magnetic suscepti- 
bilities above 500°K should give a y,.¢ correspond- 
ing to spin-only values for all the cobalt ions in 
their high-spin state, whereas the Curie-Weiss 
plot below 500°K should give a lower value for 
Heft: 

Further, if there is a tendency for the Co! ions 
to be correlated with Co®* near neighbors, Co!’ 
Co!’ pairs being minimized, this would be mani- 
fest as a greater difficulty to attain more than 50 
per cent of the cobalt ions as Co!Y. However, it is 
probably possible to force a considerably larger 
percentage of cobalt ions into the Co!¥ state if 
stronger oxidizing conditions are used in the prep- 
aration. 

The introduction of a Co!Y into a Co matrix 
produces a ferromagnetic “cluster”? which is iso- 
lated magnetically from the rest of the matrix by 


‘oll next-near 


the diamagnetic (¢ ions which are 
neighbors to the Co!’ ion. In LaCoO3.o5, € Q)-] 
and nearly 30 per cent of the cobalt ions are dia- 
magnetic Co!!!, This means that the original Co?® 

matrix is completely broken up into paramagnetic 
clusters, or multiple clusters, so that all long-range 
magnetic ordering is eliminated. ‘This can account 
for the lack of magnetic order in the compound 
studied by neutron diffraction®) at 4-2°K. The 
large paremagnetic background scattering can be 
attributed to the paramagnetic clusters. 

Further, the paramagnetic-susceptibility data” 
on vacuum-prepared SrCoQo.5 give a strongly 
negative paramagnetic Curie temperature, as is 
predicted for this lattice since the cobalt matrix is 


almost entirely Co?+. However, as Co!Y ions are 
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added to the antiferromagnetic Co?+ matrix, as in 
the case of LaCoO,_, or La,_,Sr,CoO,_), the 
negative paramagnetic Curie temperature must 
decrease in absolute magnitude, approaching zero 
at that composition in which the antiferromagnetic 
Co*+—Co%+ interactions are destroyed and the 
matrix consists of paramagnetically coupled 
clusters. The predominantly paramagnetic state 
should correspond to € ~ 0-1, as was observed.) 

In addition, as € increases (€ > 0-1) and the 
ferromagnetic clusters become coupled into ferro- 


magnetic regions through the replacement of 


intercluster Co!!! ions by Co!Y ions, a net moment 
begins to appear, and the paramagnetic Curie tem- 
perature becomes positive since the long-range 
order is ferromagnetic. It is only at the transition 
regions of mismatch between ferromagnetic regions 
that antiferromagnetic coupling between clusters 
or regions appears. These mismatchings cause a 
significant decrease in the net magnetic moment. 
However, the paramagnetic Curie temperature re- 
mains positive and the 1/y curve has a pre- 
dominantly ferromagnetic character because the 
number of antiferromagnetic interactions within 
the transition regions represents a very small 
fraction of the total number of magnetic inter- 
actions. 

Also, the measured magnitudes for p.g and ng 
can be quite adequately accounted for by this 
analysis, as is indicated in Fig. 6. It should be 
noted that the calculation for p.g is only weakly 
dependent upon the value of » which is chosen; 
at € = 0-4 withy 3-4 is cal- 
culated from equation (2). The fit of peg(calc.) 
with experimental data will be as good as that 


0 a value of peg 


shown in Fig. 6 regardless of the value of 7» in the 
range 0 <7 1, so that the agreement here does 
not depend upon any arbitrary parameter. As has 
already been pointed out, the values of » which 
were chosen to give a best fit for mp are reasonable. 

Finally, the metallic-like conductivity in samples 
with substantial € values is reasonable even though 
the usual conduction mechanism assumes a ran- 
dom distribution of Co®+ and Co!Y ions, whereas 
the model of this paper assumes ordering between 


low-spin-state and high-spin-state ions; the elec- 


trons of the high-spin-state Co** are, in the pres- 
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ence of an externally applied electric field, readily 
transferred through neighboring O2- p orbitals, 
across the cation near-neighbors of low-spin state 
via the empty e, orbitals, through a next-near- 
neighbor O2- p orbital, to another Co?+ — Co4* > 
Co#+ ion. That is, a transfer of an electron from a 
Co3+ through a Co!Y ion without a change in the 
arrangement of low-spin-state and high-spin-state 
cations is envisaged. 
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Anion diffusion in alkali halide crystals 


(Received 17 February 1958) 


Harrison et al.) have recently developed an ex- 


change technique for studying isotopic anion 
diffusion from alkali halide crystals into surround- 
ing halogen gas, which they applied 1n particular to 
NaCl. This enabled values of anion (CI-) diffusion 
coefficients to be obtained at temperatures con- 
siderably lower than were previously accessible 
and in particular at temperatures in the so-called 
structure-sensitive region of ionic conductivity.) 
Although these results have been obtained by a 
relatively untried method, their consistency and 
their obvious interest for the study of lattice im- 
perfections in these crystals) clearly invite dis- 
cussion. It is the purpose of this note to direct 
attention to these measurements on NaCl and to 
their interpretation, particularly in the low-tem- 
perature range below about 500°C. We shall show 
that a satisfactory interpretation can be obtained 
by assuming that the low-temperature diffusion 
takes place by a vacancy-pair mechanism. The 
required values for the mobility of the vacancy- 
pair are high—as previously postulated in connec- 
tion with the aggregation of colour centres.) 

A plot of InD(CI-) versus T-! was found) to 


possess the familiar features of two straight por- 


tions joined smoothly together at a ““knee”’ which 


lies around 500°C. The slope in the upper region 
corresponds to an energy of 2:29 eV (in agreement 
with the earlier results of LAURENT and BENARD)) 
and that in the lower region to 1-61 eV. The upper 
part of the curve lies in the ‘‘intrinsic’’ region of 
the crystal where impurities are of minor import- 
ance. With the known value for the heat of forma- 
tion of 
(2:02 eV®)), 


1-28 eV as the heat of activation for the movement 


a pair of (separated) Schottky defects 
the above figure of 2:29eV gives 
of a free Cl vacancy in NaCl—as was pointed out 
by Harrison et al.(!) 

At temperatures below the knee, HARRISON et al. 
again assume that diffusion is by a free anion 
vacancy mechanism, the necessary concentration 
of vacancies existing in order to compensate the 
excess charge on divalent anion impurities sup- 
posed to be present. Their picture is the analogue 
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of the one usually adopted for cationic disorder 
and used to explain the ionic conductivity of 
normal crystals.©-6) But the two pictures cannot 
hold simultaneously, for, in a crystal in thermo- 
dynamic equilibrium, the concentrations of free 
anion vacancies xq and free cation vacancies 4’; are 
always related by 


exp(—g/kT), (1) 


XaXe 


where g is the free energy of formation of a 
Schottky pair.* Thus if, in conformity with pre- 
vious work on ionic conductivity and cation diffu- 
sion, we suppose that x, is approximately constant, 
due to the presence of multivalent impurity 
cations, then the temperature dependence of xq 
g/kT). This should 
factor 


is governed by a factor exp( 
be larger 
exp( 
still intrinsic (xq 
presence of multivalent cation impurities “‘salts 


compared with the much 
g 2kT) which would apply if the crystal were 
x¢). In chemical language the 


out”’ the anion vacancies at low temperatures. Any 
diffusion via free anion vacancies in the tempera- 
ture range below the ionic conductivity knee must 
therefore be governed by an activation energy g/2 
higher than in the intrinsic range. Almost inevit- 
ably, therefore, some other process unaffected by 
this salting-out effect will take over. It is signi- 
ficant that the knee in the anion 
diffusion curve occurs at about the same tempera- 
ture as the knee for ionic conductivity in normally 
pure crystals. (The ionic conductivity and cation 


observed 


diffusion properties of the HARRISON crystals were 
not studied.) 

One obvious choice for the low temperature 
mechanism is diffusion along grain boundaries, but 
this seems to be excluded by the adherence of the 
observed rates of exchange between solid and gas 
to the parabolic law characteristic of bulk diffu- 
sion.“) Any mechanism of bulk diffusion must in- 
volve a mobile lattice defect, and this defect must 


* This relation is an expression of the mass-action law 
for the quasi-chemical reaction corresponding to genera- 
tion of the two kinds of vacancies. It may be obtained 
either by a statistical-mechanical calculation of the free 
energy of the crystal:’) or, with greater generality, by 
using expressions for the chemical potentials of the 
defects and applying the thermodynamic equation of 
equilibrium in a chemical reaction. (®) 
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not be salted out by the cation impurities and must 
be such as to be consistent with the dominant role 
of cation vacancies in the low temperature ionic 
conductivity and cation diffusion. It will now be 
shown that the vacancy pair satisfies these condi- 
tions. 

Firstly, it is not salted out by multivalent cations. 
This can be seen immediately from the quasi- 


chemical equation governing the formation of 


vacancy pairs, namely: 


vacancy pair+pair of ions from surface 
= perfect crystal+gp, 


so that the concentration of vacancy pairs xp is 
simply 6 exp(—gp/kT); the factor 6 comes from 
the orientational entropy of the pair, and g» is its 
free energy of formation at a particular position 
and with a particular orientation. The alternative 
equation: 


anion vacancy+cation vacancy 
— vacancy pair+free energy of association 


leads to the same conclusion when account is taken 
of equation (1). 

The heat of formation of vacancy pairs in NaC] 
has been calculated by Fumi and Tosi) to be 1-31 
eV. The low temperature results of HARRISON et 
al. therefore require the controlling activation 
energy for pair migration to be 1-61—1-31 = 0-30 
eV if this is the dominant mechanism. There are 
no calculations of this quantity for NaCl, but it 
is most probable that the limiting process is the 
anion jump rather than the cation jump,* and for 
this Dienes"®) calculated 0-38 eV for KCI. Theory 
and experiment are thus at least in harmony. The 
vibrations of the ions adjacent to a vacancy pair 
will be relatively slow owing to the reduced forces 
holding them in position, and the pre-exponential 
factor is therefore small in the low-temperature 
range (0-038 cm2/sec from the published figures). 
The higher pre-exponential factor appropriate to 
the isolated vacancy mechanism then allows this 
to take over from the vacancy-pair mechanism at 
high temperatures. 

This interpretation of anion properties leaves 
previous interpretations of ionic conductivity and 
cation properties essentially unmodified. Being 


* This is known to be true generally for free vacancy 
movement in the alkali halides.“ 
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electrostatically neutral, the pairs do not contribute 
to the conductivity. Also their effect on Na* 
diffusion can be calculated by using the theory of 
correlation effects given by CoMPAAN and Haven. (1!) 
In the limit when the jump frequency of the cation 
vacancy in the pair is much greater than that of the 
anion vacancy (vx, >> vc;), the correlation factor 
for Na* tracer diffusion via vacancy pairs is‘11-12) 
3(%/¥Nq), Whereas for Cl- tracer diffusion it is 
0-7815.01) Hence the contribution which vacancy- 
pairs make to the Na* diffusion is limited to 
(3/0-7815) = 3-84 the 
diffusion. The ratio is never greater than this. A 


times vacancy-pair Cl- 
comparison of the Cl- results with those of 
MAPoruEeR et al.“3) on Na* diffusion shows that 
no significant changes in the previous interpreta- 
tion are required, except possibly in the region of 
the knee. Here as much as half the observed Nat 
diffusion may be due to vacancy pairs. At lower 
temperatures the fraction becomes rapidly smaller. 
Summarizing, we may say that the observed 
low temperature Cl- diffusion in NaCl cannot be 
due to free vacancies, since these are inevitably 
salted out by incidental cation impurities, but that 
a consistent explanation is provided by the model 
of mobile vacancy pairs. This is particularly satis- 
factory owing to the importance of vacancy pairs in 
the rationalization of the optical properties of 
coloured alkali halide crystals. It is clearly of 
interest to study anion diffusion in a number of 
other halides and also in NaCl doped with divalent 
chlorides, e.g. CdCla. On the present model this 
doping should leave the low temperature Cl- 
diffusion unaffected, although it will raise the 
temperature of the knee. 
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Strength of lithium fluoride whiskers 


(Received 4 April 1958) 
GILMAN and JoHNsToN"!*) have made a detailed 
investigation of the motion of individual disloca- 
tions in lithium fluoride crystals. They have dis- 
covered highly selective etchants for rev ealing dis- 
locations and have developed etching procedures 
to study dislocation motion. In microscopic dis- 
location-free regions of crystals, i.e. regions free 
from etch pits, they have observed the appearance 
low as 10-4G(1 

nm”), where G is the pertinent shear modulus. 


bidid 
it could be 


lislocation loops at stresses as 


1 
If the etchants revealed all dislocations, 


that slip originated at 10-4G in regions 


concluded 
of dislocation-free crystal. 
It has been predicted theoretically) that slip 


nucleation should occur in perfect crystal regions 


rate at stresses in excess of 


at an 
10-2G' 
at low stresses in lithium fluoride 
Either the 


appreciable 
100 kg mm?). The appearance of dislocation 
loops must be 
explained by one of two alternatives. 
dislocation-free region is a perfect region and the 
theory of slip nucleation is in error or the disloca- 
tion-free region is imperfect 

Since the theoretical stress level has been reached 
in elastic deformation for a variety of materials in 
the form of whiskers, it seemed pertinent to grow 
and mechanically test whiskers of lithium fluoride. 

During an of the growth of 


lithium fluoride crystals from aqueous solution, a 


investigation 4 


procedure was discovered for growing whiskers. 


THE EDITORS 

A freshly cleaved crystal* of lithium fluoride was 
etched") with etch “‘A”’. The crystal was immersed 
for several hours in a supersaturated solution of 
lithium fluoride containing a few parts per million 
of ferric fluoride. At a limited number of sites on 
the etched surface, columnar growths of lithium 
fluoride formed perpendicular to the base crystal 
surface. At a few sites along a given growth 
column, a secondary column grew normal to the 
primary column. The secondary column tapered 
to a few microns in diameter to form a pyramidal 
portion which terminated in a whisker of constant 
diameter whose length frequently exceeded 2 mm. 
A typical growth is shown in Fig. 1. The higher the 
ferric fluoride concentration in solution, the finer 
were the terminal whiskers. The whiskers thus far 
produced had cross-sections ranging from 10-8cm? 
to 6 10-‘cm2?. 

A typical growth occurred for 20 hr in a solution 
which was initially supersaturated 25 per cent in 
lithium fluoride and contained 3 « 10-6 mole frac- 
tion of ferric fluoride. The growth solution was 
made by diluting stock solutions of lithium 
chloride and potassium fluoride with distilled 
water, mixing, and adding ferric fluoride from a 
third stock solution. 

The columnar crystal from which a whisker 
grew served as a mount for a bend test. A 6-mm- 
diameter Pyrex rod was drawn down in steps to 
about 15-u diameter. A hook was made of the 
15-u-diameter section. With a micro-manipulator 
the hook was placed over the end of a whisker 
4-5 « in diameter and 0-20 mm in length. The 
whisker was bent under 120X magnification as an 
beam the was 
. A minimal value, ¢,,a.; 


end-loaded cantilever until end 
elastically bent through 60 
of the maximum strain was obtained by assuming 


uniform curvature. The value estimated from 
€max rO/L, 


where r is the whisker radius, L is the whisker 
length, and @ is the angle of deflection at the 
whisker end. A 1-2 per cent 
elastic strain was calculated from the above mea- 


minimal value of 
surements. 

Stress strain curves in tension were measured 
on a few lithium fluoride whiskers, using the tensile 


* Lithium fluoride crystals were purchased from Har- 
shaw Chemical Company, Cleveland, Ohio. 





Fic. 1. Lithium fluoride whisker. 500 
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machine described by BRENNER.) The largest 
elastic strain reached on any specimen was 0-38 
per cent. The whisker which supported the 
largest strain was 2 x 10-8cm2 in cross-section as 
estimated from the elastic modules in the [100] 
direction for lithium fluoride and the slope of the 
stress/strain curve. Fracture of the specimen oc- 
curred between the grips. 

The results of this note that 
whiskers of lithium fluoride can be grown whose 
properties closely approximate to 


demonstrate 


mechanical 
theoretical predictions for perfect crystals. Since 
the calculated diameter of a critical slip nucleus at 
1 per cent strain) is two orders of magnitude 
smaller than the whisker diameter, a whisker 
should closely approximate the behavior of a larger 
perfect crystal in regard to slip nucleation. If the 
validity of the preceding statement is assumed, it 
is concluded that dislocation-free regions of lithium 
fluoride crystals are not perfect crystal regions. 
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The magnetic susceptibility of metals* 
(Received 6 March 1958) 


AT present the magnetic behavior of metals, parti- 
cularly of the alkali and noble metals, is not well 

* Supported in part by the Air Force Office of 
Scientific Research, Air Research and Development 
Command, U.S. Air Force. 
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understood. ‘The discrepancies between the experi- 
mental and theoretical results, which in some in- 
stances fall well outside the range of experimental 
error, are generally attributed to inadequate under- 
standing of the diamagnetic contribution of the 
conduction electrons to the total susceptibility.) 
If we abstract the ion core contribution, we may 
write for the susceptibility due to the conduction 
electrons 


x? =y¥5°+ xa° (1) 


where y5° and yq® are the electronic spin and dia- 
magnetic susceptibilities, respectively. 

As regards the spin susceptibility, the experi- 
mental and theoretical results, especially in the 
cases of lithium and sodium, leave little room for 
argument. The spin susceptibilities of lithium and 
sodium have been measured directly by ScHu- 
MACHER et al.'2) Somewhat less direct are the results 
which may be derived from Knight shift measure- 
ments.:4) The best theoretical values appear to be 
those determined by Pings," using the collective 
model. The various values of y5°, listed in Table 1, 
are in rather good agreement. 

Difficulties arise when evaluates 


one now 


xa*(exp) by subtracting from the total electronic 


susceptibility the spin contribution, ys(exp). It 
then appears as though for sodium the diamagnetic 
contribution were significantly smaller in absolute 
magnitude than the Landau-—Peierls theory pre- 
dicts. KJELDAAS and Koun") have considered the 
diamagnetic susceptibility of electrons described 
by Bloch functions and have applied their work to 
lithium and sodium. In the case of lithium they do 
obtain a diamagnetic susceptibility much smaller 
than the Landau-—Peierls result. For sodium, 
however, their values and the Landau-—Peierls 
values for ya are almost identical. The most recent 
estimates of yqg%(exp) and the current theoretical 
results are shown in Table 1. 

We suggest that there is an additional contribu- 
tion to the total electronic susceptibility, as mea- 
sured by the Gouy method, which should be taken 
into account. ‘This additional contribution is 
probably most important in the close-packed 
monovalent metals, but it may possibly be respon- 
sible also for the apparent discrepancy between 
xa*(exp) and yq*(theor.) of sodium. 

We follow a calculation of Jones,’ who has 
shown that changes in the energy distribution of 
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Table 1. 


y(exp) 
(Xtotal — X 


1-94 


0-93 


100, 1141 (1955) 
PucH W Phys. Rez 
Van VieEcK J. H 


sec 


and GOLDMAN J. E 
Theor) 


pee 
mee 
mee 


Hee 


conduction electrons may influence the energy of 
lattice vibrations due to concomitant changes of the 
elastic constants. JoNEs has calculated the con- 
tribution to the specific heat arising from this 
interaction, and finds that it gives rise to a term 
linear in the temperature. The arguments of JONES 
do not lose their validity when the changes in the 
free energy of the conduction electrons arise be- 
cause of their interaction with a magnetic field. 
We write for the free energy 
F=F,+F,4+F,, (2) 


free energy of the lattice, F, that of 
““interac- 


where Fy is the 
the conduction electrons, and F7, is the 


tion’”’ term discussed by Jones. We write further 


~ FY — tup?*N(Epr)H?, (3) 


‘e’ comprises all terms of F, which are in- 
dependent of the magnetic field. In the second 
equation above we have replaced y* by the free 
electron value. The calculation of CF';/CH is com- 
pletely analogous to JoNgEs’s calculation of 0U;/¢T. ©) 


where F 


If, then, one defines the susceptibility in terms of 
the free energy by the expression 

1 OF 1 (CF; OF, 

——.—=-—— (-—+—]} =x,+y° (4) 

H oH H \0oH CH 


the term y, may, under suitable conditions make a 
significant contribution to y. Specifically, the ratio 


THE 
The susceptibilities of lithium and sodium (cgs units 


x.“(exp) 


0-954 
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x;°(theor.) xa’(exp) xa°(theor. ) 
(x(exp) — x;"(exp)) 


—0-074" 


x,*(exp) 


—0-14-+-0°15 


0-83 / 0-849 —0-02 +-0-13 —(0):26" 


99, 1633(E), 1641(A) (1955). 
of Electric and Magnetic Susceptibilities Oxford University Press (1932). 


X7/xX® 1s just the same as the ratio y’/y in JONEs’s cab 
culation. JoNEs concludes that, if the Fermi sur- 
face nearly touches a Brillouin zone boundary, 
y' /y may take on values considerably in excess of 
unity. In any event, for the model employed, 


y y } 


- 0, and hence y, is of the same sign as °. 
That is, F; gives rise to a paramagnetic contribu- 
tion if y@ > 0, a diamagnetic contribution if 
xe < 0. 

A determination of the total susceptibility by the 
Gouy method yields y as defined in equation (4). 
On the other hand, measurements such as those of 
SCHUMACHER et al.) are, in effect, measurements 
of the spin magnetization, and therefore are not in- 
fluenced by y,. Hence these data provide true 
values of y.°. If one now subtracts y,s° from y, one 
is left with ya°+ x,. The sign of x, is the same as 
that of x’, namely positive for the alkali metals. 
The the apparent dia- 
magnetic contribution of the conduction electrons 


absolute magnitude of 


to the susceptibility is thus reduced by the amount 
y 


x,- We suggest that this additional term may have 
to be considered in many cases and may account for 
the apparent discrepancies between yg® (theor,) and 
x —xs*(exp) displayed in Table 1. The correction 
due to Fy; is in the right direction, and the mag- 
nitude of y, necessary to bring calculated and ex- 
perimental results into substantial agreement is not 
unreasonably large. 

It must be pointed out, however, that the ex- 
pansion of the free energy used by JoNEs and em- 
ployed here is valid only at low temperatures, 
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T < @. It is not clear at present what the theo- 
retical predictions are at higher temperatures; this 
matter is being considered presently. 
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Abstract—Various criteria are presented for predicting possible semiconducting behaviour in in- 
organic compounds. Semiconductors have saturated ionic—covalent bonding which requires that they 
can be represented by an ionic formula; they occur as ‘line phases’ in the appropriate constitutional 
diagram. It is also shown that various series of new semiconducting compounds can be derived from 
known ones by a process of ‘cross-substitution’, i.e. by replacing one element by pairs from other 
groups of the Periodic Table while keeping the valence-electron: atom ratio constant. The application 
of these concepts is illustrated with particular reference to diamond-type lattices, some seven of 
which are discussed, though other structures are also considered. 


1. INTRODUCTION 
TuE search for new inorganic semiconductors is 
made difficult in that there is no very obvious 
method of deciding if a given substance is a semi- 
conductor without spending much time and trouble 
in preparing it in a form suitable for the measure- 
ment of its physical properties. It is thus most 
desirable to derive some selection criteria so that 
one can eliminate, without actually having to pre- 
pare them, materials which are not semiconductors. 
It should be possible to derive such criteria from 
the theory of chemical bonding, but unfortunately 
the understanding of bonding in the solid state is 


* Paper presented at the Physical Society Conference 
on the Solid State held at Nottingham on 10 April, 1957. 
(The section dealing with the 6s? sub-shell was omitted 
on that occasion.) 

Cu!tBr! Mg,**Sn! 
Li!*Mg*tSb*- 
Ag,”+Te?- 


Zn*+Se? 
Ga** As? 
Ag'tIn*+Te,?- Cu,**O*- 
Zn*+Ge* As,’ 
Cu,'*+Sn**Te,*- Cs,'+Sb*- 
Cu,!+Fe?+Sn*S,? 
(stannite) 


far from perfect, and there is no satisfactory theory 
of the relationship between chemical properties 
and semiconduction. Accordingly any approach to 
this problem must be largely empirical, and the 
following descriptive rules which may be of use for 
selecting possible new semiconducting compounds 
are mainly derived from observed regularities in 
behaviour of known semiconductors. 


2. SELECTION CRITERIA 
(a) Valency 
Most, if not all, semiconducting inorganic com- 
pounds so far discovered can be assigned an en- 
tirely ionic formula, in which the normal valence 
requirements of the constituent atoms appear 
satisfied (i.e. closed shells are formed). Fig. 1 
shows examples of the main known groups of 
Pb?+S? Fe?+(S-S)*- 
(pyrites) 


Cu,'tFe,7+S,° 
(bornite) 
(Cd, Cd)*+(Sb-Sb)4- Mg,?*+Sb,3- 


Na!t+Au!- 


Fic. 1. Ionic formulae for semiconducting compounds. 
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H 


semiconductors set out in this way. Where no such 


ionic formula at first sight seems possible, a study 


crystal structure of the material usually 


one to be derived. Thus with pyrites, 
liscrete S-S groups are found in the crystal 
t assuming the S—S bond to be coval- 
from the bond length seems reasonable) 
ionic formula is Fe?*+(S—S)*-, as 
more complicated situation arises with CdSb. 
ds in this compound differ appreciably 

' 


themselves in length (and hence in strength) 


1e structure is relatively asymmetric. It has 
1 suggested by Winston") that the abnormally 

s Cd—Cd bonds are in fact virtual (presumably 
van der Waals type) rather than real. All 

Sb bonds can, from their length, be assumed to 

covalent (i.e. similar to the S—S bonds in the 
), so that one can 


Cd)4+(Sb 


o! pyrite Ss quote d prey iously 


iil 


the ionic representation (Cd, 


given in Fig. 1 


This criterion of ionic formulation excludes 


rmetallic compounds, for example 


from other criteria, might appear 


many inte 
MegoCu, 
of interest 

A somewhat different and more restricted ver- 


which, 


sion of this criterion has been suggested by MoosER 
and PEarsoN,) namely that in a semiconducting 
compound all atoms of Groups IV-VII must fill 
shells by electron-sharing with 
high 


their valence 


nearest neighbours. For structures of 
symmetry this seems largely equivalent to the rule 
given, but its application to more complicated 
structures seems questionable; thus from its 
infrared optical transmission and other properties 
BioTeg is a typical low-energy-gap semiconductor 
(it can also be assigned the ionic formulation given 
in Fig. 1*), while Moosrer and PEARSON consider 
it to be a metal.(2) In this context also it should be 
noted that the suggestion of MOosER and PEARSON 
of the existence of a specific semiconducting bond 
could be misleading, since in principle all bonds in 
inorganic semiconductors are of the well-known 
ionic—covalent type.+ Difficulties in interpretation 


arise largely on account of the complexity of crystal 


* For a detailed discussion of bonding in this com- 
pound see DRABBLE and GoopMaN.‘*4 
r One consequence of this is that in a semiconductor 


the co-ordination number cannot exceed 9. 
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lattices by comparison with the simple molecules 
to which the theory of these bonds was first applied. 


(b) Covalency 

That most semiconductors can be represented as 
ionic and yet have appreciably covalent bonding 1s 
not inconsistent, since a complete range of bond 
types exists between covalent and ionic extremes, 
the degree of ionicity depending upon the differ- 
ence in of the bonded 


atoms. :10) (‘The electronegativity of an element is 


electronegativities 


an index of the energy balance for removing or 
adding an electron.) In an actual compound the 
electron density in the bonds tends to be associated 
more with the element(s) of higher electronega- 
tivity, to an extent dependent on the initial elec- 
tronegativity difference along a given bond. The 
atoms acquire effective charges in the process, and 
the resulting ionic forces can be considered as in- 
creasing the crystal energy and with it the effective 
bond strength. + 

Very ionic substances for which the bond elec- 
tronegativity difference is large (> 2 units) do not 
concern us here, since they are insulators with 
large energy gaps (of the order of 5 eV or more) and 
low carrier mobilities (10 cm2/Vsec or less). For 
energy gaps typical of semiconductors, it would 
seem that this bond electronegativity difference 
should not exceed some ()-8-1-0 units. It must be 
emphasized, however, that the commonly quoted 
Pauling-type tables of electronegativity are not 
quantitatively applicable to solids, since they are 
derived for diatomic molecules in the gaseous state. 
They can, however, be used as qualitative guides to 
relative rather than absolute effects in bonding, 
provided that all the atoms considered are using the 
same type of bonding orbitals (see also DRABBLE 
and GooDMAN'®?)), 


(c) Phase diagram 

A further useful empirical selection criterion is 
that the phase diagram of the system containing a 
semiconducting compound should show it as a 


In an actual molecule or crystal there are no electro- 
negativity differences between the atoms, these having 
been annulled by the acquisition of charges. The electro- 
negativity differences considered here are those between 
the atoms before they have formed bonds (i.e. when at 
infinite separation), but with the same atomic orbitals as 


in the bonded state. 
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‘line phase’ with very small solid solubility for its 
constituent elements. The wide range of solid 
solution shown in the literature for PbTe and 
Big Tes, 4) for example, appears to be incorrect. It is 
usually also found that a semiconductor is a 
material with a maximum in melting point. (This 
‘line phase’ rule may, however be disobeyed if the 
compound is one of two other semiconducting 
compounds, the ratio of which may be variable, if 
it contains atoms of variable valency, or if it 
readily forms a defect lattice.) 

These selection criteria are the most generally 
useful, but other indications of semiconductivity 
can be helpful. Thus a very crude index of semi- 
conductivity is britt/eness which is a consequence of 
the strongly directed nature of appreciably covalent 
bonds and which combined with a metallic lustre 
is typical of all known semiconductors with energy 
gaps below ~ 1-7 eV. Further obviously favour- 
able indications of semiconductivity are high 
resistivity (> 10-4Q. cm), high thermoelectric power 
(> 100 pV/°C), point-contact rectification 
(numerous mineral compounds were studied for 
this property in the 1920s; see, for example, 
WHERRY®)). 


and 


3. SUBSTITUTIONAL DERIVATION 

These general descriptive rules are intended as 
guides in the search for an entirely new semi- 
conductor, that is one that does not belong to any 
known family of compounds. The situation is 
rather different, however, if one is concerned with 
deriving from a known semiconductor materials 
with modified properties. In this case one can say, 
first, that any compound with the same crystal 
structure and valence-electron: atom ratio as a 
known semiconductor will also be a semiconductor. 
Secondly, the derived compound will have pro- 
perties such as energy gap related in a definite way 
to those of the original material. 

The simplest kind of derived compound is pro- 
duced by substituting for one element in a known 
semiconductor a related element from the same 
group in the Periodic Table. The series shown in 
Table 1 is a good example of a ‘family’ of semi- 
conductors related in this way. It can be seen that 
for these magnesium compounds, all with the 
antifluorite structure, the energy gap falls off as the 
lattice constant increases (with increasing size of 
the substituted atom). The effect can be general- 
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Table 1. 


Energy gap(’) Lattice constant 


(eV) (A) 


Compound 


0:77 6:°338 
6°380 


6°765 


6°836 


Mg.Si 
Mg.Ge 0.74 
Mg.Sn 0:36 
Mg.Pb ? 


ized to any such series of compounds if one takes 
bond 
electronegativity differerce. An increase in bond 
length leads to a decrease in energy gap; an increase 
in bond electronegativity difference has the op- 
posite effect (see GOODMAN®)) 

This simple correlation of energy gap, bond 


two factors into account: bond length and 


length, and electronegativity difference implicitly 
assumes that there is no appreciable change in 
band structure on going down a series of com- 
pounds. Any change such as occurs between silicon 
and germanium in the C-—Si—Ge-Sn series‘) of 
appreciably affect the 
energy-gap relationships, but it is not yet known 
how common such changes may be. 

This type of substitution can be termed ‘vertical’ 
in that possible substituents lie vertically above or 
below each other in the same group of the Periodic 
Table. Another type is possible and can be termed 
‘cross-substitution’ in that elements from groups 
different from that to which the substituted atom 
belongs are chosen as substituents, the condition 
being that the valence-electron: atom ratio re- 
mains constant. The simplest example of cross- 
substitution is the derivaticn of the well-known 
I1I-V and II-VI zinc blende compounds from the 
diamond structures of the Group IV elements; 
thus germanium gives rise to GaAs and ZnSe and 


semiconductors could 


tin to InSb and CdTe, the valence-electron: atom 
ratio remaining constant at 4. 

In a compound cross-substitution can occur in 
two ways, best explained by reference to Fig. 2. It 
can be confined to one sub-lattice (see Fig. 2(a)), 
usually cationic in terms of the ionic representation 
mentioned previously; thus in CdTe the cadmium 
atoms can be replaced by silver and indium atoms 
to give the compound AgInTeg. Alternatively, 
cross-substitution can affect both sub-lattices 
simultaneously; the simplest behaviour of this 





me. den 


kind in a compound is shown in Fig. 2(b), MgeSn 


ing rise to the ternary compound LiMgSb. 

The effect of cross-substitution on the energy 
is different in the With 

ion in one sub-lattice only, the resulting 


two cases cross- 


1] 
i 





tT) TUTTE 


il iv y 


and In—Te in Fig. 2(a), differ from 


le bonds largely in terms of bond 


4 


bonds, Ag—Te 
original Cd 
gativity difference, the bond strengths 

Ag-Te In—-Te, 


electronegativity difference decreases along 


lving in the order 


since 
+} ai ee Sere is determined |} 
the sequence is the energy gap 1s aeterminec >5 
the weakest bonds in the cry stal (1.¢€ the smallest 
interband separation), this type of cross-substitu- 
tion results in a lowering of the energy gap. (The 


strengthened bond (in Fig. 2(a) Ag—Te) does have 


nce on the energy gap, but this appears 


Cross-substitution affecting both sub-lattices, as 
All the bonds 


rnary compound shown are stronger than 


2(b), does not have this effect 
in the original binary compound on account 
increase in electronegativity that occurs in 
the anionic sub-lattice (on going from Group IV to 
Group V). For this kind of 
substitution will lead to an increase in the energy 


situation cross- 


4. CARRIER MOBILITY 


So far no attention has been paid to another 
parameter of a semiconductor which is of consider- 
able importance, namely the mobility of the charge 
carriers. It is not possible to make any direct pre- 


diction of mobility from present bond theory, 
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though again there appear to be certain general 
regularities in behaviour which can serve as 
rough guides in the selection of materials. The 
most obvious of these is that a compound with 
highly ionic bonding has an extremely low mobility 
for both electrons and holes. Hence any material 
with a bond electronegativity difference greater 
than 1 unit is most unlikely to have a mobility 
greater than 1000 cm?/Vsec (see GOODMAN®)). 

In a pure material* mobility is determined 
by two factors: effective mass of the carriers and 
vibrations. It is 
reduction of 


lattice 
about the 


carrier interaction with 
the latter that brings 
mobility in lattices with appreciably ionic bond- 
ing, and its effect is minimized (see GOODMAN®)) 
in a lattice in which the bonds are strong, the 
atomic masses large, and ionic interaction relatively 
small. These requirements are contradictory, for 
large atomic mass implies a weak bond, but 
although this can be strengthened by an appreci- 
able electronegativity difference, that in turn im- 
plies increased optical scattering of charge carriers. 
Thus it would seem that the type of bond for 
minimum lattice interaction for a given bond length 
cannot at present be predicted, but should occur 
at some small but definite bond electronegativity 
difference 

Little is known about the relationship between 
chemical bonding and effective mass.+ While most 
materials seem to have an effective mass close to 
unity, a few with very small electronic effective 
masses are known (e.g. InSb, HgTe). These all 
10,000 cm2/Vsec at 
room temperature, which that lattice 
interactions must be small and hence, if the argu- 


have electronic mobilities 


suggests 


ments presented above are correct, that the bonds 
should have a small but definite degree of ionicity. 
It would also seem, arguing from the known ex- 
amples, that a high mean atomic weight and re- 
latively weak bonds are necessary. ‘That a weak 


bond (or low energy gap) does not of itself lead to a 


* This of course does not apply to random defect 
structures such as In, in which local departures 
from lattice periodicity would result in marked scatter- 
ing of carriers 

‘A simple theoretical treatment by SERAPHIN(?4) 
suggests that the effective mass for electrons goes through 
a minimum as bond ionicity increases from zero. No 
such minimum is found for the effective mass for holes. 
(This treatment has been criticized.{*)) 
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low effective mass appears to follow from the ob- 
servation of normal effective masses for electrons in 
a-Sn (covalent bonding) and MgeSn (appreciably 
ionic bonding). 

With ternary and more complex compounds the 
situation is less clear, particularly since very little 
work has been carried out on such materials. It 
would seem that generally the presence of any 
relatively ionic bonds (i.e. with appreciable dipoles) 
will tend to give a low mobility. Consider, for 
example, AgInTee. This should have a lower 
mobility than CdTe, from which it is derived by 
cross-substitution as previously mentioned, since 
the Ag—Te bonds, being more ionic than Cd—Te 
bonds (on account of the greater bond electro- 
negativity difference), will give rise to greater 
optical interaction with carriers. It may, however, 
be possible to obtain ternary compounds with all 
bonds of low ionicity if the constituent elements are 
carefully chosen. 


5. DIAMOND-TYPE SEMICONDUCTING COM- 
POUNDS 

We will now consider the way in which the 
points so far raised apply to diamond-type com- 
pounds in particular and while doing so discuss in 
greater detail the arguments involved. 

The best-known diamond-type compounds are 
the III—V and II-VI series with zinc blende struc- 
ture. These, together with the related series of 
Group IV elements, are set out in Fig. 3 in such a 


M-V 





way as to emphasize the periodic variation of 
energy gap with bond length and electronegativity 
difference and to show the effects of vertical and 
cross-substitution. Energy gap is indicated be- 
neath each material. The effect of the increase in 
bond electronegativity difference brought about 


SEMICONDUCTING PROPERTIES 


309 


by cross-substitution in a Group IV element is very 
clearly brought out by the sequences: Ge-GaAs— 
ZnSe, Sn—InSb-CdTe. 

The figure also shows that there are practical 
limits to substitution in the zinc blende structure. 
Thus, among the III-—V series, no thallium or bis- 
muth derivatives are known to form (presumably 
on account of the large size of, and weak bonds 
formed by, these atoms). Boron compounds are 
represented only by the recently discovered cubic 
form of BN. It may be that some of those com- 
pounds which have not so far been found to form 
zinc blende structures (e.g. BP, TIP, AIN, &c.) 
might do so under special conditions of pressure 
and growth rate.* 

The II-VI zinc blende series are noteworthy for 
the lack of magnesium derivatives, which have wurt- 
zite or rock-salt structures. This is probably con- 
nected with the low electronegativity of magnesium 
which would tend to induce ionic bonding, for it 
would seem that there is a limit of ionicity beyond 
which the zinc blende lattice is not stable.) 

In view of the regularities in energy gap in Fig. 
2, it is interesting to attempt a prediction of this 
parameter for cases where it has not yet been 
determined. The results are shown in brackets in 
the diagram. Values for the beryllium compounds 
have been obtained on the assumption that the 
electronegativity of beryllium is the same as that 
of zinc, but if, as may be the case, the correct value 
is lower, the energy gaps will be somewhat greater. 
The value of gap for BN is probably a lower limit 
also. 

The variation of mobilities in the III-V and 
II-VI series has been discussed elsewhere.) Apart 
from the previously mentioned occurrence in cer- 
tain cases of abnormally low effective masses overall 
behaviour can be understood in terms of changes in 
bond ionicity. 

The zinc blende structure is, however, but one 
of many possible diamond-type structures; for 
example, the chalcopyrite structure, the simplest 
triply substituted diamond lattice, is a degree more 
complicated than that of zinc blende, but the com- 
pounds crystallizing in it greatly resemble in be- 
haviour related zinc blende compounds, from 
which they are derived by cross-substitution. 


been 


* BP with zinc blende structure has since 


synthesized. (?°) 
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AgAls, 
CuAls, 
AgGas, 
CuGas, 


AgAlSe, 
CuAlSe, 
AgInsS 


CulnS, 


AgGaSe, 
CuGade, 


AgAlTe, 
CuAITe, 
AgInSe, 
CulnSe, 


AgGaTe, 
CuGaTe, 
AgInTe, 
CulnTe, \gFes, 
CuFeS, 
Fic. 4. I-III 


VI, Chalcopyrite compounds 


VIs compounds have been made, on account of 


best-known chalcopyrite-type compounds 


[I] 


I~VIoseries, 


found (see Fig 


lo) over twenty of which 
4) 
gold are not known, while some 
As 


inc blende series, special conditions of 


difficulties in preparing these materials in suitable 
form. (14) 
The I-III-VIy compounds are not the only 


Compounds con- 

and 
ympounds do not appear to form materials with a chalcopyrite structure. As has 
previously been pointed out,{4) just as a II-VI 
zinc blende compound by cross-substitution gives 


a I-III-VI» chalcopyrite material, so the III-V 


series of compounds should give a II-IV—Ve chal- 


may lead to the preparation of some 


far been measured for only 


ry gaps have so 


these compounds. The results are shown __copyrite series. This prediction has now been ex- 


, the values for related II-VI zinc blende 


perimentally verified, and the new series of chal- 


copyrite-type compounds appears to be 


similar to the I-III—VI» series just discussed. So 


very 

Table 2 
far only the seven compounds shown in ‘Table 3 
have been identified.“?) Optical energy gaps have 
been measured for four of these as indicated. 


Table 3 


Related 
[I1I-V 


compound 


Energy 
gap 
(eV) 


Compound Energy gap (eV) 


CuFeS, 


ZnSiAs, 
ZnGeP, 
CdGeP, 
ZnGeAs, 
ZnSnAs, 
CdSnAs, 


GaP 
compounds being included for comparison. Of 
interest is the higher value of the energy gap for 
silver than for copper compounds. This is probably 


GaAs 
2 ae : InAs 0-33 
connected with a lower electronegativity value for 


silver than for copper. (Copper and silver are to a 


certain extent anomalous if the electronegativities * Optical transmission and reflection edges poorly 
ascribed to them on Pauling-type scales are correct; defined 


the true values may in fact be appreciably lower, 


see DARKEN and Gurry!”).) The unexpectedly 
high value of the energy gap for CulnTez: may be 
connected with a change in band-structure of the 
type mentioned previously 

No accurate mobility measurements on I-III- 


The lower members of this series, e.g. CdSnSbe, 
do not appear to form. This can be understood in 
view of the expected reduced stability of II-IV—V~2 
compounds compared with that of the III-V com- 
pounds from which they are derived. 
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It is interesting to predict the formation of the 
highest member of this series, BeCNo. This, 
derived from BN, should possess electrical and 
mechanical properties intermediate between those 
of diamond and BN, which might make it of con- 
siderable technical interest. Presumably very high 
pressures would be required for its formation. 

It is possible to obtain still more complicated 
diamond-type structures by further cross-sub- 
stitution. Thus there exists a Io-IV—VIs series of 
semiconductors of which so far only CugSn Tes, 
CugSnSeg, and CugSiTes have been prepared. ®) 
The formal derivation of this group is indicated in 
Fig. 5. Yet further cross-substitution is possible; 
thus one can obtain a quadruply substituted dia- 
mond-type structure in the Ig-II-[V—VI, series. 





Group number 


Ill IV V 


Fic. 5 


The only compound of this type known in the 
the 
compounds 


appears to be mineral stannite, 
CuoFeSnS4. Related exist €.g. 
CueFeSnSeq, CuseFeGeSe4, and CusNiGeSe4 
though not CugFeSnTe4.“® It has been found that 
true Is-II-IV-VI, compounds AgeCdSnTe, and 
CugZnSnTeq4 do not form, a mixture of simpler 
tellurides being obtained.“*) It is possible however, 
that higher members of the series, such as 
CugZnGeSe4, may be more stable, or for that 
matter that at very slow rates of crystallization the 


literature 


lower members themselves may be obtained. 

The formal derivation of the Is-II-IV-VI, 
stannite-type series is shown in Fig. 6, which 
brings out the close relationship between the zinc 
blende, chalcopyrite, and stannite structures. 

A further stage of cross-substitution is possible 
in the stannite structure, as indicated in Fig. 6, 
giving rise to a Iz~V—VI4 series. The only reported 
compound of this type appears to be the mineral 
famatinite, CugSbS4.8) CugSbSe4 and CugAsSe4 
have also been prepared and appear to be semi- 
conductors. 19) 
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Various other complex diamond structures can 
theoretically be derived by cross-substitution, e.g. 
series such as I-IV2—-V3 and II-IIIs-IV-V;. No 
work has been done on such materials, but pre- 
sumably at least some of them should exist. Some 

p————- Group number-————— 
1 W VY WW wW Structural type 
S. Zinc blende 


od, 24 


i ll 


Chalicopyrite 


Fic. 6 


guide to stability should be obtainable from a con- 
sideration of the weakest bond to be formed. 

As a matter of interest it should be noted that in 
all the examples so far discussed cross-substitution 
has been confined to the cationic (i.e. more metallic 
less electronegative) constituents. In principle it 
might be expected that the anionic sub-lattice 
should be capable of cross-substitution and that 
series of structures should exist anti-isomorphous 
to those already described. Furthermore, the dis- 
covery of such series would imply that mixed 
structures were possible, though it is hard to assess 
the probability of formation of a compound such 
as CugZnGeAsSegBr. In view of the possibility of 
cross-substitution in the anionic sub-lattice, an 
attempt was made to prepare some III,-IV-—VI 
anti-chalcopyrite compounds, derived as indicated 
in Fig. 7. AloSnTe, AloGeTe, and AlpGeSe com- 





———————-Group number 


I II HH 
Alo 


y 
Al, 


Fic. 7 


positions proved very unstable in air and were not 
examined further because of the rapid evolution of 
HeTe or H2Se. IngGeSe and IngGeTe composi- 
tions were more stable, but showed very complex 
X-ray powder diagrams with no indication of a 
diamond-type structure.(® Although the expected 
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anti-chalcopyrite structures were not obtained, the 
possibility of such anti-isomorphous series cannot 
be entirely ruled out. The results, however, can be 
interpreted as indicating that the anionic sub-lattice 
with its relatively large atoms, provides the stable 
framework for the various compound diamond 
structures, a view also suggested by the stability 
of cationic defect lattices, e.g. InoTe3.4) 
Cross-substitution in the diamond 

lly an extension of the GrrimM—SOMMER- 

) to its logical limits. As a result it would 


lattice is 


now seem that a very great number of compounds, 
probably a hundred, perhaps even more, crystallize 


in a diamond-type lattice. 


6. OTHER POSSIBLE SEMICONDUCTING COM- 
POUNDS 

Cross-substitution appears to be possible in a 
large number of crystal structures with saturated 
1ionic—covalent bonding, usually in the cationic 
sub-lattice. Generally materials so formed should 
be semiconductors (or insulators; see, for example, 
SCHAFER et al.3)), 

A structure in which extensive cross-subtitution 
is possible and in which semiconducting com- 
pounds have been found is the antifluorite struc- 
ture typified by the IIz-IV (e.g. MgoSi) series pre- 
viously mentioned. Various other series can theo- 
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retically be derived from this, and several are in- 
dicated in Fig. 8. Only some of these series, shown 
underlined, have so far been observed, @® but it is 
probable that all exist, though the extent of a given 
series cannot be predicted with any certainty. All 
such derived antifluorite-type compounds have a 
valence-electron: atom ratio of 8 : 3 and should be 
semiconductors, though so far semiconduction has 
been proved only for the I-II-V series.) 

As a final example of a structure in which cross- 
substitution can take place, we will consider that of 
rock salt. This structure is normally adopted by 
1 : 1 binary compounds when the electronegativity 
difference of the constituent atoms is large, while 
the diamond-type zinc blende structure is adopted 
when this difference is small (see GoopMAN®)). In 
some cases, however, even though the electro- 
negativity difference is small, the zinc blende struc- 
ture is not possible. In the case of PbS, for ex- 
ample, the divalency of lead is achieved by the 
suppression of two of its four valence electrons in 
the 6s state as a stable ‘lone pair’. This prevents the 
use of this state in the formation of sp? hybrid 
orbitals, so that bonding is by p-states only (see 
Kress(22)) and the rock-salt structure results. 

PbS, then, is a pseudo II-VI compound, and one 
might expect a pseudo I-III-Vle series of com- 
pounds to be derived from it in the same way that 
the zinc blende II-VI series gives the chalcopyrite 
I-III-VI» series. No compound of exactly this 
type is known, but the existence in a rock-salt lattice 
of NaBiSeand KBiS¢ has been reported.) Further 
cross-substitution may be possible, as with dia- 
mond-type structures. 

Other compounds with a rock-salt structure 
which might be semiconductors are those formed 
between the rare earth metals (or La and perhaps 
Ac) and Group V elements (e.g. CeBi,@4) USb@®)). 
These are, effectively, III-V compounds formed 
by the A sub-group of Group III. No electrical 
properties of such compounds appear to have been 
measured, probably on account of difficulties in 
preparation. The rock-salt structure is presumably 
dictated by the appreciable ionicity of the bonds, 
so that mobilities may be expected to be relatively 
low. With this group of compounds also, further 
cross-substitution should be possible. 

So far discussion has largely been restricted to 
compounds derived by substitution from known 
semiconductors, and little attention has been paid 
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to the possibility of discovering new semiconduc- 
tors by means of the criteria mentioned earlier. 
Two of these criteria appear particularly useful: 
ionic formulation for the compound, and its ap- 
pearance as a line phase with maximum melting 
point on the appropriate phase diagram. 

An interesting point is that ionic formulation 
implies that one constituent is to some extent non- 
metallic (i.e. of relatively high electronegativity). 
Various authors have pointed out(®2) that this 
constituent should lie to the right of the Zintl 
boundary in the Periodic Table, while Moss has 
suggested” that it must itself be a semiconductor 
(or be capable of existing in a semiconducting 
form). It is interesting to speculate that relatively 
high electronegativity and the ready formation of a 
closed valence shell may be the main required pro- 
perties and that, if so, elements such as gold, plati- 
num, and hydrogen may act in this way. The elec- 
tronegativities of these three elements lie close to 
that of antimony. With regard to acquiring a filled 
valence shell, the behaviour of hydrogen is straight- 
forward, but gold and platinum can be considered 
as capable of doing so in two distinct ways. Com- 
pletion of the 65?6p® shell will give ions Au’-, 
Pt® (assuming no change in d-level occupation), 
though presumably these would not form readily. 
However, it can also be argued that the 6s? sub- 
shell is similar to the 1s? shell of helium. The high 
stability of this sub-shell is well known; thus 
thallium, lead, and bismuth often behave as if 
their 6s? electrons were not valence electrons, 
while even more convincing evidence of closed- 
shell behaviour is given by the formation of a 
monatomic vapour by mercury, which in this re- 
spect behaves as if it were a noble gas.(8) (This 
argument is the basis for the ionic structures of 
bismuth and lead tellurides, Big?+’Tes2- and 
Pb?+Te2- given earlier.) It thus seems possible that 
gold might form a stable anion Au! 

First, however, let us discuss compounds in 
which the 6526$ shell can be considered completed. 
For example, gold and platinum are known to form 
with Group III metals a series of compounds with 
the antifluorite structure, @® e.g. AlpAu.@° These 
are line phases with maximum melting point and 
can be represented: Mo*tAu® or Me**Pt®. 
Formally, they could be III2—II compounds directly 
related to the Ilg-IV MgeSi group, with the 


correct valence-electron: atom ratio for semi- 
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conduction in this structure, i.e. 8 : 3. (With re- 
gard to the gold compound, the normal valency of 
gold is either one or three, so that an effective 
valency of two would appear to require an averaged 
structure, e.g. AlopAu!, AlpAu!!!, which might in- 
troduce complications due to d-band effects.) 
Some preliminary work on AlpAu, though not con- 
clusive, did not reveal semi-conducting proper- 
ties.6) A more detailed investigation of this series 
of compounds (all of them brightly coloured) 
would be of considerable interest. 

Let us now consider the possibility that ions 
such as Au! are stable. SOKOL’skaYA has recently 
reported!) that the compound NaAu behaves as 
a semiconductor. This compound could be assigned 
the ionic formula Na!*+Au!~ (it is also known that 
NaAu is a line phase of maximum melting point). 
Proceeding further it is tempting to ascribe to an 
apparently semiconducting Ba~Au compound of 
unspecified composition!) the formula Ba?*Aug!-, 
and the same considerations lead to formulae 
Nag!*Pt?- and Ba?+Pt?- for similar platinum com- 
pounds. (All these formulae assume simple crystal 
structures such as rock salt or fluorite.) Further- 
more, if this approach is correct, analogous gold 
and platinum compounds with other electro- 
positive elements should show semiconducting 


properties. Similar compounds of silver or pallad- 
ium, for example, also might form, but this is less 
probable as the 5s? sub-shell appears much less 
stable than the 6s?. These suggestions, of course, 
are highly speculative. 


It has only been possible to indicate in this paper 
some of the more interesting aspects of a chemical, 
though somewhat empirical, approach to the 
search for new inorganic semiconductors. A num- 
ber of interesting topics have perforce been neg- 
lected, among them the influence of d— (and f—) 
electrons on bonding, and the actual types of bond- 
ing orbitals involved in a particular compound. 
That relatively simple compounds alone have been 
discussed is largely due to lack of data on the 
electrical properties and structure of more com- 
plicated materials. Certainly chemical and struc- 
tural complexity need not preclude semiconduc- 
tivity. 
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Abstract 


January 1958) 


The paramagnetic-resonance spectrum of single crystals of ThO, containing less than 


4 


0:01 mol. per cent of Gd** has been analysed at 290 and 90°K at 3 cm wavelength. The positions and 


intensities of the lines are explained by a crystalline field of cubic symmetry. The ground state is split 


2a = 0-1755 
0-0005 at 
0-8 «10 


separation 8&¢ 
g = 1:9913 
._ad2ti-7 


with an _ overall 
1:0+0°3 x 10-4 cm, 
225:0+0°8 «10 


4+ cm + cm 


Transitions corresponding to AM = +3, AM = 


0:0003 cm-!, c 
290°K; and 8« 
lg =1-991 


= 219:9+0°:3x10-4cm~-!, d= 
2d = 0:1796 +0:0008 cm 
0-001 at T = 90°K 


5 were observed 


Cc 


, 


4, AM = 


The narrow line width of less than 1 G permits the detection of the hyperfine structure of the two 


isotopes 155 and 157. The ratio of the magnetic moments is_ u;!°9/ p; — 


155/,, 157 0:744-++0-007 and the 


spectra are consistent with nuclear spins of 3/2 for both isotopes. 
It is suggested that there are oxygen vacancies distributed at random throughout the crystal 


1. INTRODUCTION 
ALTHOUGH the properties of thorium oxide have 
been studied intensively in view of its importance 
in the manufacture of filaments in electron tubes, 
not very much research has been carried out on 
single crystals of the oxide. The few results which 
have appeared in the literature have indicated a 
considerable complexity in the optical and elec- 
trolytic properties of this crystal. Single crystals of 
ThOgare usually red in colour, but can be bleached 
when heated in vacuum or in hydrogen at about 
1000°C. Vacuum firing at higher temperature pro- 
duces a yellowish cast. On electrolysis at high tem- 
peratures, the crystal turns uniformly black and a 
metallic surface layer is deposited at the cathode 
end.) The optical absorption has been studied by 
WEINREICH and DANFORTH™) and by BODINE and 
Turess.“4) The latter workers find that crystals 
heated in vacuum or in hydrogen at 1800°C show 
an anomalous absorption at about 4000 A, which 
they attribute to oxygen vacancies or interstitial 
thorium ions (oxygen deficient). The red crystals 


* A review of the physics of electron emission from 
ThO, has been given by DANForTH."!) 


show no absorption peaks and presumably have an 
excess of oxygen ions or thorium vacancies. 

The magnetic properties of gadolintum make it 
an almost ideal tracer of the local symmetry. Its 
paramagnetic-resonance spectrum differs greatly 
for various symmetries, and it is easy to distinguish, 
for example, whether the ion is surrounded by cubic 
or axial symmetry. BRAUER and GRADINGER) and 
Hunp and DURRWACHTER®) shown that 
Gd2Ox3 goes into solid solutions with ThOz: up to 
about 50 per cent gadolinium without appreciably 
destroying the regularity of the thorium lattice. 
Since all commercial thorium oxides, even those of 
high purity, contain traces of rare-earth elements, 
we hoped to find a small amount of gadolinium 
among these impurities. This proved to be indeed 
so in many of the crystals investigated. 

The spectrum of gadolinium in a cubic field is in 
itself of considerable interest. The ground state of 
8S7/9 is split by a high-order perturbation under 
the combined action of the crystal field and spin- 
orbit interaction. 

The exact mechanism responsible for the re- 
moval of the eightfold degeneracy is still a matter of 
conjecture. A number of possibilities have been 


have 
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and 


put forward involving spin-orbit interaction and 
the crystal field matrices in various powers.) The 
variation of the initial splitting with temperature is 
an important clue. This paper, therefore, reports 
also the spectrum of Gd** at room and liquid-air 
temperatures 

of us (W.L 
ir of Gd 
described by 
cubic symmetry of CaFs. Despite the fact that 
Gd** had 
distortions to within a few gauss could be observed. 
\ suggestion was put forward that symmetric 
(S 


eighbours uniformly and prevent the formation of 


One ) has recently studied the be- 
in CaFs. The spectrum could be 


a spin Hamiltonian reflecting the 


an excess charge in the fluorite lattice, no 


rge distributions states) attract nearest 


acancies or associated interstitial F~- ions in the 


Fic. 1. High-field (AM = 


immediate neighbourhood. It was of interest to 
see whether this would hold true also in the case 
where the impurity ion has a smaller valence than 
the host lattice 

The observed spectra showed many interesting 
aspects We observed, for the first time to our 
knowledge, transitions corresponding to AM 3. 

4, and 5 line 


width made it possible to detect and to resolve the 


Moreover, the very narrow 
hyperfine structure of the two odd isotopes 155 and 


157 


2. EXPERIMENTAL RESULTS 


(a) Strong-field spectrum, AM 1 transitions 
The spectrum was examined at 3 cm at both 
room and liquid-air temperature, using conven- 
tional paramagnetic-resonance techniques. There 
was one ion per unit cell and the approximate ratios 


D. 
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of separations of the 7/2, 5/2, 3/2 lines from the 
26." 

The spectrum was examined in detail at the 
1,0, 0 direction and also the 1, 1,0 and 1, 1, 1 
directions. The parameters c and d were deter- 


central 1/2 line were 10:5 


mined most accurately in the 1, 0, 0 direction from 
the separations. 


H7z,2—H 


10c-+3d — - 
5 


5c+7d — 


6c—7d + ' 


=1417+2g 


1191°*8g 


+1) absorption lines of Gd** in ThQ,. 


We use the notation of Low; c and d refer to the 
contributions of the fourth- and sixth-order cubic 
potential and a = gBH, where H is the external 
magnetic field and g the spectroscopic splitting 
factor. 

A schematic diagram of the observed lines 1s 
shown in Fig. 1. The crystals had to be carefully 
aligned, since the initial splitting was found to be 
fairly large. Even a small misalignment of less than 
1° would cause a reduction in the separations of 
several gauss. The least-square result of several 
measurements yield the following values: 


d= 1:13+-0-:3G 


g = 1-9913-+0-0005 


* We shall denote by M the M — M-1 transition. 
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242:0-+0:8G | 
T = 90°K 


g = 1-991-40-001 

The spectroscopic splitting factor was measured 
with respect to the DPPH free radical in the 1, 0, 0 
direction. The line width of the 1/2 line in 
this direction is narrower than that of the free 
radical, and AH, the separation between these two 
lines, could be measured to within 0:2 G. 

The above value of g = 1-9913 is corrected for 
second- and third-order shifts. The error includes 
the uncertainty in AH, in the absolute values of c, 
d, and H. Adding all these contributions linearly, 
we arrive at a conservative estimate of 0-0005. 


(b) Low-field spectrum 

At any given angle a number of additional lines 
of smaller intensity were observed at lower mag- 
netic field strengths. These varied in position and 
intensity as the magnetic field was rotated with re- 
spect to the cubic axes. A careful study of these 
lines was made at and near the 1, 0, 0 direction and 
six such lines were observed. ‘These correspond to 
the transitions: 

Ho 

Ho 

Ho 


Ho 


9 > 


where £ is measured in 
of and 


hv/ gf 


Pauss 


units 


Table 1. 


H, is calculated using strong-field values c 


Observed 
H 
(G) 


‘Transition 


¥ 
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and are indicated in Fig. 2, which gives the varia- 
tion of the energy levels with the magnetic field, 
using the strong-field values of c and d. These 
energy levels in the 1, 0, 0 direction form a closed 


expression and are given by: 


-2a)?+ 12a?) | 
-a | 
cm 

2 
2a)?+ 12a?}? 
13c+5d+3a 1 


? 


Xx 


x | (3c—9d+-3a)?+ 


A check on the strong-field values of c and d is 
provided by calculating Ho, i.e. hv, the applied 
microwave frequency. Table 1 shows the experi- 
mental results for one particular set of measure- 
ments. 

The average deviation is approximately one part 
in 1500 within the combined errors of the magnetic 


Measured low-frequency transitions 


sx 236°5 G, d = 1-13 G. 


Relative 
intensity Relative 
(measured intensity 
to within 


30 per cent) 


(calculated) 


28 
10 
10 
20 


PASH HS HS 
MwnNonwu | 
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and 


600 


Magnetic field 


as a function of the applied external magnetic 


show the observec 


rc = 236'5Gandd 


t 


and the constancy of the micro- 


It is to be 


1 measuremen 
neasurements 
2 line falls nearly on top 


Icy be tween I 


treque! 


accuracy 1s corres- 


Hy 


There are two odd 


perjine structure 

isotopes of Gd, 155 and 157, 
each of approximately 15 abundance 
Their h 


viously in enric 


per cent 
yperfine structure has been detected pre- 
hed gadolinium both by paramag- 


netic resonance'®) and by optical spectroscopy.” 
We have observed the hyperfine structure of 
both 1 all 


transitions of the strong-field spectrum and even 


sotopes in their natural abundance in 
in some transitions of the low-field spectrum. Fig. 
3 shows a recording of the hyperfine structure of 
the 2 The 
construction of the spectrum on a linear scale is 
The line width of the individual 


low-field 5/2 ~ —3 transition re- 


directly below 


hyperfine lines is about 1 G, and the relative in- 
- 20 


tensity with respect to the central peak about 1 


j 


1 
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800 
gauss 


the 1, 
calculated 


field in 0, 0 


low-field transitions. The levels 


1:13 G, c/d 0 


are 


) 


The spins of 3 2 are confirmed. The results are: 


(4155 
‘744 +0-007 
#4157 


A157 
Ass 


L 


5:73 t 0-12¢ 


4 ‘ 


ae 


= 


0-15¢ 
The ratio of the magnetic moment was determined 
graphically from many recordings and is therefore 
considerably more accurate than the absolute 
measurements of the intervals with proton re- 
sonance. 

The results should be compared with the pre- 
vious paramagnetic-resonance results on mag- 


nesium bismuth nitrate.) 


4155 oe 


Q:/5 


0-07 


Aj57 5-34 


0-172 


Ai55 4-() t 0-3¢ 
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and the optical determination") 
0-80-4-0-02. 


Our results are in agreement (within the limits of 
the combined errors of both measurements) with 
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Fic. 3. Hyperfine structure of Gd 155 (dotted line) and 


Gd 157 (full line) for the low-field transition 5/2 — 

—» —3/2. The top figure gives the observed derivatives 

of the absorption line and the lower figure is the re- 
constructed spectrum. 


the paramagnetic-resonance measurements, but 
the optical measurement is somewhat high. 


(d) Line width and intensities 
The line width and relative intensities of some 
ions of the S state have shown marked deviations 
from the theoretical values.1® These intensities 
are calculated by evaluating the matrix elements. 
(m|J,\n > |2/h. For the strong-field transitions 
this is equal to }[S(S+1)—M(M—1)]. For other 


transitions these matrix elements have been cal- 
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culated by Kirre, and Luttincer®@! for the 
1, 0, O direction. 

Measurements of the line width at half power are 
very difficult, because the hyperfine lines m 

1/2 of both isotopes contribute appreciably to 
the width. Even the ratios of the “effective” half 
width for various electronic transitions cannot be 
obtained without appreciable error, since it is 
found that the line width increases with M and the 
contributions to the width of the hyperfine struc- 
ture are larger for larger values of M. We have 
adopted a somewhat arbitrary method by measur- 
ing the width at 3/4 intensity, where the contribu- 
tion of the hyperfine lines is very small. Table 2 
lists the ratios of the integrated intensity, the ratio 
of the amplitudes, and the ratio of the line width. 


The values are averages for each pair of lines. 


Table 2. Relative intensity amplitudes and line 
widths of the fine-structure spectrum 


Ratio of 


line width 


Ratio of 
integrated 
intensity 


Ratio of 


amplitude 
(accuracy 


10 
per cent) 


Transition 
(accuracy 
(accuracy 


3 per cent) 
10 per cent) 


16 16 
16°5 14- 
14 12-! 


7°6 "ie 


that to a first approximation the in- 
tensities and amplitudes conform to the theoretical 
ratio: 16: 15: 12:7. The full width 
between points of maximum slope for the M = 1/2 
transition is 1:5+0-2G. The low-field line 
5/2 + —3/2 has a width of 1:1+0-1G. The 
uniformity and jitter of the magnetic field is 
estimated to be about 0-3 G at 3000 G or about one 
part in 10,000. This explains in part the difference 
in line width. The line width is probably less than 
1 G if the contributions from hyperfine structure 
and megnetic field inhomogeneity are subtracted. 

Table 2 shows that the line width is a function of 
the electronic quantum number. It was also soon 
found that the line width was a function of the 
angle which the cubic axes made with the external 
field, being very narrow at the 1, 0, 0 direction 


It is seen 


absolute 
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Fig. + shows the variation of the full width at half 


power as a function of the angle for the M 5/2 
line for a large crystal (0-5 cc). The line width in- 
reases and reaches a limiting value at about 15 


m the 1, 0, 0 direction. Similar variations with 
ole were observed for the other transitions. One 
possible explanation for this behaviour is that there 
a number of single crystals with slightly differ- 


rientations 


half power of the 


angle which the 


axis. 


ive only a small contribution near 


tion, but a large contribution at 
To a rough approximation this 
yund from Fig. 5, which shows the 


M = 5/2-M = 1/2 


about 


ne separation 
two crystals misaligned by 


effective line width is indicated by vert- 


10° and 30° the line width 
uisalignments is approximately con- 
f the 5/2 + 3/2 line at 10° is 

[he maximum change of the 

1 the mean misalign- 


To a first approxima- 


width would be proportional 


ration of the line from the central line. 
[his is indeed observed, except for the M = 3/2 
and M 1/2 transitions, which are somewhat 
narrower than the M 5/2 M 3/2 
transitions. The line width is probably a function 


of the variations of the energy levels with angle 


if 


and 
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rather than of the difference between the energy 
levels. More work along these lines might possibly 
lead to the discovery of a method for investigating 
misalignments within a crystal. 
The relative intensities of the forbidden transi- 
There is one notable 
3/2 line is of much 


tions are given in Table 1 


discrepancy in that the 5/2 —> 


Separation of 
transition 


1 
M-% -» Lak 
VY-% V 2 


0° 
Fic. 5. Variation of the separation of the M = 5/2- 
VU = 1/2 with angle when the magnetic field is rotated 
with respect to the 1, 0, 0 axis. The dotted line shows 
another crystal misaligned by about 2:5°. The vertical 
separation between the centres of 


lines indicate the 


gravity of the two lines. 


larger intensity and amplitude than the 3/2 > 


Theoretically they should be ap- 
proximately of the same order of magnitude. The 
2 — —3/2 line is of 


> —5/2 line 


ratio of the intensity of the 5 


the order of 0-05—0-03 of the 1/2 1/2 transi- 


t 


tion 


(e) Radiation damage 

We have exposed two small crystals (150 mg)toa 
60Co source and to X-rays (150 kV, 25 mA for 3 
hr). No marked change in the spectrum was ob- 
~ of the 


1 


No additional lines stronger than ;, 
- —1/2 transition was observed. The many 


serve d 
1/2 
lines observed by Fie.ps et al.“*) on irradiated 
ThOs powder must be attributed to additional im- 
purities in these samples or to imperfect reduction 
of Th(NOg3)4 to ThOs. Further work on irradiated 
ThOs is continuing in the hope of detecting an F 
centre spectrum, which ought to give a very sharp 


line. 
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3. DISCUSSION 


We shall divide the discussion into two parts: 


(a) The significance of these results for the 
understanding of the magnetic properties of 
gadolinium. 

(b) The evaluation of these results in relation to 
the solid-state properties of ThOs. 

(a) We have already indicated™ the difficulties 
encountered in establishing the mechanism which 
The 
changes in ¢ and d as a function of temperature are 
indicative of the fact that the perturbation must be 


linear in the cubic potential and of the form 


causes the splitting of the S state. small 


where 
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and 


X 2 V Y7/2 


are matrix elements of the spin-orbit interaction or 
crystalline potential connecting states X and Y. 
The cubic potential varies inversely as 1/a®, where 
a is the effective cation—anion distance. Even small 
changes in this distance due to contraction at low 
temperatures will cause a relatively large increase 
in the crystalline potential. Perturbations involving 

V to a high power would show a larger 
temperature-dependence of ¢ and d. This small 
temperature-dependence of the cubic-field splitt- 
ing seems to be a general property of all S-state 
ions, as seen in ‘Table 3. ‘This 1s in contra distinc- 
tion to the axial terms in these crystals, which 
change radically with temperature. 

The overall splitting of 0-175 cm~! is somewhat 
larger than that of 0-1488 cm~! for CaF». This is 
probably caused by the stronger interaction of the 
eight O~ ions with the Gd3+ than the eight F~ ions 


with this ion 


Table 3. Cubic-field splitting parameter as a function of temperature in § states 


Crystal 


+ : KAI(SeO,). * 12H,O 


: ZnSik, - 6H,O 


Cubic-field 
constant 
(c in cm—!) 


Reference 


—0-0127 
, 


—0-0127 
1 


0:0007, 
+1 
0:0010 
2 
0-0011 
? 


0-0009 
? 


0-0185 
L5 

0-0197 

+10 


0:02199 
+3 | Present 
0-02250 work 
3) 
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A puzzling feature is that both c and d are of the 
same sign. Since the thorium occupies the body 
centre of a cube (Fig. 6), the potential is of the 


form: 


I> 


(Yat+ ve) . 
4 


Al—YVe+ | 


N 1 
+B[Ye°+ \/7/2( Ye'+ Ye-4)]. 


Fic. 6. Crystal structure of ThO,. The thorium ions 
form a face-centred lattice. Each thorium ion is sur- 
rounded by eight oxygen ions. 


One would expect c and d to be of the opposite 
sign. This again only points to the complexity of 
the mechanism responsible for the splitting of the 
ground state 

Assuming that in the main the ®P7,9 state is 
admixed to the 8S7,. state, we can estimate the 
deviation of the g factor from the free spin value, 
1.€ 

(1—a?)9(8S7/2)+«°9(6P7 2). 

The Lande g factor of the g(8S7/2) = 2-0023 and 


that of ®P7/2 = 1-716 and therefore «2 = 0-0384 
or « = 0-197. This seems to be of the right order 
of magnitude, as 
8S7 2|L- S|§Pz 2 
A —___ ——_—- 

En—Es 
\/14A 1550 x 4/14 


E,—Es 


" —~()-181, 
32,000 


where A is the spin-orbit coupling (approximately 
1550 cm~!) and E,—Es is the separation of the P 
state from the S state. 

Finally we should like to point out an almost 
obvious result. The narrow spectral lines and the 
relatively large intensities of the AM = ~+-4 transi- 
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tions make this crystal an almost ideal substance for 
a multi-level maser. A close inspection of Fig. 2 
and similar diagrams for other orientations shows 
that one can find suitable multi-level transitions 
for which the substance acts as a frequency con- 
verter in the microwave, U.H.F., or even in the 
radio-frequency range. Investigations along these 
lines are in progress. 

(b) The narrow lines (less than 1 G) and the 
general behaviour of the spectrum show that the 
cubic symmetry is preserved to a high order, 
despite the fact that gadolinium has a smaller 
valence than the lattice host. In order to maintain 
the neutrality of the crystal, either there are some 
additional positive ions or negative vacancies ran- 
domly distributed throughout the crystal. Evidence 
for the latter possibility comes from the X-ray 
measurements of Hunp and DiURCcHWACHTER.'® 
If this is so, our results indicate that these vacancies 
are not in the immediate neighbourhood of the 
paramagnetic ion. In this connection we should 
like to point out that all red crystals showed the 
Gd** spectrum, whereas one white and one black 
crystal showed no spectrum which could be at- 
tributed to Gd**. If Gd** is present, it must be less 
than 10-4 mol. per cent. However, a bleached 
crystal showed no change in the line width or in- 
tensity of the paramagnetic resonance of Gd**. In- 
vestigations of the variation of the spectrum with 
heat-treatment and electrolysis are planned. 

Finally we should like to suggest that the pro- 
perties of thoriated tungsten filaments may be in- 
fluenced by the presence of the rare-earth im- 
purities. It is conceivable that during the activation 
process some of these rare-earth ions may be con- 
verted to the metal and diffuse to the surface. It 
may be well worthwhile to investigate the properties 
of thoriated tungsten with intentionally added rare- 


earth impurities. 
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ELEKTRONENTHEORETISCHE 
FEHLSTELLEN 


UBER 


DER ELEKTRISCHI 


WIDERSTAND 


UN TERSUCHUNGEN 
IN METALLEN—VI 


VON DOPPELLEERSTELLEN 


NWERTIGEN METALLEN 


HELMUT 


BROSS und ALFRED SEEGER 


Zusammenfassung 


LD 


oO 

] whic 
led ther 
aed tne 


10 per « 


sistivity Of a 


lectrical 


1. EINLEITUNG UND UBERBLICK 
IN einer friiheren Arbeit") haben wir die Bindungs- 
energie von Leerstellenpaaren in einwertigen Metal- 
len berechnet. Das dort beniitzte Modell fiir ein 
Leerstellenpaar soll in der vorliegenden Arbeit zur 
Widerstands 


Doppelleerstellen bzw. der Widerstandsanderung 


Berechnung des elektrischen von 


bei der Assoziation einfacher Leerstellen zu Leer- 


stellenpaaren verwendet werden. Diese Berech- 


nung stellt eine Anwendung der in einer vor- 
Rechen- 


hergehenden Mitteilung’) entwickelten 


angewandte 


Berechnung 
tellenpaaren 
twider- 


10° 


bei 


lle um etwa 
Die 
rechnet es wird 


W ider - 


esitzen 


— 
ucn die 


Variationsver 


y an Har d eines 


iner Schrauben- 


, . 
f vacant lattice sites ( divacancies) in monovalent 


h was used for the calculation of the binding energy 


o preterred 


eis no} orientatior divacancies the 


vacancies to di- 
It 


also the magneto-resistivity due 


ent upon the association of 


f di 1 calculated 


bly 


hgneda Vacancies 


ule and presuma 


ity of divacancies it was necessary to employ the 


ariational method is investigated in the appendix 


resistivity of a screw dislocation has been 
good 


methode dar. Bevor wir darauf in Einzelheiten 


eingehen, wollen wir kurz die experimentellen 
Bedingungen besprechen, unter denen Doppelleer- 
stellen in Edelmetallen eine wesentliche Rolle 


spielen 
Bezeichnet AE die bei der Assoziation zweier Leer- 
stellen zu einem Leerstellenpaar freiwerdende Energie 
und U, die zur Bildung einer einzelnen Leerstelle auf- 
zuwendende Energie, so ist im thermischen Gleichge- 
wicht bei der Temperatur 7(K Boltzmannsche Kon- 
stante) die Konzentration der Doppelleerstellen in einem 
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kubisch-flachenzentrierten Kristall durch 


(2Up—AE) \ 
co = 6B, exp( — — (1) 
\ KT 
und die Konzentration der einzelnen Leerstellen durch 
Uo 
&—2a exp| —— 
K7 


gegeben.* Da bei den Edelmetallen U \/ 


nimmt im _ thermodynamischen Gleichgewicht 


Bruchteil 
(U9p—AE) } 


KT (3) 
der zu Paaren assoziierten Leerstellen mit abnehmender 
Temperatur ab. Verwendet man im Beispiel des Goldes 
den experimentellen Wert U, 1,0 eV (aus Abschreck- 
,4)) und den theoretischen Wert AE 0,28 
eV, so findet man, dass mit B, B, die rechte Seite von 
Gleichung (3) am Schmelzpunkt (7 1336°K)1/500 
betraigt. Dies bedeutet, dass im thermischen Gleichge- 


versuchen 


wicht nur ein im allgemeinen nicht nachweisbarer An- 
teil von Doppelleerstellen vorhanden ist 

Besondere Aufmerksamkeit’®) erfordert in diesem 
Zusammenhang die Selbstdiffusion, da die Beweglichkeit 
der Doppelleerstellen in dichtest gepackten Metallen 
(im Gegensatz zu offenen Strukturen wie Diamant'®) 
Vor 
Er- 
Be- 
wegung von einzelnen Leerstellen mit der Wanderungs- 


bekanntlich die 


grosser als diejenige der Einzelleerstellen ist, wie 
allem von BarTLETT und Drengs‘") betont 


folgt die Selbstdiffusion tiberwiegend durch die 


W urde. 


aktivierungsenergie W,, so ist Aktivie- 


rungsenergie der Selbstdiffusion 
Q; = Ut+M, (4) 


erfolgt sie dagegen itiberwiegend durch die Bewegung 
von Doppelleerstellen mit der Wanderung:energie W,, 
so ist die Aktivierungsenergie der Selbstdiffusion 


Oz 2l »o —AE+ Wo. (5) 


Fiir die Differenz der Aktivierungsenergie der beiden 
genannten Selbstdiffusionsmechanismen ergibt sich 
O2—Q Up —AE+ W2—W. (6) 


Legt man fiir Gold die oben beniitzten Energiewerte 
zugrunde und entnimmt aus den Anlassexperimenten 
von BAvuERLE” W, 0,82 eV und (als untere Grenze) 
W, = 0,6 eV, so findet man (als untere Grenze) 


Oo—O; =0,5 eV (7) 


bzw. 





*B, und¥B, sind Entropiefaktoren ; ihre Zahlenwerte 
diirften zwischen 1 und 10 liegen. 
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O2—-O1 
Ts; 


exp 


Da der praexponentielle Faktor Dy, in dem Ausdruck d 


Selbstdiffusionskoeffizienten 


O 
D Do exp( — 


fiir die Doppelleerstellen héchstens etwa das 30-fache 
Wertes fiir die 


stellen betragt, bedeutet dies, dass selbst unter extrem- 


des Selbstdiffusion durch Einzelleer- 


sten Bedingungen die Doppelleerst«llen bei der Selbst- 
diffusion keine entscheidende Rolle spielen und dass 


besondere nicht bei sehr hohen ‘Temperature 


Doppelleerstellen die Trager der Selbstdiffusion werden 
diirfte 


aber auch auf die anderen beiden Edelmetalle zutreffen 


Dieses Ergebnis wurde zwar fiir Gold abgeleitet, 


Die Existenz von Doppelleerstellen bei den 
Edelmetallen im thermischen Gleichgewicht kann 
somit wohl nicht experimentell nachgewiesen 
werden ; man muss nach ihnen also in nicht im 
thermischen (d.h. 


bestrahlten, plastisch verformten, abgeschreckten 


Gleichgewicht befindlichen 
oder bei tiefen Temperaturen aufgedampften) 
Proben suchen. In der Tat konnte BAUvERLE"™) 
zeigen, dass beim Abschrecken von Golddrahten 
von hohen Temperaturen (bzw. bei deren an- 
schliessendem Anlassen etwas oberhalb der Zim- 
mertemperatur) sich Einzelleerstellen zu Doppel- 
leerstellen assoziieren. Da diese Ergebnisse auf 
Grund von Messungen des elektrischen Wider- 
stands erhalten wurden, interessiert in diesem 
Zusammenhang besonders die Anderung des elek- 
trischen Widerstands beim Zusammenlagern 
zweier Leerstellen zu einer Doppelleerstelle. In 
der vorliegenden Arbeit wird gezeigt, dass dabei 
eine Verminderung des Restwiderstands um etwa 
10°% auftritt. Mit der Anwendung dieses Er- 
gebnisses auf die experimentellen Daten befassen 
wir uns in dieser Arbeit nicht ; wir hoffen darauf 
spater zuriickzukommen. 

Wir werden zuniachst in § 2 die allgemeine 
Theorie) auf die beim gegenwiartigen Problem 
vorliegenden Symmetrieverhiltnisse spezialisieren 
und daran anschliessend in § 3 die Berechnung der 
Widerstandsanderung durchfiihren. Uber die oben 
erwahnte Fragestellung hinaus besitzt diese 
Berechnung theoretische Bedeutung : Die Doppel- 
fehlstelle stellt ein besonders einfaches Beispiel fiir 
eine nicht isotrop streuende Fehlstelle dar ; es ist 
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deshalb von Interesse, die Anisotropie des elek- 
trischen Widerstands zu berechnen. Diese Aniso- 
tropie gibt Anlass zu positiven Abweichungen von 
der Matthiessenschen Regel; wir werden das 
sicherlich auch auf ahnlich gelagerte Falle tiber- 
tragbare Ergebnis finden, dass die Anisotropie im 
vorliegenden Falle nicht gross genug ist, um mess- 
von der Matthiessenschen 
Bei der Berechnung des 


bare Abweichungen 


Re gel 


Tieftemperaturwiderstands sind wir auf die Ver- 
i 


hervorzurufen 


wendung des Variationsverfahrens angewiesen; um 
einen Einblick in dessen Konvergenz zu erhalten, 
behandeln wir im Anhang zu dieser Arbeit in ver- 
schiedenen Naherungen den elektrischen Wider- 
1 einer Schraubenversetzung. Man kann die 
Falle 


angegebenen 


stan< 


Naherungsrechnungen in diesem mit der 
SEEGER STEHLI 
Lésung vergleichen und auf diese Weise die prak- 


Niahe- 


von und strengen 


Brauchbarkeit des verwendeten 


igsverfahrens beurteilen 


2. BERECHNUNG DER LEITFAHIGKEITSTEN- 
SOREN BEI EINEM ROTATIONSELLIPTISCHEN 
POTENTIAL OHNE WINDUNGSSINN 
Arbeit?) (V, Ziffer 8) 


ir zeigen, dass bei einem rotationssym- 


vorangehenden 


: sal ] 
otorpotential das 1 


(42)) zur 
klungskoeffizienten Y)”(«) in (2g+1) lineare 


ineare Gleichungs- 


hung Bestimmung der 


Gle iL 


ngssysteme zerfallt, die zu verschiedenen 


wenn zur Beschreibung 


Verteilungsfunktion 


n Indizes m gehoren, 
Winkelabhangigkeit der 
Kugelflachenfunktionen g-ter Ordnung 

] Wegen der spe- 
m quasifreien 
was sind dabei nur sntwicklungs- 


nten Y) (e) mit ler 1 von Null 


n. Besitzt das Stérpotential ausserdem 


verschie a¢ 
Windur 


foleenden Gleichungssysteme 


1ssinn, dann brauchen nur die 


keinen 


beiden aufgelost 
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SEEGER 
mit 


Y Me)  @3 


yin €1—2e2 


Y ‘%e) 


1 Oe 


Y™ r(€) 


/2 


€i, €2 und é€3 die Einheitsvektoren eines 
Durch 


wobe!i 
kartesischen sind. 
diese Darstellung kommt die Rotationssymmetrie 
des Problems deutlich zum Ausdruck : Die Ver- 


Koordinatensystems 


gleichsfunktionen Ye) entsprechen der An- 
derung der Verteilungsfunktion, wenn die dusseren 
Felder die Richtung der Rotationsachse haben ; 
‘(e) entsprechen dagegen der 
wenn die 


die Funktionen Y 
Anderung Verteilungsfunktion, 
dusseren Felder auf der Rotationsachse senkrecht 


der 


stehen 

Wegen der speziellen Form der Gleichungen 
(9) und (10) lassen sich die Entwicklungskoefh- 
zienten und damit auch die Transporttensoren in 
EnskoG'9) 


8 


g-ter Naherung nach KouLer'®) und 
durch Determinanten in dusserst eleganter Weise 
darstellen. Ist D@{T\"} den Ty}; mit 
] n g und |] l<q Deter- 
minante und D;3‘9){7\"} Determinante, die 
aus D@{T"" Randerung mit der Zeilen- 
matrix 5, und der Spaltenmatrix 65;,; entsteht, 


die aus 
gebildete 
C ine 


durch 


dann besitzt der Entwicklungskoeffizient Y ,‘%(e), 


der allein fiir die Transportgréssen A , °) massge- 


bend ist, folgende Form* 


Ds3% Tn} 
D@ : T°") 


(14) 


Dieser Ausdruck lisst sich nun mit Hilfe des 


Sylvesterschen Satzes"°) iiber Superdeterminanten 
weiter umformen: Sind D;39-)){T0)} D;@{T,i}, 
D;@{T} und D@{T" die Minoren der Deter- 
minante D;,@ {TV}, den 4 Elementen der 


rechten unteren Ecke entsprechen, dann ist 


die 


* Wir untersuchen zundchst nur die Komponenten 
der Tensoren A‘% in Richtung der Rotationsachse. Die 
andere von Null verschiedene Komponente erhalten wir, 
T»1°° durch T 


wenn wir 1 ersetzen. 
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Ds Tn} 
DOT 1} 


* Dsgf 7 a 190 } 


D594 ~j rf Tn} 
Ds T nl} 
- Dia- DT, 19} (15) 


Durch mehrmaliges Anwenden des Sylvesterschen 
Satzes kénnen wir schliesslich zeigen, dass der 
Entwicklungskoeffizient Y,% durch 
Entwicklung gegeben ist: 


yo iF ke 
pal 
i 1(€) ro 


q 

(ws 2 
1 ~ [Dj Tn) 2 ) 
oh v—DS T0006 T..000 * 
T9° aH D’ 'T ni DOL Tn} \ 


folgende 


Bei jeder besseren Naherung nimmt also der Ent- 
wicklungskoeffizient Y ,;%(e) monoton zu, da die 
Determinanten D“{T\, wie in V, Ziffer 3 er- 
wahnt, immer positiv sind. 

Mit den durch (11), (12) und (13) definierten 
Vergleichsfunktionen lassen sich die von Null ver- 
schiedenen Komponenten des Niaherungstensors 
A'*-% in folgender Weise schreiben 
2.q) A (@ 


A; ZPD d A yy"! 


(18) 


=a Ly “s(e) 


\ 67 2h. 


Die Integration iiber € in (17) und (18) lasst sich 
bis zu jeder gewiinschten Genauigkeit durch- 
fiihren. Beschrinken wir uns auf ein stark ent- 
artetes Elektronengas, dann brauchen wir nur bis 
Entartungsparameter KAT’) & 
nicht verschwindenden Gliedern gehen. Fiir die 
Transporttensoren senkrecht 


zu den ersten im 
Komponenten der 
und parallel zur Rotationsachse erhalten wir 
e D33%{Tni} A 
_ k (19a) 
32h? | DUT} Ie 


ef 


Ds3V 7 noe: 
b4 
2p2 | 


Ot 
DOT) a (19%) 
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(20a) 


(20b) 


(21a) 


K°T; d 
_— In o, “ (21b) 


e \de = 


b 


S, 


Wegen Gleichung (16) nehmen die Niaherungs- 
werte sowohl fiir die elektrische 
Warmeleitfahigkeit monoton mit g zu. 

Fiir die verschiedenen Naherungen g ist der 


als auch fiir die 


Quotient 
D; 3% Tn 00} 


“DOT 00) 
gegeben durch 


a 
D5 3Vf Ie 120% 


DOT 00) —(Tn") re 


(v 


a. 


D; 304 ial 00) T 2° To) i 


T 99 — 
DVT ,,9 T1500 


‘s 
Pe 

per 
D554 ‘ Tn} 


DV! i 190% 
nis cae Oe ee 
Eee 5 abpregyr sem pogo 
T9999 T3390 — T'939° T 39 )0 
, dt a Sn l 
+ 413 
To: 990 T'3¢ 


300 — T5300 7300 


Bei vielen rotationssymmetrischen Problemen ist 
ausserdem noch eine Symmetrieebene vorhanden, 
die auf der Rotationsachse senkrecht steht. Wie 
in V, Ziff. 8 sind dann nur diejenigen Matrix- 
elemente 7” von Null verschieden, bei denen 
entweder n und / beide gerade oder beide ungerade 


sind. Wegen der speziellen Form von U?"(e) 
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beiden Gleichungen (9) und (10) 


llen. lass Wl! Entwicklungs- 


Null 


und 


l gleich 


Ty} 


ten miuit geraden 1 
Die 
bestehen dann nur noch 


j 


Determinanten D4 
aus Elementen 


2 und 


3. DIE BEEINFLUSSUNG DES ELEKTRISCHEN 
WIDERSTANDES DURCH LEERSTELLENPAARE 


der Leitungselektronen an einem 


schen Storpotential 


§ 1 erwahnt worden war, ver- 
die Berechnung des zusatzlichen 


lerstandes durch Doppelleerstellen 
die Berechnung ihrer 


ichen Begriindung 


| 


torpotential, das 


fehlenden Gitter- 
halb 


| 
gt des nahe, 
he Koordinaten einzufiihren, wo- 
= ] fiz 8 
der ais tennachen 


Inkte Koordina 


ckten Rotationsellipsoide vonein- 
Nachbarn 
mit ellip- 


Abstand wie nichste 
Fiir das Rechnen 

linaten beniitzen wir die Bezeichnung 
hafke 


1 1 
1 gestrecKt-rotation 


Koordi- 
tische Ko- 
miutein- 


igendermassen 


Exzentrizitat, also der halbe 


] 


1d der als Koordinatenflachen 


len gestreckten Rotationsellipsoide und 
ligen Rotationshyperboloide 

timmung des elektrischen Widerstandes 
Auto- 
Fallen beniitzte 


die schon von. anderen 
n zhnlichen 

/ artialwel] len. Die ve 
der Partialwellen verwenden les setzt 
Erdélvi, W. MacGnus, F. 

'TINGER und F. G Higher ‘Trans- 
| Functions, Band III, New York 1953 weichen 
von den Bezeichnungen bei Meixner 


TRICOMI 


und 


ALFRED SEEGER 


voraus, dass die Schrédingergleichung in den drei 


Variablen », €, ¢ separierbar ist. Beriicksichtigen 
wir die Abschirmung der effektiven Ladung der 
Fehlstelle durch die Leitungselektronen, so muss 
die potentielle Energie mit wachsendem & minde- 
stens exponentiell gegen Null gehen. Die beiden 
Bedingungen werden nur dann erfillt, wenn die 
potentielle Energie die Form 
h? U(é€) 
(24) 


2m 


hat. Als Lésungen der Schrédingergleichung er- 
halten wir dann folgende auf der Rotationsachse 


stetigen Partialwellen 


YP HMé, i 


M(n, y7) > eee (25) 


’) ist dabei eine Sphiroid- 
Dar- 
stellung von Meixner und Schiafke verwiesen sei. 
Der ,,Radialteil R,“(€, y) ist 
Differentialgleichung festgelegt 


k°c°, ps,!(n, 7 


wegen 


mit y- 


funktion, deren Definition auf die 


durch folgende 


dR “| 


—A. M(y*)+y7(€-—1)— 


(26) 
“(y*) als Separationsparameter. Geht das 
U(€) als &-*(«% > 0) 


wachsendem so besitzt 


mit 
schneller mit 
gegen Null, Diffe- 


rentialgleichung (26) die asymptotische Lésung 


Potential 
die 


sin(yé —4v7+7,) 


yk 
C 
/-: 


~ 


£,y)—sin nyhiS PAVE, y]. 


Hierin bedeutet c,/“ eine Normierungskonstante, 
SADE, y) und S,“2(€, y) die beiden linear un- 
abhingigen Lésungen der Sphiroid-Differential- 
gleichung fiir die Radialabhingigkeit. Ihre Defini- 


bei 


der 


ihre Eigenschaften finden sich 
Schafke. Die 


asymptotischen Lésung sind so definiert, dass mit 


tionen und 


Phasen 7,/ in 


Meixner und 
verschwindendem Streupotential R,“(é, y) in die 
auf Rotationsachse Lésung der 
Sphiaroiddifferentialgleichung S,“)(é, y) tber- 
geht. 


der stetige 
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In grossem Abstand von dem Leerstellenpaar 
besitzt die Schrédingergleichung des Problems fol- 
gende Lésung 


cH [cc IS UT AS, MM ‘( £; Y) .— 


—sinyn,“: S (28) 


HAE y) |ps.“(n, y*)er?e, 


Da sich die Lésung des ungestérten Problems mit 
Hilfe von 
Weise “!) 


Spharoidfunktionen in folgender 


Ceitt c > S (2v+1)0"*24S 4 
v=0 p=—1 


x ps,(n, vy") + ps, “(cos 9, y*)etH 
mit C als Integrationskonstante und 


k sin % cos d’ 


k sin 9’ sin d’ (30) 


k cos 9 


darstellen lasst, erhalt man fiir die durch die 


Gitterfehler erzeugten Streuwelle asymptotisch 
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Hierbei haben wir von der Tatsache Gebrauch 
gemacht, dass in grosser Entfernung vom Streu- 
in die 


zentrum die Koordinatenfliche const 


Cc 
Cc 
Kugelflache mit Radius r = y&/k iibergeht 
(b) Berechnung der Ubergangswahrscheinlichkeit 
w( £, £') und der Matrixelemente T” 

Aus der Beziehung (33) fiir die gestreute Well« 
f’) 


fiir den Ubergang eines Elektrons vom Zustand f 


k6nnen wir nun die Wahrscheinlichkeit w/( f, 
in den Zustand f' berechnen. Ist die einfallende 
Welle so normiert, dass im Kristallvolumen V ein 
Elektron mit Ausbreitungsvektor f und positivem 


Spin vorhanden ist, d.h. ist C=V-!/2, dann ergibt 


sich fiir die Wahrscheinlichkeit, dass in der 
Zeiteinheit ein Elektron in grosser Entfernung vom 
Streuzentrum in den Raumwinkel dw, gestreut 


wird 


I 


2k 


dw SY (=1)(2v¢- 124-1) > 
ya a 


—C(2v+1)r"*?Hps,“H(cos 9°," 


t—C(2v+1)2 


Damit die gestreute Welle auslaufenden Charakter 
hat, ist die Konstante c,/“ durch die Bedingung 


Cy = C(2v+1)i”*2e - etn, #(cos 9, y2)e-t#¢ 


ps, 


festgelegt, so dass wir schliesslich erhalten 


S S (—1)"(2v+1) x 


v=0 4 v 


etki 
uu? . 
I gestr, ~( , 
2ikr 


v taps 


“(cos 83 y?)e—#¢ 


n* cos d k sin } cos ¢ 


yl 


\k sin 9 sin ¢} (35) 


V1l—7? sind 


ky 


k cos 9 


Diese Wahrscheinlichkeit lasst sich aber mit der in 
V, Ziffern 2 und 5 definierten Funktion w( f, f') 
durch 

7 


ar 
» 
dw 
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ausdriicken. Wir erhalten somit 


x A 


wf, ft’) 


: ps,/ (cos 9; y")ps, “ 


Aus der Differentialgleichung (26) und der Defini- 
tionsgleichung fiir die Phasen 7,“ kénnen wir ent- 
nehmen, dass sich der Wert der Phase 7,“ nicht 
andert, wenn pw durch —uwp ersetzt wird. Fihren 
wir diese Vertauschung auch in Gleichung (36) 
durch, so wird die Symmetrie der Ubergangs- 
w( ft, f') in £und fF’ sichtbar. 


daher den in V 


wahrsche inlichkeit 
Wir 


malismus zur Lésung des Transportproblems ver- 


k6nnen entwickelten For- 


wenden. Auch die iibrigen Eigenschaften des durch 


Gleichung (24) eingefiihrten Stérpotentials, wie 


Rotationssymmetrie ohne Windungssinn und Vor- 
handensein einer auf der Rotationsachse senkrecht 
stehenden Symmetrieachse, lassen sich in Gleich- 
ung (36) wiedererkennen 

Zu 
brauchen wir nur noch die 
und V, 


flachenintegra 


Bestimmung der Matrixelemente 7’ 


durch V, Gleichung 
Ober- 


Nach einer langeren 


(30) Gleichung (39) definierten 
le auswerten 


Zwischenrechnung erhalten wir schliesslich 


dk = m 


de—n 


S (2v+-1)? sin? nM 


— 


(2v+1)(2A+1) - sin 9,“ 


1 


und ALFRED SEEGER 


» j/ a a’ 
(cos d; y*)etH-oXO— 0), 


(36) 


Die in Gleichung (37b) auftretenden Integrale 
kénnen mit Hilfe der Reihenentwicklungen der 
Spharoidfunktionen nach Kugelfunktionen aus- 
gewertet werden. Die Bestimmung der Phasen 7,/ 
erfolgt im nachsten Abschnitt. 


(c) Bestimmung der Phasen n,“ und numerische 
Ergebnisse 

Die Phasen 7,“ sind durch die asymptotische 
Lésung der Differentialgleichung (26) mit U(&) als 
Potential festgelegt. Uber die Form des Streu- 
potentials kann man bei einem Leerstellenpaar viel 
weniger aussagen als bei einer einfachen Gitter- 
liicke. Wir haben uns daher auf das in II beschrie- 
bene Modell eines rotationselliptischen Potential- 
kastens beschrankt 


je § SE0. 
ee (38) 
10 : 


U(é) 


Die Festlegung des zunichst noch beliebigen Para- 
meters &9 erfolgt mit Hilfe der Friedelschen Bedin- 
gung, die besagt, dass die von einem Leerstellen- 
paar abgestossene Ladung, wenn man von der Re- 
Gitters absieht, gerade den Wert 


laxation des 


l i 


{ (ps,-#)2dx | (ps,)211 y™ « Thy dx— 


- sin 7) 


Tym dx | psymps,e+m » Tym dx. 


1 
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Tabelle 1. Die Anderung der Hochtemperaturwiderstdnde bei einem Leerstellenpaar 
(y = 0 entspricht einem kugelsymmetrischen Potential) 


a [A] ' 
bei Cu a/b 


1,0000 1,894 


1,6253 


0 1,0307 
1,5000 1,3986 


1,6000 


1,7000 


1,390 


1,4460 


1,7181 
1,4959 1,8182 


1,5480 


1,8000 1,9254 


zwei haben muss. Durch diese Forderung kénnen 
wir erreichen, dass das an sich unrealistische 
Potential (38) fiir die Phasen 7,“ noch ziemlich 
verniinftige Werte liefert. Die Form des Potential- 
kastens, die durch & 9 festgelegt wird, stimmt mit 
der zu erwartenden Gestalt eines Leerstellen- 
paares iiberein. Natiirlich werden die Zahlenwerte 
fiir die Transportgréssen von den wirklichen Wer- 
ten abweichen, da alle Transportgréssen gegen- 
iiber Anderungen des Streupotentials viel empfind- 
licher als die Elektronenenergien sind. 

Mit den aus II, Tabelle 1 zu entnehmenden 
Phasen 7,“ wurde die Summe §"/'(k) fiir ver- 
schiedene Werte von y berechnet, fiir die Tabellen 
der Spharoidfunktionen (bzw. ihrer Entwick- 
lungskoeffizienten) zur Verfiigung standen. Da im 
allgemeinen die Fehlstellenkonzentration so gering 
thermischen Streuung 
Glieder k?(dk/de)r,-! gross ge- 
sind, geniigt es bei der Berech- 


ist, dass die von der 
herriihrenden 
geniiber 7” 


nung der Anderungen der Hochtemperaturwider- 
stande, nur bis zu Kugelfunktionen erster Ordnung 


Apu 
[£2 cm/‘ 


Apu Apu 
[uQ cm/% Fehstellen] 


, Fehl- 
stellen | 


3,604 
4,099 
4,160 


2,400 


zu gehen. Jene sind, wenn x die Konzentration der 
Leerstellenpaare ist, gegeben durch 
(kp) (39a) 


Apu , © Apr, 


_.00 


h 
Apu, © Apx 1) — p (kp) 
nee? + Rp 


11 


(39b) 


ky Betrag der Wellenzahlvektoren an der 
Fermi-Oberflaiche. Die nach dieser Beziehung mit 
1,3584 A-1 (Cu) (n, Zahl der 
berechneten Zusatz- 
widerstande finden sich in Tabelle 1. Ap,, ist 
dabei die Anderung des elektrischen Widerstandes, 
wenn die Leerstellenpaare statistisch verteilt sind.* 
In Tabelle 1 ist ausserdem die Lange der grossen 
Halbachse a fiir Kupfer und das Verhaltnis der 


n, 1 und ky 
Leitungselektronen/Atom) 


* Bei statistischer Verteilung ist der gemittelte elek- 


trische Widerstand gegeben durch Ap (2Ap, +Ap,) 


Tabelle 2. Die Abweichungen von der Matthiessenschen Regel bei einem Leerstellenpaar 


1,60 000 —0,0767 


—0,0414 


1,80 000 —0,0391 —0,0973 


3) 


— Ap7 ( 


1) 


4,47 - 10-4 





4,49 -10-4 





he 
Potentialsprungs unrealistisch 


wirklicl Potent 


laufende | 
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\bweichungen nach V, 


auren 


Beriick- 


Gleich- 


Dv—A 


lie Hochtemperatur- 


sich auf die Tieftem- 


verwandte 


de Ss dabei 
Das 


ver- 


Pote 1 tial ist wegen 


| ist zweifellos eine glatt 


Das 


ist daher nicht der 


des Ortes wesentliche 
| nt rsuchung 
ler Widerstandserhohung durch 
sondern das Ve rhaltnis der 
lerungen bei einer einfachen Leer- 
n Leerstellenpaar. Verwendet man 
g der entsprechenden Grdésse bet 
hohe ab- 


so wird das resultierende Ver- 


1 ] 1 _ | 
ke dasselbe ur endlich 


vom Verlauf des Potentials ziemlich un- 


3ei unendlich hohem Kasten- 


ilt man fiir einzelne Gitterliicken nach 


Apy 2,0154Q cm 


Hochtemperatur- 


r Doppelliicken in diesem Wert aus, 


wenn wir die entsprechenden 


chy, aus II, Ziffer 4 zugrunde 


kubisch-flachenzentrierten Gitter 


und 
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beim kubisch-raumzentrierten Gitter 


] 6878 


Apr 1,264 Ap, 


Apy 2,089 Ap, 


ucKke 


Apu = 1,813 Ap, 


ckKe 


Es 


angaben in der vorliegenden Arbeit, die Streuung 


ist hier, wie bei allen sonstigen Zahlen- 


der Elektronen infolge von elastischen Verzer- 


rungen in der Umgebung der Fehlstellen vernach- 
II, Ziffer 6 ist dargelegt 
weshalb wir diese Verzerrungen fiir klein halten. 


lassigt. In worden, 
Der Einfluss der geringen eventuell auftretenden 
Verzerrungen auf die in Gleichungen (41) und (42) 
angegebenen Verhialtnisse darf wohl mit Recht ver- 
nachlassigt werden 

Aus Tabelle 1 und den Gleichungen (41) und 
(42) geht hervor, dass gleichorientierte Doppel- 
leerstellen eine ziemlich grosse Anisotropie des 
Zusatzwiderstandes (fast um einen Faktor 2) her- 
vorrufen und zwar in dem Sinne, dass der Wider- 
stand in Richtung der Verbindungslinie der beiden 
Leerstellen eines Paares kleiner ist als senkrecht 
Zusammen- 
zu Paaren der Zu- 
werden kann, 


dazu. Ferner sieht man, dass beim 
treten einzelner Leerstellen 
satzwiderstand nur dann erhoht 
wenn fast alle Paare ausgerichtet und ausserdem 
der 


Paare gemessen wird. In dem praktisch wichtig- 


der Widerstand senkrecht zu den ,,Achsen‘‘ 
sten Fall, dass die Paare ohne Vorzugsorientierung 
angeordnet sind, erniedrigt sich der Zusatzwider- 
stand beim Zusammenlagern um etwa 1/10, also 
nicht sehr stark. 
Bekanntlich 8-2 
tropie des elektrischen Widerstands eine positive 
Abweichung von der Matthiessenschen Regel zur 
Wie Tab 
dass sie wohl fiir alle praktischen Probleme zu ver- 
nachlassigen ist. Da die Widerstandsanderung im 
Maegnetfeld der 
Matthiessenschen Regel zusammenhinget, diirfte 


hat die oben erwahnte Aniso- 


Folge 2 zeigt, ist diese aber so klein, 


mit den Abweichungen von 
diese bei Leerstellenpaaren wohl auch sehr klein 
sein. 

Die Professor DEH- 
LINGER herzlich fiir sein forderndes Interesse und 
der DEUTSCHEN FORSCHUNGSGEMEINSCHAFT fiir di¢ 
finanzielle Unterstiitzung der Arbeit. 


Verfasser danken Herrn 
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ANHANG: DER ELEKTRISCHE WIDERSTAND 
VON SCHRAUBENVERSETZUNGEN 

Die Wahrscheinlichkeit z(f, f’), dass ein Elektron an 

Paar mit 

Burgersvektoren und der Gesamt linge 1 


einem Schraubenversetzungen entgegenge- 


setzten vom 
Zustand f nach f’ gestreut wird, ist nach SEEGER und 
STEHLE!?: III, Ziffer 4b und IV, Ziffer 3b) 


gegeben durch’ 


(vgl. 


wf, f’) 


—|] ) cos(A—)(d—’) + (cos vu —COS 2 


xX (e-4 
(A.1) 


Wegen der speziellen Form des Stérpotentials haben die 


Phasen 7, n,(cos }) folgende Eigenschaft 


n,(COs 0) n-,(—cos >). (A.2) 


Zur Berechnung der Matrixelemente 7” haben wir 
nur noch die Oberflichenintegrale im f-Raum und im 


f’-Raum auszufihren. Es ergibt sich 


~_s-% 
’ } 11,.(€) Ty (€) 2 (E) dé (A.3a) 
de m* +, 


42 


mit der Abkiirzung 


(A.3b) 


Die durch (A.3b) eingefiihrte Summe ”(é) hat 
gende Eigenschaft 


1. rm(é) = 


se ym/(€) 


fol- 


mE) 


=m(—é). 


(A.4a) 
(A.4b) 


* Man beachte, dass hierbei angenommen wurde, dass 
ein Elektron mit Ausbreitungsvektor — im _ Einheits- 


volumen enthalten ist. 


Tabelle 3. Numerische Werte fiir die Berechnung des Tieftemperaturwiderstandes einer Schraubenversetzung 


0,1425 0,1190 


J II,1( €)1et( €) B( €)d é 


Die letzte Eigenschaft lisst sich zeigen, wenn in der 
Gleichung (A.3b) & durch €, A durch 


ausserdem Gleichung (A.2) beriicksichtigt wird 


A ersetzt und 
Durch 
ahnliche weitere Umformungen erhalten wir schliesslich 
fiir die Summe folgende reelle Darstellung : 


mt 


a (€) 


mut 


Aus (A.5) ist sofort zu entnehmen, dass alle 7 

m 0 verschwinden, was besagt, dass durch eine un- 
endlich lange Schraubenversetzung der Widerstand in 
Richtung der Versetzungslinie nicht gefindert wird. Mit 
den aus IV, Tabelle 1 zu entnehmenden Werten fiir die 


Summe =!( €)= &( €) wurden die Integrale { IT,,}( 


x(é)dé fiir n 1, 3, 5 und { 1,3, 5 ausgewertet. 
Hieraus lasst sich dann der Tieftemperaturwiderstand 


] 1 


fiir verschiedene Niherungen in der Winkelabhangigkeit 


berechnen. Die numerischen Ergebnisse und der Ver- 
Stehle berechneten 


entsprechend) finden 


mit den von Seeger und 


Widerstandsinderungen (q J 


sich in T'abelle 3 und 4. 


gleich 


Tabelle 4. Der Tieftemperaturwiderstand bei ver- 
schiedenen Niherungen in der Winkelabhdngigkeit 
Die angegebenen Werte von Apy und Ap7z beziehen sich 
auf Kupfer (k: ‘hile 1,642 - 10-*! cm’) und sind 
noch mit der Versetzungsdichte N (Zahl der Verset- 
zungslinien pro cm?) zu multiplizieren, um die Ander- 
ungen des spezifischen Widerstandes (in 2. cm) zu er- 


Apr 1), 


halten.; Es ist 


Apu ~ Apy" 


q 1 3 5 


Apr'9[10-2°Qem3] | 0,690 | 0,484 0,455 | 0,454 
Man ersieht aus T'abelle 4, dass das zur Berechnung 
des ‘Tieftemperaturwiderstandes angewandte Varia- 
tionsverfahren selbst bei einem stark anisotropen 


+ Die geringfiigigen Abweichungen von den Ergeb- 
nissen in IV, Tabelle 2 beruhen auf einer unterschied- 
lichen numerischen Auswertung der Integrale. 


0,3339 0,0382 0,2146 0,3653 
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Streupotential, wie es bei einer Schraubenversetzung 
vorliegt, sehr gut konvergiert. Wahrend die erste Nahe- 
rung (q = 1) einen um 60% zu grossen Wert liefert (der 
mit dem Hochtemperaturwiderstand iibereinstimmt), 
gibt die zweite Naherung (g 3) einen nur um 6% zu 
grossen Wert. In den meisten Fallen ist es daher aus- 
reichend, nur bis g = 3 zu gehen, wodurch man bereits 
nicht verschwindende Abweichungen von der Matthies- 


senschen Regel erhalt. 
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THEORY OF DIFFUSION-LIMITED PRECIPITATION 
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Abstract—A simple theory for diffusion-limited general precipitation from a supersaturated solution 
upon an array of particles is described. We calculate the time-dependence of the unprecipitated 
fraction of the excess solute for small spherical, spheroidal, and cylindrical particles. This fraction 
has the form exp(-——dt”) for small t. If the particles grow from initially negligible dimensions with 
constant eccentricity, and the growth is entirely diffusion-limited, we find m = 3 for all spheroids, 
including rods and disks as well as spheres. This contrasts with earlier evaluations, which gave 
n = $ for disks and m = 2 for rods and which are incorrect. We find n = 1 for cylindrical particles. 
Also, ” is 1 for small disks and rods, of finite initial dimensions, that remain highly eccentric and do 
not alter their longer dimensions appreciably during growth. Regardless of particle shape, the un- 
precipitated fraction is given approximately by [G exp(—at)] when the fraction is less than 4. We 
also give an exact solution of the time-dependent diffusion equation for the growth of a spheroidal 
particle in an infinite medium, and we show that under strictly diffusion-limited conditions the 


particle grows with constant eccentricity and that its dimensions are proportional to y f. 


1. INTRODUCTION 

THE time-dependence of precipitation of solute 
from a supersaturated solution provides useful 
information about the rate-limiting process in- 
volved, and the size, shape, and density of the pre- 
cipitate particles. In this paper we shall describe a 
theory permitting the accurate calculation of pre- 
cipitation rates in a wide variety of systems in 
which diffusion is important. 

The study of precipitation has attracted con- 
siderable experimental interest, and several authors 
have developed theories to deal with the situations 
encountered.* The present approach permits a 
relatively simple systematic derivation for com- 
petitive systems of the results of previous theo- 
retical work, some of which involved fairly com- 
plicated and diverse procedures. It has also per- 
mitted an extension of the theory to systems in- 
volving asymmetric precipitate particles, in parti- 
cular spheroids. Our new physical results princip- 
ally concern such systems and in several important 
respects differ from earlier suggestions. 

The theory of ZENER and Wert‘:4) for the 
growth of a collection of small spherical particles 


* References (1) and (2) are excellent reviews of both 
theoretical and experimental work on precipitation. 


from a uniform solution deserves particular men- 
tion because of its simplicity. It can be conveni- 
ently described as stating that the solute density 
very near each growing particle has the same form 
as the steady-state solution of the diffusion equa- 
tion near a particle of fixed dimensions equal to the 
instantaneous dimensions of the growing particle. 
This steady-state solution is normalized at infinite 
distance to the average instantaneous value of 
solute density in the solution. This procedure thus 
makes possible the calculation of the solute current 
to each particle. Most of our present results for 
small particles can be derived in this way.+ How- 
ever, the present method can deal with systems to 
which the simple theory is not applicable, such as 
non-uniform distributions, large particles, and 
one-dimensional diffusion. Moreover, it provides 
basic justification for the simple theory and thus 
seems more fundamental. 

The principal concern of this paper is the ap- 
plication of a simple but accurate mathematical 
procedure—that of expanding the solution of the 


+ Our results for the spheroids can be derived in this 
way too. WERT and ZENER did not apply their theory in 
arriving at suggested growth laws for disks and rods with 
which we disagree.) 
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the eigenfunctions of an ap- 
to the theory 


a number of competing 


value problem 
upon 
is shapes. Although this approach 
the theory of heat con- 

have been applied 
ms in precipitation 
to which we shall 
apparently not been 
although their 
course well 
method in 
les and then 


us boundary 


2. FUNDAMENTAL CONSIDERATIONS 


the density of 
x and time ¢ 


upon one or 


» that p(x, 7) 


(2.1) 


DV 2( x, t), 


at all inter ints of the medium and that the 


diffusion constant D is independent of position, 
Then at a point 


and concentration of solute 


S; of the i-th precipitate particle, 


(2.2) 


a constant value which will usually be 
assumed t the solute density when the solution 
is in equilibrium with the precipitated phase.+ The 
solute flux, or current density of solute, is given by 


j(*, t) = —DV (+, t). (2.3) 
3. SPHERICAL PARTICLES OF FIXED RADIUS: 
SPHERICAL APPROXIMATION 


If the dimensions of the precipitate particles are 


in discussing the 
’ 


atoms anda 


REISS et al 
between solute 
Reiss and La Mer‘*) in 


, . 
ying the growth of spherical particles from 


s been used by 


* It ha 
1 an attractive force 
particles, and by 


a vapor. 
could be allowed to depend upon the 

or composition of the precipitate particle. 
1] assume an infinitely fast surface reaction rate,‘* 


cussion of a finite rate for Section 10 
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small compared to the distance between particles, 
we shall see that each particle may be treated 
separately in calculating p(x, 7) to an excellent ap- 
proximation. Also the dimensions of the particles 


1ay be permitted to vary with time. However, to 


simplify our initial treatment, we shall assume that 
the particles are spherical and identical in size and 
constant in size, and are 
simple cubic lattice in the 


that, at 7? 0, 


composition, remain 
a vs 1 
regularly arranged on a 
We further 
o(x, 0) has the symmetry of this lattice 


We now divide the lattice into equivalent sym- 


assume 


solution 


metrical cells center d about each particle ( Fig. 1). 





























simple cubic periodic lattice of spherical 


Fic. 1. A 
precipitate particles 
The differential operators in equation (2.1) and the 
boundary condition (2.2) are unchanged by any 
symmetry operation of the lattice, so that p(x, t) 1s 
likewise symmetric as a consequence of the as- 
sumed symmetry of p(x, 0). Hence the normal 
component of j(x*, t) vanishes on the surface 7 of 


each cel] ‘ 
np J p(x(T'), t) =0. (3.1) 


It suffices therefore to solve (2.1) in a single cell 
subject to the boundary conditions (B.C.) (2.2) 
and (3.1) and the initial value p(*, 0). We shall pro- 
ceed by expanding [p(x, t)—ps] in terms of the 
eigenfunctions of the equation 


V *uin(*) + A n “uin( x) U, 
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plus the B.C. (3.1) and 
Y(x(.S)) = 0. (3.3) 


Thus 


os 


> an(t)bn( 4). 


n=0 


p(x, t)—ps (3.4) 


Substituting (3.4) into (2.1) and using (3.2), we 
find 
da,(t) 


—DyXn?an(t), 
dt 


as a result of the orthonormality of the y, (x), 


| din( Xn (*)dx = dnn,, (3.6) 


the integral being over the interior V of the cell 
excluding the volume of the particle. Hence 


p(*, t) =ps+ ba Ane"! Tnifn( *), 


n 0 
where 
l 
An2D’ 


(3.9) 


an = |[p(*, 0)—ps]}¥in() dx. 


J) 


Evaluation of A», and y,(*) may now be simplified 
if we make the approximation, familiar from the 
work of WIGNER and Seitz“) in calculating energy 
bands in solids, ef replacing the cubic cell 7 by a 
sphere of equivalent volume.* Reserving a justifica- 
tion of this until Section 5, we have for spherically 


symmetric solutions that 


Cn sinA,(r—ro) 


in) : 


An ] 


(3.10) 


where C, is a normalizing constant, r the radius 

* This device was also used by Reiss and LA Mer.'*) If 
p(w, 0) has the periodicity of the lattice but is not 
symmetric in each cell, we must include in (3.4) the 
asymmetric solutions of the boundary value problem. 
These correspond to p, d,f, . . . functions in the spherical 


approximation. 


Y 
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from the center of the precipitate particle, and ro 
the radius of the particle. From (3.1), we find that 
An is any root of 


tanAn(rs—10) =Anrs, (3.11) 


where 1 is the radius of the equivalent sphere, o 
4a 


nr,° = 1, 
: 
3 


(3.12) 


n being the number of precipitate particles per 
unit volume. 

The lowest non-trivial root of (3.11) is found to 
be 


Ao" 


(3.13) 


rs" 


if ro/rs 1, and from (3.10), 


0 I ror? 


, 
ho Co(1— —- Ae se |, 


(3.14) 
r 2 18 

so that Yo is approximately independent of r for 
ro <r <_rs. The second root is A, (4-5/rs), so 
that from (3.8) 71/79 ~ 0-1579/r; < 1. Terms with 
n > 1 in (3.7) therefore decay very much more 
rapidly than does the term with m = 0. The n‘* 
term in (3.7) contributes the total solute current 


Fy 4 DCnanroe t/T (3.15) 


through the surface r = ro. We find also that 


2(1+A»275") 


Cn? ] 
(3.16) 
An? = 4 LAn?rs*(r1s—10)—70 | 


If the initial distribution is uniform, p(*, 0) = 
potps, we find from (3.9) 
4zporoCn —s 
an ‘ (3.17) 
An* 

Hence for 70/75 1, ao is given by poCo [1+ 
+0(ro/rs)], and ay 1, so that p(x, 7) is 

given accurately for all values of t and r > ro by 


do for n 


p(x, t)—ps > p(t) = poe t!7, (3.18) 


For t S71, we have for small r as well, 
p(x, t)—ps = p(t)(1 —ro/r+...), (3.19) 


whereas for small r and ¢ < 7), terms with » > 1 
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contribute significantly to p(x, ¢). Corresponding 


to these, there is a transient in the rate of precipita- 
tion which is obtained by summing (3.15) for 
For 7 7, however, this has substantially 

1 the total current is given by the 


vanished, and 


a 


n U term 
4rrpDp(t)\(1+0(ro/rs)) 
p(t) 4nr.> d 
p(t). 3.20) 
dt 


7) and rp < rs, then, we can calculate the 


we know 79. We find that 

108 ro~ ro? | 
-+0/ ak (3. 
é rs? 


21) 
Is 
Hence only the fraction (108/175)(ro/rs)* of the 
total solute is precipitated by the transient (from 
which we exclude the n 0) term) 
We have found, therefore, that for a uniform 
initial distribution and small particles, ro << rs, 
p(x, t) is independent of * except very near the 


> 


i 


particles and that a single term in (3.7) suffices to 
describe the system except during an initial tran- 
sient of duration roughly 7;. The amount of pre- 
cipitate associated with this transient is however 
very small.* 

transient may be 
Also p(x, 


and 7, is 


are not small, the 
or a uniform distribution t) is 
tially independent of z, no 


then substantial] 
longer very small compared with 7». However, most of 


the precipitation is usually still associated with the lowest 
This situation can 


the « 
i simply by the precipitation of solute from a 


be illustrated 
6) For a uniform 


term in igenfunction expansion 


slab of thickness d onto both surfaces 


initial distribution, 


p(x, t)dx 
poD e 
0 


This is plotted in Fig. 2. We see that 19 per cent of the 


* These conclusions are obviously true for small 
particles of shapes other than spheres. If, however, the 
initial distribution is not uniform, the importance of the 
transient can be greater in that a larger fraction of the 
total precipitation may be with it. Thus 
Walt! has shown that in the annealing of radiation 


damage in solids perhaps 50 per cent or more of the 


associated 


annealing is associated with the transient. 
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initial solute is associated with the transient and the re- 
mainder with the lowest term in the expansion. The 
shape of the curve during the precipitation of the first 
10 per cent of the solute is now determined primarily by 


the transient. 





> 


Unprecipitated fraction of excess solute versus 


D(md-")8. 


Fic. 2. 


time for finite plane slab: Equation (3.22); K 


Whenever the transient is important, as in this ex- 
ample, it can be calculated conveniently by evaluating 
the flux as if each particle were isolated in an infinite 
medium. We thus neglect the competition between 
particles. This will give the correct amount of precipitate 
for small values of t before competition is important and 
will yield too high a value as ¢ increases. An accurate 
result for all values of t is obtained by using this “isolated 
particle approximation’’ up to a time for which the un- 
precipitated fraction of solute so calculated falls below 
the value given by the first term in the eigenfunction 
expansion. The latter, which is a lower bound for this 
fraction, is an excellent approximation for larger values 
of t. For the example of the last paragraph the ‘“‘isolated 
particle approximation’”’ leads to 


d 


1— -—-(Dt)#, (3.23) 


p( x,t) dx 
d\/n 


9d . 
f 0 


since the amount of solute precipitated in time ¢ from an 
initially uniform semi-infinite distribution upon unit 
area of surface is (2/\ 7)p,(Dt)*. This falls below the 
first term of (3.22) when about 50 per cent of the solute 
has precipitated, and the approximate result obtained as 
described above is nowhere in error by more than at 


most 1 per cent. 
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4. GROWING SPHERICAL PARTICLES 


We shall now take account of the growth of the 
precipitate particles. For the periodic array of 
identical spherical particles with ro < 7s, the last 
section suggests that after an initial transient of 
negligible duration p(x, ¢) is given fairly accurately 
by the m = 0 term in (3.7) with %o(*) and Ao? deter- 
mined from the instantaneous value of ro: 


p(*, t) ~ps+ p(t)do(r, t). (4.1) 


1 3ro(t) ] 
Ao*(t ’ 
wi rg? Dro(t) 
sin Ao(t){r—ro(t)} 


Ao(t)r 


do(r, t) (4.3) 


This should be satisfactory if ro(t) is not changing 
very rapidly. We shall verify the accuracy of this 
procedure later. 

We now wish to derive an expression for p(t), 
which differs negligibly from the average density of 
excess solute if 79 <?rs, as we shall assume. We 
have seen in Section 3 that corresponding to (4.1) 
the instantaneous flux across the particle’s surface 
is given by (3.20), so that 


4nr,2 dp 


—4nro(t)pD 
3 dt of p 


(4.4a) 


dro 


pD 
—. (4.4b) 
dt Pe YO 


This is identical with ZENER and WERtT’s result. @:4) 
Conservation of matter requires that 


4r 5 
: r3>[po— p(t], 


4 : 
—pe[ro>(t) —70°()] - 
3 


where po+ps is the initial density of solute in 
solution, pe+ps is the density of the solute in the 
precipitate, and 7o(0) is the initial radius of the 
particle. Eliminating ro(t) from (4.4) and (4.5), we 
find 


dp . 
- +o0-B ; (4.6) 


3Dp 


dt 1's"pe : 


The solution of (4.6) for which p = po at t = O is 
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Dt | 


9 
rs@ Pe 


(u?+u-+1)(uo? —2uo-+ 1)) 
(u2—2u+1)(up?-+up+ 1) 
1 (2u+1) 1 
— —~ tan"! ——-++ —— tan! : 
\ 3 \ 3 \ 3 \ ‘3 


p(t) po(l+Z)), uo (1 1/(1+ 


r9°(0)pe/rs?po. In Fig. 3 we have 


1 

In! 
6 | 
(2u9+1) 


where u = (1 


+Z))*, and Z 


Fic. 3. Unprecipitated fraction of excess solute versus 
time for growing spherical particles and diffusion- 
limited conditions: A. Equation (4.7) of text (Z = 0); 
B. Equation (4.7) of text (Z 0-2); C. Equation (4.11) 
of text; D. Equation (4.10) of text. 

Kt is defined to be the left-hand side of equation (4.7) 
for A and B, and K = 2Dp,*r 2 pe-3 for C and D. 


plotted p(t)/po against Kt from (4.7), for Z = 0 and 
(0-2. Here Kt is defined to be the left-hand side of 
(4.7), and Z is found from its definition above to be 
the ratio at ¢ = 0 of the amount of precipitate 
already precipitated to the excess in solution. For 
both curves the logarithm of A(t)/po is very nearly 
linear in ¢ for p/po < 4, so that we can approxi- 
mate 


A(t)/e0 = (G) exp(—t/70(20)) (4.8) 


in this region, where 79(00) = rs?p¢4/3Dpo*(1+ 
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3Dro(co) in accordance with (4.4a) 
For small t, we have p(t) 
yroximately (for Z = 0) 


po, SO that 


dp 3Dpo 
(4.9) 


approximated as 


2Dpo't 
poexp—| , 


}, (4.11) 


n in (4.10) is small with respect to 
seen from Fig. 3 that (4.11) is a 
<imation to (4.7) than is (4.10) and is 
0 > 3. However, a decay law of 

zt*) has no fundamental justifica- 


| approximation for small ¢ 


yase 10 of the reciprocal of the 
e for growing spherical 


Equation 


t l 
iffusion-limited precipitation: A 


naa 
quation (4.7) of text (Z 0). 


Z=0:-2 I 


defined to be the left-hand side of equation (4.7). 


yr text ( 


approximation may be derived also from (4.6), 
(4.5) for (p,—p(t))! 


then using the result (8.17), strictly valid only for an 


0 by substituting from 
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It is of interest to examine a plot of log In[p9/ p(t)] versus 
log t, since it is from such a curve that ” appropriate to 
an expression of the form 

” ; le] * 

p(t)/po = exp[—(t/7)”], (4.12) 
often used as an approximation at small ¢t, is determined 
experimentally. This is given in Fig. 4 for Z = 0 and 
0-2 in (4.7). Whereas the curve for Z = 0 has a varying 
1-5 for p(t)/ po , the curve 
0-1 is similar) is almost indistinguish- 


slope between 1-30 and 
for Z 0:2(Z 
able from a straight line of slope about 1:1 for the inter- 
0-01 logy o[ Po/ p(t)] < 3.7 
We wish now to investigate the accuracy of the ap- 


esting experimental range 
proximations introduced at the beginning of the section. 
Since (4.6) was derived from (4.4) and (4.5), and since 
(4.5) is must establish that the 
solute current to the particle is given accurately by the 
right-hand side of (4.4). We should expect this to be most 


exact (if 7» v.), WE 


seriously in error when 7,(¢) is small and therefore chang- 


ing most rapidly. But for small t we may neglect com- 


petition between particles and use the “‘isolated particle 
approximation”’ introduced in Section 3. For an isolated 
zero initial radius, the exact growth 
and FRANK. We find 
2mr,(t)Dyp-. Here y 

10-2, 8 0-15, 
find 


growing sphere of 
law has been derived by ZENER 
that the exact solute current is F 


For 


0-05 


is found to be (2p,/ p-)(1 ) 


and for po s 10 Neglecting 5, we 
that this leads to (4.4) during the 
We can also show 
solution (8.14) is 
pol 1 (yDt) Yr) pol 1 rit)? 
and (4.3) if p(t) a 
o/’s. Thus if po) p 10 


during the 


early stages of growth 
that 


approximately 


when p(t) f for ? r, the 


exact p(r) : 
, which agrees with (4.1) 
terms of order 


with neglect of 


? , (4.4) is reasonably accurate 


early stages of growth, as well as for later 


times when r,(t) changes less rapidly according to (4.4b). 
5. SPHERICAL PARTICLES: 
METHOD 
We have seen in Section 3 that to evaluate the 
and for all but 
very short times, it suffices if we know 79. Since 


VARIATIONAL 


rate of precipitation for small 79/7. 


p(x, t) is substantially independent of x throughout 

most of the cell volume V, the average density p(t) 

is related to the total current F to the particle by 
dp 


dt 


—F, 


The slope of curves such as these is not unity even 
though (4.8) is an 
(7, I1n G)/t 1 
p(t)/ po (1 


accurate approximation, unless 
We may write (4.7) in the general form 
Z)F(Kt-+-f(uy)], where both K and uy 
depend on Z. It is therefore evident that a graph of 
In| p(t)/ po] versus Kt for a finite Z may be made to coin- 
cide with a portion of that for Z = 0 if the graphs are 
displaced suitably with respect to each other. 


See equations (8.14) through (8.17) below. 
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But from (3.18), 
dp 


WH 
dt ( 


so that F is given in terms of f(t) once to has been 
calculated. But 79 is given by (3.8) in terms of the 
lowest eigenvalue Ap? of (3.1), (3.2), and (3.3), and 
this can be approximated very accurately by well- 
known variational methods.“3) We define 


[ Vu: Vudx 
Ss len 

| u2dx 

J, 


the integrals being over the volume V between the 
surfaces S and 7. Then if u(x) satisfies (3.3), but 
not necessarily (3.1), one can show that K(u) is a 
minimum for u = yo(*) and that 


K(ho) Ao*. 

We shall not use the full power of the variational 
method, but shall evaluate Ag? approximately by 
choosing u(x) to be a function which we believe 
approximates %o(¥) closely. The error in Ao? will 
then be of second order in the error in u(x). 


For the lattice of spherical particles discussed in 
Section 3 we shall now not make the approximation of 
replacing the cubic cell by a spherical one. If u(x) is 
approximately equal to a constant @ except near the pre- 
cipitate particle as we found in Section 3, the numerator 
in (5.3) is determined by the value of u(a) in this latter 
region. The denominator is equal to (u)? times the cell 
volume, with neglect of terms of order ro/7,. This dis- 
cussion justifies the use of the equivalent-sphere ap- 
proximation in Section 3. 

In subsequent work with more complicated geo- 
metries, we shall frequently approximate u(x) by the 
solution of the B.C. (3.3) and Laplace’s equation 


V-u(x) = 0, 


to which (1) reduces in the steady state. We can then use 
Green’s theorem and the B.C. on S to evaluate (5.3): 


{ u(x) ‘Vu(x)dS 


T 


If u(a) = “is approximately a constant on the surface T, 
the numerator equals @ times the total flux associated 
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with u(a).* From Green’s theorem and (5.5), this total 
flux is identical for all closed surfaces enclosing the 
particle. For the spherical particle the solution of (5.5) 
and (3.3) is 

(5.7) 


l —T0/T, 


u(x) 
which leads with (5.6) to 
K(u) = 3ro/rs?(1+0(r0/rs)) = Ao. 


This agrees with (3.13) to the accuracy desired. 
Although in general the total flux F should be ob- 
tained from (5.1) and (5.2) if the variational method is 
used, in the special case in which the trial function u(x) 
satisfies (5.5) and is normalized to equal p for r = rg, 
the gradient of u(a) is a good approximation for the 
flux field near the particle, as assumed by WERT and 
ZENER. (354) 
may be used to approximate the distribution of flux over 


For particles of complicated shapes, u(a) 


the particle surface, whereas only the total flux can be 
obtained from 7p. 


6. DISSIMILAR PARTICLES AND NON-PERIODIC 
ARRAYS 

We have heretofore assumed that the precipitate 
particles are identical and that they constitute a periodic 
array. We have seen, however, for small particles 
(ro/r << 1), that p(a, t) is practically independent of x 
except within several diameters of each particle. This 
indicates that when the particles are different or ir- 
regularly arranged we can treat each one separately in 
calculating the rate of precipitation. Thus the shape, 
size, and surface conditions of each particle determine 
the form of p(a, t) within several diameters of that 
particle, and as we have seen we can approximate this 
from the solution of (3.2) or (5.3). We must choose the 
amplitude of this solution such that p(a, ¢) joins con- 
tinuously from the neighborhood of one particle to that 
of the next in the region in which p(a, t) is independent 
of x. 

For a collection of spherical particles of different radius 
¥o;, We obtain in this manner from (3.20) the total flux to 
all particles 

LF 
i 


4nDpnQ7o, (6.1) 


~~ 

i 47D pxXro; 
t 

Q being the total volume of the system. Therefore the 

decay time in (3.18) is 


rs? 


1 es (6.2) 
3D7ro 


(1/2) = 79. 


i 


where we have used (3.12) and 7 

* This is not the real flux on T given by (2.3). 

+ This may be verified in individual cases by compar- 
ing the solution of (5.5) (the steady-state diffusion 
equation) with the lowest eigenfunction of (3.2) or in the 
case of growing particles with the exact solution of the 


66s 


isolated particle approximation’’. 
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This result is correct only if the density of particles is 
uniform over volumes of dimension comparable with the 
tance J 4(Dr,/7 


from its starting point in time 7). Otherwise some regions 


average dis that an atom wanders 


of the ire depleted more rapidly than others. The 
i nsiderably larger than the particle separa- 
to an opinion occasionally en- 

ility that 


precipitate 


an atom 
rapped 


VI particle 


tase nf of . tat * 
tart or the precipitation. 
the 


1 particles in a volume on the average 


are randomly distributed, pro- 


exp[—(m—m)? 2m] (6.3) 


}- 


of radius L the probability of finding 


erage number is 


4rs 


¥ (6.4) 


4 erfc( 


IT7TTO 


for the fraction of the solute that 
7 greater than twice the 
4 so that 


ex- 


a decay time 


reir, ~ wy, this is ~ 10 


unless inhomogeneities are present, we 


pect onl small contribution from particle- 


density tions to a long 7 tail on the decay curve. 


An eff 
REIss 


s sort has been proposed by MORIN and 


are growing, we replace rg by 
btain the instantaneous total flux to the 
iting this to the rate of change of pre- 


the particle, we find that 


2pD 
: (6.5) 


) 
f 


area S, 4nr,,* is 


ticles.t We can consequently describe 


> of surtace 


ystem by introducing a parameter 
S(0)+ q(t). The differential equa- 
obtained by eliminating p 


is now 


(4.5), 


the generalization of 
t)\—179,2(0)] 6.6 
(t)—70;"(Y)}, (0.9) 


in terms Of git) 


the assumption that 


] + + 
is equivalent to 
ll surrounding each particle are im- 
penetral e, but these B.¢ 


and not from a real impenetrability. 


arise only from the assumed 


symmetry of p(, ¢ 
+ This is not true if the particles have different shapes, 
but in any case a suitable quantity can be defined to re- 


place rp 


“(f) in (60.5) 


HAM 


(6.7) 


d subject to the 


This 
q(V) 


equation BA. 

0 once the distribution of initial particle sizes is 
S(O) for all 2, 
the same fq(t)/477} #, 
S(O) can be neglected in (6.5) for larger t. This 
homogenization has been emphasized by 
Reiss.“°) It will not be true if the competing particles 


have different shapes. 


can be integrate 


specified. It is noteworthy that if q(t) 


the particles have radius, 7o;(t) 
and 


previously 


PARTICLES: VARIATIONAL 


SOLUTION 
If an ellipse with foci at x 
its major axis of length 2a, a prolate spheroid is 


7. SPHEROIDAL 
|¢is rotated about 


generated. If rotated about its minor axis of length 
2b, an oblate spheroid results. The two cases must 
be distinguished, as they are qualitatively different 
going over a rod and a disk, respectively, as the 
eccentricity e = c/a approaches unity. In deriving 
the rate of precipitation with particles of this 
shape, we shall use the variational method of 
Section 5. 

We introduce spheroidal co-ordinates,“ €, 7, 9, 
since Laplace’s equation (5.5) separates in these 
systems. In the orthogonal co-ordinate system de- 
fined by €, 7, 9, the surfaces of constant € are con- 
focal spheroids, either prolate or oblate, depending 
on the axis of rotation 

We now seek a solution of (5.5) that vanishes on 


¢ 


the spheroid = £9 and equals p for large € ~ &. 


For functions of € alone, (5.5) reduces to 
1 iPr du) 
1(é) 
where 
1(€) 
for prolate spheroids and 
(7.2b) 


f(é) = &(€°—1) 


for oblate spheroids. The desired solutions are: 


Prolate 
_ Inf(é+1)(o—1)/(€—1)(€0+1)] 
u y ’ 
Min[(és+1)(é0—1)/(s—1(€0+1)] 
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Oblate 


cos~1(1/€)— cos~1(1/£ 0) 
7 nae oomneer, (7,90) 

cos~1(1/£;)— cos~1(1/£o) 
Substituting these in (5.6), we find on performing 
the surface integrals and letting és, be large (the 
spheroid € = &s is practically a sphere of radius 
rs = c&s, with rs given by (3.12) and 1/és ~ 0): 
Prolate 


6c 
Ao? = 


— ——— : (7.4a) 
rs? In{(1+e)/(1—e)] 


Oblate 


y 


IC 


(7.4b) 


Xo? ——- 
rs>[sin~le] 
We can verify by expanding (7.4a, b) that in the 
limit e = c/a-> 0 we obtain the spherical result 
(3.13), with a = ro. In the opposite limit e ~ 1, we 
obtain for the needle of length Z(= 2a) and radius 
ro( b) 
3L 


——-, (7.5 
2rs°In(L/ro) 


Ao 


and the disk of radius a, thickness 2b ~ 0 


6a 


Ao" (7.6) 


rs? 


The total current for these geometries can be ob- 
tained from (5.1), (5.2), and (3.8).* 

We now wish to derive the time-dependence of 
p, taking account of particle growth. This can 
evidently be done following the methods of Section 
4, if we specify the relationship between the 
eccentricity e and the particle volume. The deriva- 
tion of such a relationship should consider the 
volume free energy, surface tension, and the strain 
in the surrounding medium, and these effects are 
outside the scope of the present discussion. Never- 
theless, restricting attention to diffusion-limited 


* We note that (7.5) is similar to our result for long 
cylindrical particles (9.1) if we put L ~ r,. However, 
these formulas should not be identical, for in deriving 
(7.5) we have assumed r, ro and 7, L, whereas in 
using the two-dimensional analysis we assume that the 
cylinder lengths are long compared with the interparticle 
spacing. 
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processes only, we shall show in Section 8 that if a 
precipitating atom remains at the point on the pre- 
cipitate particle at which it settles, the particle 
grows with a constant eccentricity if its dimensions 
are small compared with the particle separation. 
This result arises from the marked difference in the 
gradient of p(x, t) over the surface of the spheroid, 
the higher gradient being at regions of high surface 
curvature and of magnitude appropriate to pre- 
serving the relative dimensions of the particle. We 
shall assume in the following calculation that the 
eccentricity is constant. 
The volume of the spheroid is 


_ 47a a 
if —{1—e*}f, (7.7) 


with g = 1 in the prolate case, g = 4 for the oblate 


spheroid. The equation replacing (4.5) is therefore 


47 , 4a , 4 
—pe( 1 —e)a{a(t) —a3(0)} = —1s3(po—p), (7.8) 
3 3 

and in place of (4.6), we obtain from (5.2), (7.4), 


and (7.8) 


dp rsDp\(A2\ e 
die a +)| <r " 


pe* c 


, 
3 


(7.9) 


(1 —e?)41a9(0)pe 
x : 


rs? 


+(n0-A) 


This equation has the same form as (4.6), so that its 
solution is given by (4.7) with u and uo appropri- 
ately redefined. We find, therefore, that the time- 
dependence of for diffusion-controlled growth 
and constant eccentricity is qualitatively similar for 
spheroids and spheres, the only differences being 
in the parameters in the formula. Therefore one 
can not conclude whether a particle is a sphere, 
disk, or rod from the qualitative form of the initial 
decay.% 

We shall show in the next section that the con- 
centration gradient over the particle’s surface does 
not tend to change the eccentricity under diffusion- 
limited conditions. Our assumption of constant e 
and the consequent result that is $ in (4.12) for all 
spheroids are therefore valid unless other processes 


Tt One can distinguish the case of very long cylinders 


with L > r,, discussed in Section 9. 
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are important. If the particle should change shape 


as it grows, say by diffusion within the precipitate 
phase, in order to minimize its free energy, we 


would have to integrate (7.9) with e an appropriate 
ot 
sequently differ somewhat from %. A value for n 


function a(t) or (po—p), and m would con- 


of 3 is obtained if the growth is limited by a surface 
reaction rate 
(Section 10) 
g the early stages of precipitation, the ap- 


UUTil? 


parent value of obtained from (4.12) is greater 


and the eccentricity is constant 


If nucleation of particles continues 


} 


than $, as may be proved from an assumed nuclea- 
te and the “isolated particle approximation”’. 
WERI ZENER 


disks or rods and diffusion-limited conditions 7 1s 


tion ra 


and 15) have suggested that for 


+ 


yr 2, respectively, on the assumption that the 


longer dimension of the particle grows at a constant 


ate so that a(f) zt. No justification was given 


for this assumption under diffusion—limited 


We show in the next section that for 
at 


any fixed eccentricity, so that the volume of pre- 


conditions 


diffusion-limited growth a(t) xt small ¢ for 


cipitate is proportional to ¢ 


ly our procedure to the case of a thin disk 


ius from an initial value 

1 small percentage during growth. We 
( that To 7 6a(0)D, so that 
the 


f thickness with 


(0). Of 


thickness 26 of the disk or 


provided 


regaraless o! 


time, only that 6 


course, if the radius a is approxi- 


and e changes, the shape of the particle 
1ust depend upon something other than the diffusion 
The 

the thickness 


TI 


» the partic le is proportional to p, so 
proportional to 
by WERT 


one-dimensional 


increases at a rate 
assumption made 


based 


s contrasts the 
was on a 
the 


of one-dimensional 


thickness should be proportional to t?. 
for a of 


le separa- 


arguments disk 
lateral dimensions small compared with partic 
for the actual diffusion field around the 


appropriate to one- 


tion is not valid, 
le is entirely different from that 


The 


tial transient, 


sional diffusion latter is appropriate only 


which is of short duration 


. In the 


zero thickness, terms in (7.9) and (7.10) become infinite, 


limit ¢ 1, corresponding to disks and rods of 
and the exact time-dependent solution of Section 8 does 
In real processes the particles must, of course, 
but the difficulty in the limit 


t exist 
ave a finite thickness, 
suggests that for very thin particles the growth condi- 
tions at the sharp edges can not be described accurately 
by the diffusion-limited process. For reasonable particles, 
0-995) the results of our theory for 


nowever, (say € 


diffusion-limited growth are unambiguous. 
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7, if the lateral dimensions of the disk 
are much smaller than 7,. 

The case of a rod of approximately fixed length can 
be dealt with similarly. We again obtain p poe ''To, 
with 7, given by [27° 1n (L/r)]/3LD, if we use the final 
value of 7.(< L) in the argument of the logarithm and 
neglect the change of the argument with time. 


compared with 


8. DIFFUSION-CONTROLLED GROWTH OF 
SPHEROIDAL PARTICLES 

We wish to prove our assertion in Section 7 that 

the of near a 

spheroidal particle is consistent with the assump- 


concentration gradient solute 
tion that the particle has a fixed eccentricity during 
growth. We shall first demonstrate that this is true 
if we approximate p(x, ¢) with the solution (7.3) 
of (5.5). This is the exact solution of the steady- 
state diffusion problem from an infinite medium 
to a particle of fixed dimensions, and it differs from 
the lowest eigenfunction of the boundary-value 
problem only by small terms of order a/rs, where 
a is the semi-major axis of the spheroid, and rs is 
the equivalent sphere radius. Then we shall prove 
the result for the growth of a single particle of zero 
initial dimensions in an infinite medium with an 
initially uniform density of solute. For a particle of 
finite initial dimensions, the eccentricity is not 
constant during the early stages of growth unless 
the initial solute distribution has a very particular 
form. Although we have not succeeded in cal- 
culating the growth law for an arbitrary initial 
distribution, it appears that the change of shape is 


slight if PO Pr l. 


For the steady-state diffusion field, we calculate the 
local flux density from (2.3) after expressing the gradient 
Since (7.3) 


operator in spheroidal co-ordinates 


depends only on é, the associated flux is normal to sur- 


faces of constant &: 


J(*, t) 
where é is a unit vector in the direction of increasing &. 
We obtain for the oblate spheroid, using (7.3b) and 
0 for simplicity (the prolate case may be 


setting 1/£, 
handled in the same way) 


pD [sin—(1/£)}7! 


j(x(S), t) 


Evaluating the rate of change of the major and minor 
axes from the current density on the spheroid’s surface 
at the ends of its axes, we find for the oblate spheroid 
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da db pDe 
b a —{sin-le]-1, (8.3) 
dt dt pea 

The rate of change of eccentricity e c/a is then 
de/dt = (b/a*c) - (bda/dt —adb/dt), which from (8.4) is 
zero. From the current at a general point on the spheroids 
surface, we may further show that the spheroid in fact 
retains its shape, as the rate of change of the axes 
suggests. 

The greater rate of change of the major axis is due to 
the higher gradient of p(x, t) near the part of the spheroid 
at which its surface curvature is highest. This in turn 
reflects the decreasing probability that a single solute 
atom will encounter the spheroid’s surface before 
wandering off to a large distance as the surface is made to 
bend more sharply away from the atom. We should 
expect that for large particles, with dimensions not small 
compared with the particle separation (say a/r, +) the 
effect of neighboring particles would be to make p(a, 1) 
less asymmetric about each particle, unless the particles 
are stacked in a regular manner. This would lead to a 
growth in which the eccentricity decreases, and the 
particle becomes more nearly spherical. 

Having shown that the eccentricity is constant if we 
approximate p(x, t) by the solution of the steady-state 
diffusion equation, we now proceed to the exact solution 
of the time-dependent diffusion equation for a single 
particle of zero initial dimensions in an infinite medium 
with uniform initial solute density. We suppose that a 
solution of (2.1) exists that is a function only of the 
variables‘??? 


(8.4) 


Then the diffusion equation (7.1) becomes 


1 
—-—s:Vsp 


2 


where s (u, v, w). 

We seek a solution equal to p, on the surface & éo 
and equal to py+p, at & x». We desire further that it 
satisfy the condition that the current density (in the 
original x, y, z co-ordinates) provide the flow of pre- 
cipitating solute at the particle surface § = £9 needed to 
keep this interface moving according to (8.4) with 
(u/a)? + (v/b)? + (w/«)? 1, where « = a if the spheroid 
is oblate and « = Dif prolate, and £5 = a(a?—b*)~*. The 
velocity (dx/dt) of a general point on this surface as 
given by (8.4) is not parallel to the unit normal £. Hence 
this condition may be written as 


D(V zp *é) Pe pe(dx/dt) + € é,° 


Introducing spheroidal co-ordinates in (u, v, w), we 
find that the desired solution is a function of & only. 


(8.6) 
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Hence (8.5) becomes 
dp Dd 
F(é) 
nag ME 


where f(&) is given by (7.2). The solution satisfying the 
B.C. p(&o) Ps, P(O) Pot 


Ps 1S 


plé 


where 


A*c?/D. 
ditional B.C. (8.6). Using (8.4) and expressions for € and 
V xp in spheroidal co-ordinates, (8.6) may be expressed as 


and The parameter § is fixed by the ad- 


Cp pel* AE pep& 
(8.10) 


5] 


o€ 2D 2 


to be imposed at & €). This with (8.8) leads to the 


equation for /: 
exp[—£0"/4] 
f(&0) 


We find from (8.4) and the definition of the spheroidal 
co-ordinates that the point (£, 7, 6), at which the density 
is given by p(&) in (8.8), corresponds for a prolate 
spheroid to the actual point 


&n(DBt), 
y = (Dpr)'{(é2—1)(1 —72)]? cos, 
= = (Dét)[(€2—1)(1—72)]}! sind, 


1 pe 


BEoF (Eo; ). 
2 po 


(8.11) 


(8.12) 


A corresponding result holds for an oblate spheroid. The 
surface of the growing particle is given by €), so that 
the ellipticity e 1/&) is preserved while the dimensions 
of the particle are proportional to (D{t) *.* 

For small values of po/pc, we may approximate ? by 
replacing the exponentials in (8.21) by unity. The integral 
can then be done, and we obtain: 

Prolate 
400 03 1 Bt 
- — —____—__——_ q (8.13a) 
pe ab? In{(1 +e)/(1—e)] 
Oblate 
fi 3 1 
“po ¢ 
- (8.13b) 


pe a°b sin-le 


* A similar result is found for an elliptical cylinder, 


with f(z) = (2?—1)?. 
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t these values together with (8.12) 


ith (8.3), the result of our earlier ap- 


when For larger values of 
icle in an infinite 


With a 


infinite field rate pertains during 


3), and the part 


(8.1 


what faster rate competitive 


wth when the ‘‘isolated particle 


we can approximate p(£) for values 


¢ hy 
tO C9 DY 


We obtain 


results identical 


1 replacing the 


Q), except that in the 
moving surface 
the 
, t) for points very near the 
Henc c, 
treatment used 


denotes a 

that for small p/p 
the same as in the steady state 
lier, the approximate 


for spherical particles can be used 
l. For large values of £ the exponen- 
be neglected, and p(£) approaches 
ily than indicated | rf} ¥ 


show that in the limit of a spherical 
with 


our 


identical 
with 


our present result 1S 


th nearly spherical surfaces 
ire large compared with 
(3.5), 


in (3.49) to u 2 


~ SO» 


rdinates, & and &, 


Placing < ry Act*® in 

ble of integration 
the new 

i that (8.8) becomes 


parameter 


Gir \) Dt) 


G(1; 5 


5(p, pP0)) G{ ] >V)s 
; given by 
ro = (yDt)'. 


These results are identical with FRANK’s. FRANK(!”) has 


given tables for the solution of (8.16) 
If a spheroidal particle has finite dimensions at time 
0, we can use our exact time-dependent solution if the 
mn is described by (8.8) and (8.12) with t 

8.12), + being chosen to make (8.12) 

roid’s surface for The distribu- 

is then given by (8.8) if (t+-7) is used in 
remains constant 
expect de- 


that, if 


t, and the eccentricity 

tial distribution, we 
We 

uniform far from the particle, and if 


may 


growth law conjecture 


vall, the growth law at large ¢ will approach our 
above solution but for an eccentricity slightly different 


from that with which we started. In particular, if p(a, 0) 
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is uniform, the surface of the particle will start its ad- 
vance with the same normal velocity at all points, just as 
if the surface were everywhere flat, and the eccentricity 
will decrease. Since for a particle of fixed dimensions, and 
also for our solution (8.8) for po/ pe 10-*, the distribu- 
tion p(a, t) approaches the steady-state solution (7.3) near 
the particle, we expect this to happen in general if po/ pe 
is smal]. This form of p(a, t) would tend to preserve the 


eccentricity during subsequent growth, as we have seen. 


9. CYLINDRICAL PARTICLES 
For cylindrical particles, with length much 
greater than average interparticle separation, and 
circular cross-section with radius ro rs, we shall 
idealize to a two-dimensional model. Now (3.12) 
is replaced by zrs2n = 1, n being the number of 
particles per unit area. The exact value of Ag? ob- 
tained from the Bessel function solution of (3.1), 
(3.2), and (3.3) shows that for rs/r9 > 4 

2 2 
Ao* = In 
ro 


(9.1) 


with an error less than 6 per cent. The decay time 
for fixed cylinder radius is therefore 
rs" 3” 
In(rs/ro)— (9.2) 
2D 5 
The exact expression for the current into the 
particle per unit length is, for the » = 0 term in 
(3.7), 
Aors] i(Aors) 
dp 
To(Aoro) 


(9.3) 


or if Apr is small, 


F =~ 27D p/[In(rs/ro)— 2), (9.4) 


in accord with (9.2), (5.1), and (5.2). Here p is the 
density at 7s, less the equilibrium density ps. In 
two dimensions it is not true that p(x, f) is in- 
dependent of r for ro/r < 1, because of a logarith- 
mic term in the lowest eigenfunction. However, 
p(x, t) is a slowly varying function of r for 
large r/ro, so that our earlier conclusions concern- 
ing the possibility of treating each particle separ- 
ately are still good approximations. 

Allowing for the growth of the particles from an 
initial radius 79(0), we now find, using (9.4), 


dp 
dt 


2Dp 


rs*(In{rs/ro(t)} —#] 
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with 79 determined in analogy with (4.5) by 
mpelro-(t)—r0°(0)] 


However, In(75/ro) varies slowly with time except 
for very short times, so that it should usually 
suffice to replace the denominator in (9.5) by its 
value at the completion of precipitation as obtained 
from (9.6). We then obtain the same time- 
dependence of p that we had earlier with fixed ro, 


poe! "es 


71s"(po— p). (9.6) 


namely p 


The exact solution") for the growth of an isolated 
cylindrical particle can be put in the form of the solution 
for the sphere, (8.14) through (8.17), except that the 
denominator of the integrand in (8.15) is u instead of u? 
To approximate y when po/pe< 1, we set the ex- 
ponential in the integrand of (8.15) equal to unity but cut 
off the infinite integral at uw = R, where exp(—yR?/4) 
e~'. Substituting from this relation into (8.16), we find 
that (In R/R?) Po/2pc. From (8.14), using (8.17), we 
obtain 


(9.7) 


The exact total current into the particle per unit length is 
F = 7Dpcey = 27Dpo/(InR). (9.8) 


Comparing (9.8) with (9.4), we see that (9.4) is roughly 
correct during the early stages of growth if 
{In(r ,/79) —?] = InR. For po/ pe 10-°, InR 4-5 and 
from po7r ;” PeT7o”, With 79 given its value for ¢ 0, 
we have In(r,/79) $1n(pe/po) = 3:5. The approximate 
solution is therefore not seriously in error even at small 
t, although one can obviously do better during the early 
stages by using the exact solution of the “isolated particle 
approximation’’. We see from (8.17) that the exact pre- 


cipitation rate is given for small t, when 7,(0) 0, by 


~~ | 


p , yDpet 


~e C/T. (9.9) 


’ 


-_ 
po spo 


so that n 1 in (4.12), as we found earlier. This is valid 
only if diffusion is the most important mechanism where- 
by solute atoms are attracted to the cylindrical particles. 
If the latter are dislocations, the stress fields are strong 
enough to attract certain impurity atoms from a distance 
of several hundred angstr6ms. COTTRELL and BILBy(8.!%) 
and Harper) found under these circumstances 
p/ po  e-*t?'3.* This expression fits HARPER’s data on the 
precipitation of carbon in cold-worked «-iron, in which 
the dislocation density was ~ 10!" lines cm~?. TWEET‘?!) 

* In a forthcoming paper we shall show that a more 
accurate theory of this process modifies appreciably the 
quantitative conclusions of these authors. 
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studied the precipitation of copper in germanium crystals 
with only 104 to 10° lines cm~?, so that his observation of 
p/ py <= e~“ is consistent with the belief that diffusion is 
dominant during most of the precipitation. However, 
with a strong stress field near the dislocation, the 
“capture’’ radius for diffusion, 79, will be determined by 
the stress field rather than by (9.6). 


10. REACTION-CONTROLLED PRECIPITATION 

It is possible to apply the general methods used 
in this paper to other types of precipitation pro- 
blems. In TURNBULL’s studies of particle growth 
when the growth is limited by a surface reaction 
rate instead of by diffusion, it is no longer assumed 
that the solute is in equilibrium with the precipitate 
at the interface, but instead that an atom at the 
interface must surmount a barrier in order to enter 
the precipitate.(9) The net rate at which such a 
process occurs is proportional to the difference 
between the density of solute at the surface and 
some equilibrium value ps. Equating this current 
to that maintained by the diffusion field, we have 
the radiation-type B.C. at the interface, 


—Dn:-Vp = (p—ps), (10.1) 


where 7 is the normal vector pointing into the 
precipitate. This B.C. replaces (2.2) in our earlier 
work. 

For a spherical particle of fixed radius, the 
methods of Section 3 apply if (3.3) is replaced by 
(Oxb/0r) —(o/D)ys = 0. As before p(x, t) is given by 
(3.4), and the eigenfunctions by (3.10) with 
sin An(r —an). For small 7o/rs the lowest eigenvalue 


is alone of interest, and 
9 
oro* 


——, (10.2) 
D+oro 


x0 


(10.3) 


with neglect of terms smaller by ro/rs. As 
oro/D —> 0, our earlier result (3.13) is obtained. 
The total flux to the particle is now 


(10.4) 


For a more complicated geometry we may use a varia- 
tional principle analogous to (5.3) but suited to the B.C. 


(10.1), 
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Vu: Vuds+ u2d S$ 
d Pi 


L(u) : (10.5) 
{u2dx 
rface integral being taken over the surface on which 
The trial functions u now need 
(3.1). We that for the 
the form u 1+-a/r yields 
(uw) is minimized with respect to a. This 
1 yield useful results for other shapes of 


satisfied 
(10.1) 


function of 


to De 


nor find 


To consider particle growth we proceed as in 
Section 4, obtaining for the sphere in place of 
(4.6), with Z ro°(0)p, r spo, 
dp 
at 


(Z+1—//po)! 


x 


D+[(orspo Pr *\(Z+1—p/po)*] 


This can be integrated with the B.C. p 
t U: 


Gr pv (1+Z)*) 
D | 


(1+u+u?)(1—u)? 

— 
(1—u)*(1+up+ U7) 
Or spp ( l +Z)*) 


Xx 
Pe D } 


n 


2u+l 


2uo+ ] 
x lo 


— tan! , (10.7) 
V3 V3 | 
where u and up are defined following (4.7). This 
result agrees with that obtained in a more com- 
plicated way by FriscH and CoLiins®?) in their 
analysis of the growth of aerosol particles, except 
that their published expression contains several 
0, and D 


misprints. For small t, Z oro, We 


find 


: P 
Gpo t 3 


p a po exp — - (10.8) 
TsPc* 

a result also obtained by TuRNBULL.“) We have 
plotted (10.7) and (10.8) in Fig. 5 for Z = 0 and 
D org. Evidently (10.8) is a good approximation 


only for p/po > 4. When o is larger, so that 
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org ~ D, the time-dependence of (10.7) is not 


—/7)?? or e~Y/7)3 and 


accurately given by either e 
(10.7) must be used for all values of f. 








20 
> 
Fic. 5. 
time for growing spherical particle and surface reaction- 
limited precipitation: A. Equation (10.9); Z=0, 
D > ory; B. Equation (10.10). 


K (apo? P 


Unprecipitated fraction of excess solute versus 


1o--*) for both curves 


For spheroidal particles we find that (10.1) leads to 
growth in which the unless 
ory D, if the atoms remain on the precipitate surface 
at the point at which they settle. This is obvious in the 


eccentricity decreases, 


limit of very small o, when the surface reaction rate com- 
pletely controls the growth, and all surfaces advance at 
the same rate as a consequence. 

A further generalization of the diffusion problem to 
which the variational method in particular can be ap- 
plied is that in which a force, due perhaps to electrostatic 
or strain fields, attracts or repels the diffusing atoms in the 
vicinity of the precipitation site. 


11. DISCUSSION AND SUMMARY 

We have described a general method for the cal- 
culation of precipitation rates in systems in which 
diffusion is important and the precipitate particles 
have various shapes and other properties. We have 
given examples of the method’s application in 
simple systems and have thereby derived many 
results familiar from the work of previous authors 
as well as some that are new. Our procedure thus 
provides a common means of solving problems 
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which have previously been treated in diverse 
ways, and it is sufficiently simple to permit ap- 
plication to systems more complicated than those 
we have discussed. 

Our theory of general precipitation upon a col- 
lection of competing particles has been based upon 
the mathematical device of expanding the solute 
density p(x, ¢) in the eigenfunctions of a suitable 
boundary-value problem. This provides a rigorous 
solution, in principle, of the idealized problem of a 
periodic distribution of particles of fixed dimen- 
sions and identical surface conditions, for an 
arbitrary periodic initial solute distribution. For 
the idealized problem with particles of dimensions 
small compared with their separation (say 7o/rs < 

;'5) and a uniform initial solute density, p(x, t) is 
given accurately by a single term in the expansion 
which decays as exp(—t/7o), except during an 
initial transient which lasts approximately 7; < 

(ro/rs)7o. This transient may be calculated from 
the ‘“‘isolated particle approximation’’, and its 
complete neglect results in an error in the total 
amount of solute precipitated of only the fraction 
~ (ro/rs)?. The single term alone important for 
t > 7; may have a complicated form within a few 
diameters of the particle if the particle is not of a 
simple shape, but it is practically independent 
of position elsewhere. 

These results for the idealized problem provide 
insight into situations involving growing particles, 
non-periodic particle distributions, dissimilar 
boundary conditions, and other complications. 
The dominant term in the eigenfunction series for 
the fixed particle gives an excellent approximation 
to the solute distribution near a growing particle if 
po/pe =< 10-* and substantiates the accuracy of the 
simple method of calculation used by ZENER and 
Wert for spherical particles. @:4)* The fact that this 
term is nearly independent of position far from 
each particle makes possible the independent cal- 
culation of the flux to each particle in terms of the 
average solute density. 

The results of our theory that are new are those 
dealing with spheroidal particles. We have shown 
for the diffusion-limited growth of small spheroidal 
particles, whether prolate, oblate, or spherical, 
that the growth law is qualitatively the same if the 

* However, it does not support DoREMUSs’s generaliza- 
tion of this method in his calculations on non-spherical 


particles, ‘!”) 
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eccentricity is constant and that m = $ in (4.12) for 
small ¢ if the particle initially had negligible dimen- 
sions.+| We have also shown that for diffusion- 
limited precipitation the concentration gradient is 
not at all uniform over the surface of a spheroid, 
and that if atoms do not move once they have 
settled on the particle’s surface, the spheroid grows 
with constant eccentricity once any transient has 
died away. Therefore the value of m in (4.12) cannot 
be used to distinguish between spheres, small rods, 
or disks under these conditions, and our results do 
not support WERT and ZENER’s suggestion that 7 is 
$ for disks and 2 for rods. For long cylinders, rods 
of nearly constant length, and disks of nearly con- 
stant radius, ” is 1 provided that in the latter two 
cases the particle’s dimensions are small compared 
with the particle separation, so that the initial 
transient is negligible. For particles growing in 
three dimensions but of initial volume more than 
one-tenth their final volume, the apparent m is 
between 1 and 1-5, as in Fig. 4. For the latter 50 
per cent of the precipitation process, the logarithm 
of the average solute density is nearly linear in ¢ 
regardless of the particle shape or the number of 
growing dimensions, unless of course a second pro- 
cess with a long 7 is also present. This linear region 
extends to a larger fraction of unprecipitated solute 
if the precipitate particles have an appreciable 
initial size. 

There is very little experimental information on 
the shapes of particles in systems in which n has 
been measured. For aluminum-—copper alloys 
GuIniER®@®) has observed the particles to be disks, 
using the electron microscope, and he found 
n=1-8 using X-ray methods. Harpy) has 
found m = 1-5 for the same systems from hardness 
aging curves, and LANKES and WAsSERMANN(®°) 
found »=1-5 from dilation measurements. 
Harpy and Heat have remarked on this dis- 
crepancy with WerRT and ZENER’s®) theory. Our 
value of 3 is clearly more satisfactory here. For 
carbon in a-iron, WERT) has reported m = 1:5 
from internal friction measurements, and PITSCH 
and Licke®® found m = 1-15 in similar experi- 
ments. PirscH and LUCKE also measured the elec- 
trical resistivity during the precipitation, and 


t It should be emphasized that for precipitation the 


py exp[ —(t/7)"] is an approximation 
1 it is never exact, 


expression p(t) 
only valid at small ¢ and that for n + 
as has been implied by some discussions. 
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PitscH®® interpreted their results as indicating 
that the carbide precipitate particles are highly 
eccentric disks with axial ratios a/b between 25 and 
60. This shape has been confirmed by Pirscu 7) 
in studies using an electron microscope, and similar 
results with a lower axial ratio have been reported 
by et al.°8) RapavicH and WertT®9%) found 
spherical particles under slightly different con- 


Tso 


ditions. Our theory reconciles values of n between 
1 and 1-5 with observations that the particles 
are either disks or spheres. PrtscH and LUCKE’s 
1-15 could mean that the particles 
the start of the 


value of 
are not of a negligible size at 
precipitation measurements and instead already 
contain one-tenth or more of the carbon which 
eventually precipitates. This situation is typified by 
the curve with Z = 0-2 in Fig. 4, which experi- 
mentally could probably not be distinguished for 
p/po > 10-2 from a straight line with m between 1-1 
and 1-2 

For nitrogen in a-iron, WerT®) has reported 
n = 2-45 from internal-friction 
This is the only case known to this author for 
has been 


measurements. 


which a value of m markedly larger than ; 
observed in what is supposed to be a diffusion- 
limited process. From the present theory we con- 
clude that something other than diffusion is limit- 
ing the precipitation. This system has also been 
studied by Jack and MAxweE t. 80.31 
Values of m near 3 have been found by TurRN- 
BULL”®) for the precipitation of barium sulfate, and 
he has attributed this to a rate-limiting surface re- 
action as discussed in Section 10. TURNBULL and 
TREAFTIS2) have found n 3 for tin in lead, but 
they have interpreted their results as indicating 
cellular precipitation. Other investigators, in ad- 
dition to those mentioned previously, have found 
These include TwEetT@)) 
3 for precipitation on 
isolated particles, n 1 for dislocations) and 
Morin and Rerss@4) (lithium in germanium; 
n = 3). We conclude from our theory that if m is 
greater than 3 for small particles in the initial stages 
of growth, a rate-limiting process other than simple 
diffusion is important, or else that nucleation is 


values of 2 near 1 or 


(copper In germanium; nN 


continuing. 

There is little experimental evidence concerning 
the change of shape of precipitate particles during 
growth. PirscH®?) has interpreted electrical- 
resistance and internal-friction measurements as 
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indicating that the eccentricity of carbide particles 
in «-iron decreases during growth. Tsou et al.(8) 
report similar conclusions, but give values for the 
axial ratios that differ from PiTscn’s results by a 
factor of nearly ten. From our theory we conclude 
that such a change of eccentricity for a small 
particle must be attributed to something other than 
diffusion alone (e.g. free-energy considerations, 
diffusion over the surface of the particle, or a slow 
surface reaction rate). 

In concluding, we wish to emphasize that our 
theory is more accurate, the lower the density of 
solute. We desire that the precipitate particles have 
dimensions small compared with their separation 
(preferably at least a factor of ten), and that the 
ratio of solute density in solution to that in the pre- 
cipitate phase, po/ pc, be less than 10-? and prefer- 
ably less than 10-8. We believe that unambiguous 
of experimental results will be 


interpretation 
are well 


possible only when these conditions 


satisfied. 
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Abstract 
ge 1 


20°K is described 


lowest temperatures without the need of exchange 


isurements 
resistance-temperature¢ lata an< 


: 
tors as secondary thermometers in both the liquid 


\ method 


tors 
LOT 


specimens, 


g of different crystallite sizes and 
The data for a natural graphite specimen can be expressed 


ve specinc heats 


and y7 


y 
made on such materials as graphite. A 


1 their analysis concerni 


obtained in 


1958) 


\ high-precision isothermal calorimeter for specific-heat measurements in the tempera- 


The calorimeter container and/or specimen can be cooled down to 


as, often a source of difficulty in precision 
detailed discussion is presented on the 
g the use of commercially available carbon 


helium and liquid-hydrogen temperature 


is demonstrated for evolving a “‘working’’ temperature scale in the region 4-2 


the temperature range 1-3—20°K, are reported. 


‘degree of faulting’’, exhibit pronounced 


The coefficient of the linear term (electronic specific heat) is 


Specific-heat measurements are also reported in the liquid-helium 


i Doronateda grap 


1. INTRODUCTION 


DuRING the past several years there has been an 
increasing interest in the specific heat of substances 


at very low temperatures from both the experi- 


mental and theoretical points of view.“) One 


ivity includes studies on the effect of 


lattice anisotropy on the specific heat. A simple 


monatomic material of much concern in this re- 


spect, because of its highly anisotropic nature, 1s 


r } 
grapnitk 


g However, the problem of determining the 
specific heat of graphite at very low temperatures 
is complicated by the fact that the values of this 
property are exceedingly small and the substance 
can become easily contaminated by gaseous ad- 
sorbates whose relative heat capacities may be 
considerable at these temperatures. Moreover, 
there are other factors such as particle size, lattice 
irregularities, intergranular carbon, &c., that can 


influence the specific heat. These various factors 
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the 


Meeting, 
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sical Society 


Connecticut, 


are probably responsible for the inconsistencies in 
published values that have appeared recently. @-) 

Discrepancies in previous experimental results 
have made the evaluation of various theoretical 
models more difficult. In order to elucidate this 
problem, we have considered extending the in- 
vestigation to specific heat of graphite to liquid- 
helium temperatures and to include in the study 
high-purity of different 
crystalline sizes and lattice irregularities. Data ob- 


specimens consisting 
tained from four different samples of graphite are 
tabulated 

The report also describes a calorimeter designed 
primarily for investigating this problem. The unit 
is operative in the temperature range 1-20 K. Two 
unique features of the apparatus include (1) a 
thermal switch and (2) a large vacuum-sealed type 
of calorimeter container that permits the establish- 
ment of relatively fast equilibrium times (long 
time constants) after dissipation of energy inputs. 
These modifications eliminate the need of exchange 
gas and thereby avoid any possible gaseous con- 
tamination of the sample under investigation. In 
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addition an analysis of the use of carbon resistors 
for secondary thermometers is presented for both 
the liquid-helium and liquid-hydrogen tempera- 


ture regions. 


2. APPARATUS AND EXPERIMENTAL 
PROCEDURE 
(a) Cryostat 
The cryostat assembly and its essential features are 


Z 


Liquid-helium cryostat and calorimeter. 


shown diagrammatically in Fig. 1. There are two re- 
frigerant compartments. An outer one (liquid nitrogen) 
consisting of a stainless-steel Dewar flask (Hoffman 
Laboratories, Inc., Catalog No. F4) and an inner one (for 
the liquid helium or liquid hydrogen) consisting of a 
large Dewar (Kimball No. 650 glass) of approximately 
8 1. capacity. Copper Constantan thermocouple junctions 
conveniently positioned in the metal Dewar, and carbon 
resistors placed in the glass Dewar serve as useful 


refrigerant-level indicators. The third innermost 
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h houses the high vacuum for the cal- 
‘f a copper can that makes a 
heavy 


t) with the copper 


e central stainless-steel tube 


has been designed to enclose a 


e that can serve either as a gas 


chambe r. The volume 
21-0°¢ 


the capillary tubing (Monel), all 


pressure¢ 


ee] The electrical leads 

0-005-in. Manganin 

be shown by crude 

(compared to 
measurements) 


oom-temperature radiation 


have been placed at 
is. The 


iratl 
them. A top one 


traps 
ipp central 
(sec I ig. 


tures 


The second 
] 


lal contact 


—— 
he third traf 
a few inches 
temperature 
to that of 
trap (with 


refriger- 


apparatus (including the 


it 4 2 K amounts to 


1a specific-heat 
arbon resistor above 


4t1i0ON 1S C\' 


operated at 


container I 


dy of the calorimeter consists of a 
of OFH( 


in coppe 


copper spun from 0-025-in. stock. 


rf n thick) project radially 


yng the 


ng 
linder then 
» radius of the 


along the tube 
wall distance 
‘he top 


nns 1s about MW | 


} 


been m ined so that the 


angle of 45 vertical 


surface makes a precision fit 


This compression seal of copper, lead ring and 


} j ] 
copper base (made with 22 brass screws) was originally 


used. However, after several months’ operation there was 


enough flow in the 3-in supporting copper plate that 
than 10 


seal is now made by soft soldering on a 


vacuum mm of Hg could not be 


attained 


somewhat modified brass container 


and 
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with the smooth wall of the gas thermometer 
chamber. The filling tube of the calorimeter container is 


fitted with a small copper cap to the center of which is 


outer 


brazed a short piece of tubulation that permits evacua- 
tion of the sample in the calorimeter. + The diameter of 
the calorimeter is about 24 in., while the overall length 
(including cap) is approximately 54 in.; the volume is 
about 315 cc 

A 0:1-W (56 © nominal resistance) Allen-Bradley 
is used as a secondary thermometer, as 
recommended by J. R. CLEMENT 
in a small hole drilled through a copper “‘well’’ brazed to 
To further insure good 


resistor is varnished (GE adhesive 


carbon resistor 
It is firmly embedded 


the bottom of the calorimeter 
thermal contact the 
7031) and illowed to air dry 
element of 

(0-004 in.) wire 


network § 3 in 


in the well. The heating 
strain-free Constantan 


1 ribbon 


the calorimeter is a 
interwoven with silk fiber into 
wide. The ribbon is varnished to the sur- 
face of the calorimeter with the same adhesive 

The 
contact between the smooth lapped surfaces of the calori- 
container and the 
The 


me chanism 


thermal switch consists of a ‘‘make and break’’ 


meter walls of the gas thermometer 


vertical movement 


at the 


chamber is controlled by a 


vinch top of the cryostat where 


the connection between the winch and the calorimeter 
is accomplished by a fine steel wire intercepted with 


segments of nylon cord both at the top and 


bottom The 
is detected by the “‘on and off’? of a 5 pA 
Teflon compression 


short 


‘“‘making and breaking’’ of the contact 


current 
controlled by the thermal switch 


seals in the winch mechanism permit a high vacuum 
better than 10-* mm Hg. By means of this switch opera- 
cooled conveni- 
1:2°K 


better 


tion, the calorimeter container may be 


ently from room temperature down to about 


(lowest pumping temperature) in a vacuum or 


than 10-® mm Hg without the use of any exchange gas. 


- 
(c) Electrical circuitry 


The electrical circuits for the energy supply follow a 
1 earlier ' that the 


directly on the heater 


plan similar to one describe except 


pote ntial measurements are made 
+ In case of materials like graphite, once the calori- 
meter had been filled with the sample (in granular form) 
and the cap soldered to the filling tube, the calorimeter 
was then evacuated to a vacuum better than 10-° mm 
and maintained for a period of several days at 150°C. The 
calorimeter was then allowed to cool to room tempera- 
ture still under high vacuum and sealed by making a cold 
weld compression seal on the tubulation. Any leaks of 
the seal could be readily detected by weighing the calori- 
meter and studying the buoyance effects, with a precision 
balance, several times before and after the experiment. 
Earlier measurements started with ‘‘Spears’’ carbon 
resistors were discontinued when it was found that the 
dR/dT smaller and 
applicable than the Allen-Bradley units. 
S N. Kurti, Clarendon Laboratories, Oxford, called 
our attention to the use of these ribbons. They are avail- 
able from DeBary and Co. Ltd., Switzerland. 


characteristics were much less 
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instead of using a potential-divider system. Resistance 
measurements of the carbon resistor are also carried out 
potentiometrically. For the White double 
potentiometer, certified by NBS and having a 10,000 nV 
range is used. A Liston—Becker model M-14 d-c amp- 
lifier and a G.E. box galvanometer together serve as a 
null-point instrument. Energy measurements are made 
with a type “‘B’’ Rubicon potentiometer. The cryostat 
has been wired with Manganin leads (B and S gauge 
36).* These enter the refrigerant compartments by means 
of Stupakoff bulb-type terminals (part No. 95.1031). 
Potential and current leads to the carbon thermometer 
in the inner most chamber consist of smaller Manganin 
wires (B and S gauge 40). Each of these four leads 
makes thermal contact (varnished) with the periphery of 
the calorimeter before it is connected to the carbon re- 
sistor. Only two larger-diameter Manganin leads (B and 
S gauge 30) complete the circuit to the Constantan 
energy 


former a 


ribbon heater to minimize any exchange of 
between the calorimeter and the environment (refrigerant 
bath). The resistance/temperature characteristic of this 
wire had been previously determined from 1:3 to 
20-4°K by R. D. Rea. Small corrections for the joule 
heat generated in these two leads are accounted for in 
evaluating specific heat (see below). A non-inductive 
heater wound around the brass container in the re- 
frigerant liquid is useful when it is necessary to readily 
heat the refrigerant from a lower vapour pressure up to Its 
normal boiling point. During the course of a run, normal 
heat leaks are too small to accomplish this in a reasonable 
time. 

The time interval of energy input to the specimen is 
measured with a “‘pre-set’’ interval generator placed in 
the energy circuit. The timer is manufactured by the 
Potter Instrument Company, Inc., model No. 3052. A 
100-kc quartz crystal (temperature controlled) with suit- 
able binary divider stages provides a single pulse per 
second and is used to drive a four-decade scaler. The 
crystal is periodically checked against standard time 
signals. The actual time may be preset in 
1 sec steps from 1 to 10,000 sec by means of four dial 


interval 


switches. The overall accuracy is reported to be l 


msec, 


(d) Procedure for data computation and experiment 
corrections 

To obtain the heat capacity of a sample, mea- 
surements of heater voltage and current, time of 
heating, and carbon thermometer resistance as a 
function of time are made. The initial and final 
temperature of the calorimeter container at the 
beginning of the energy input (7;) and at the end 
of the energy input (7) are computed from re- 


* This material was selected after thermal-gradient, 
thermoelectric-effects, and stability studies of various 
were carried out at 
liquid-nitrogen 


combinations thereof 
liquid-hydrogen, 


wires and 
liquid-helium, 


temperatures. 


and 


TEMPERATURE 


REGION 1-20°K 


sistance measurements of the calibrated carbon 
resistor (see below). The heat capacity, C (cal 
degree based on j = 4-1840 absolute J), is then 
evaluated from the following expression: 


0-239005(t)lx[Ex —Ry,: Ta 
T;—T, 


(1) 


where: 

heating time of energy period in sec. 

= one half of sum of heating current taken at 
0-21 and 0-79 of the heating time period.t 
potential drop across heater at mid-point + 
of energy period. 
resistance ((2) of one Manganin lead going 
to heater ot calorimeter. 
final temperature after energy input. 
initial temperature before energy input. 
heat capacity at the average temperature 
(T,+7;)/2. 

Fig. 2 shows several typical heating curves (a) 
for the empty calorimeter container, (+) for the 
same calorimeter filled with small-crystallite-size 
graphite specimen, SA-25, and (c) for the calori- 
meter filled with a larger-crystallite-size graphite, 
Canadian Natural (see (below). During such a 
period as is represented by one of these curves, the 
vapor pressure of the refrigerantt (liquid helium or 
liquid hydrogen) is kept constant to --0-1 mm 
either manually (manostat) or by a pressure regul- 
ator.§ Attempts are always made to adjust this 
vapor pressure such that the temperature drift of 
the calorimeter before and after energy input are 
roughly equal but of opposite sign (as illustrated in 
Fig. 2(a)). It was found that when the calorimeter 
container was at the same temperature as the bath 
but thermally isolated from it, the temperature of 
the calorimeter increased at rates corresponding to 
heat inputs ranging anywhere from 50 ergs/min to 
several hundred ergs/min for the temperature 
region below 4:2°K. The heating curves presented 


+ W. F. GriauquE, unpublished work. With the calori- 
meter described above, the surface heating effects were 
sufficiently small so that both Jy and Ey remained re- 
latively constant during the short heating periods. 


+ L. B. Nessitt contributed to the design of the re- 
frigeration pumping system. 

§ See GE Memo 137, ‘‘Automatic Bath Temperature 
Control’’, M. D. Fiske. 
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in Figs. 2(a)-(c) show that the thermometer heater 
and sample are in close thermal contact and that 
any over-heating, for the time intervals shown, is 
small. In actual calculation of A7, the R, and R; of 
the 1 first. From 


are determined 
these linear characteristics of the resistance versus 


carbon resisto1 


time curves observed before and after the heating 
period, it is a simple procedure to determine R, or 
R; of the carbon resistor by extrapolating the re- 
spective drift curves to the mid-point of the heat- 
ing interval.* R,and R; obtained from these curves 
are converted to AT for each point by a study of 

T characteristic of the carbon resistor (see 
below 


l'o Caiculat¢ 


the specific heat of the sample, it is 
necessary to determine independently the specific 
heat of the empty calorimeter container; to correct, 
for each succeeding run the variations in the small 
and to 


I used; 


amount of solder (pure indium) 
any differences in the weights of 


the calorimeter 


Thermometr) 
t used for the measurement of re- 


sistance O 


he carbon composition resistor in the 


liquid-helium 


liquid-hydrogen region from approxi- 


region varies from 0-7 to 8-0 pA 


be more convenient 


use of the calorimeter container entirely 


a suitable geo- 


the specimen directly (in 


{ 


still make use of the thermal switch 


metri 1OTT ana 


In such a procedure, if there are appreciable time lags 


due to thern al gradients in the sample then it would be 


Sis of temperature- 


. ] . 1x 
necessary to use more elaborate analy 


tim spo 
time res} 


Typical heating curves 


10°59 


10°55 


liquid-helium region. 


mately 30 to 50 wA. These values were selected for 
use after several exploratory experiments had been 
undertaken to determine the proper current that 
renders maximum accuracy in determining R but 
minimum dissipation of energy to the resistor. 
Several calibrations were made to study the 
current-dependence of R at different temperatures. 
As a result of this work it was established that the 
potential across the carbon resistor be maintained 
between 1500 and 9000 nV throughout the entire 
temperature range covered. fT 

The thermometer was cali- 
brated against the vapor pressure of liquid helium 


carbon-resistance 


based on the liquid-helium vapor-pressure tem- 
perature scale compiled by J. R. CLEMENT et al., 
based on the vapor-pressure measurements of six 
U.S. Laboratories.t 

This scale is generally denoted by symbol 7;,,, 
Our earlier work"2) based on CLEMENT’s Table of 
1955§ has been corrected to conform to this Ts5x 
scale and included 1n this report. 


In the the 


temperature region 9-5—20-4°K, 
In agreement with recommendations made earlier 


R. CLEMENT 


In contrast to the scale proposed by VAN DIJK and 


by J 


Both of these scales were adopted at the 
Low-Temperature Physics in Paris 
For an examination of the VAN 


DURIEUX 
conference on 
(September 2-8, 
Dijk and Durtevx scale and that presented by CLEMENT 
et al the the 
AMBLER and Hupson 

’ These tables are those issued by J. R. CLEMENT just 
prior to the NRL Report No. 4542 (May, 1955) (un- 
published, J. R. CLEMENT, J. K. LOGAN and J. GAFFNEY) 
based on an empirical equation evaluated by the NRL 


1955) 


reader is referred to recent work of 


Electronic Digital Computer 
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carbon resistor was calibrated against the vapor- 
pressure temperature relations for the two-phase 
equilibrium of hydrogen published by WooLLey 
et al."13) In this work it was found necessary to use 
liquid hydrogen that had been stored for at least 
two weeks prior to its use, in order to permit con- 
version of freshly prepared liquid hydrogen 
(normal 75 per cent 0-He, 25 per cent p-He) to the 
equilibrium hydrogen (99-79 per cent p-He, 0:21 
per cent o-Hg). Only in this manner were we able 
to obtain satisfactory precision in comparing cali- 
bration data before and after the completion of 
each experiment as well as with subsequent ones. 

Calibration points were taken at intervals of 
about 0-2°K or less in the temperature region 
2:2-4:3°K; below 2:2°K points were taken about 
every 0-15°. In the region 9-5-20-4°K, they were 
taken every 0-5°. A complete calibration was made 
before each heat-capacity run. Some points were 
also determined after the experiment in order to 
check the stability of the thermometer. ‘Throughout 
a complete experiment the temperature of the 
calorimeter and thermometer was never permitted 
to rise above 4-2°K if in the liquid-helium region 
nor higher than 20:-4°K if measurements were 
being performed in the liquid-hydrogen region. 
Since one complete charge of liquid helium (or 


liquid hydrogen) permitted us to operate for 
several days, this requirement was easily attained. 
During the calibration, direct contact between the 


top of the calorimeter and gas thermometer 
chamber was always maintained. An additional 
thermal coupling was effected by admitting helium 
gas at a pressure of about 0-030 mm Hg. Under 
these conditions an input of energy through the 
heater of several thousand ergs/min gave a barely 
perceptible temperature rise (< 10-*°K). The 
actual heat leak to the calorimeter from any possible 
stray sources during calibration was less than 50 
ergs/min. During a calibration of the carbon re- 
sistance thermometer against the vapor pressure of 
the refrigerant, the temperature of the bath was 
maintained above. ‘The 
temperature at which the calibration was going to 
be made was always approached from the high- 
temperature side to avoid the possibility of super- 
cooling the liquid below the surface. Readings 
would then be taken when the temperature equili- 
brium was attained and the potential reading across 
the carbon resistor indicated zero drift on the 


constant, as described 


REGION 1-20°K 357 
galvanometer (i.e. 3 x 10-5°K/min). The exception 
to this was just above the A point, where the maxi- 
mum drifts were sometimes as high as 0-001°K 
min. 

The vapor pressure of both the liquid helium 
and liquid hydrogen in the range 760 to about 30 
mm was measured with a Wallace—Tiernan mano- 
meter (Type FA-187). ‘To measure smaller vapor 
pressures (i.e. those below the A point of helium or 
triple point of hydrogen), an oil manometer con- 
taining octoil S* was used, and column heights 
were read with a Gaertner cathetometer (Model 
No. M-901). All vapor-pressure measurements in 
the liquid-helium region were reduced to milli- 
meter readings at 20°C and standard gravity. Since 
vapor pressures were measured over the refrigerant 
contained in the gas thermometer chamber, no 
corrections were necessary for any hydrostatic 
effects, i.e. the vapor pressure was measured over 
the liquid enclosed in the gas thermometer chamber 
whose outer surface was in direct contact with the 
copper calorimeter and carbon resistor. 

During a calibration point determination, suffi- 
cient time was taken (20-30 min) to insure both the 
constancy of R (fixed galvanometer reading) and 
constancy of vapor pressure (-+-0-02 mm). Below 
the A point, the vapor pressure of the bath was 
measured instead, since the high thermal conduc- 
tivity of helium II assures equilization of tempera- 
ture throughout the bath. At the lowest helium 
temperature, the effect of thermomolecular pres- 
sure differences might be serious if one attempted 
to measure the vapor pressure of the helium II in 
the gas thermometer chamber. Below about 1-4°K, 
this effect was noticeable as evidenced by a differ- 
ence in pressure reading between the vapor pressure 
of helium II in the gas thermometer chamber and 
that in the bath. No actual temperature difference 
is expected because of the superfluidity of helium 
II. For this reason, as well as for attempting to 
minimize any errors due to the refluxing of the 
mobile helium film in the helium II region, the 
vapor pressure of the bath, and not that of the 
helium in the gas thermometer chamber, was 
measured below the A point. In the liquid- 
hydrogen region, the vapor pressure of the bath 


* Density of this oil is given by the following equation 
(determined by E. S1mon): 
d, = 0-9233 — 0-0006 (¢ °C); [17-7 — 26-0° C] 
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CORRECTION FACTOR, a 


x with log R of carbon resistor 


ion of 


Bs ; 8 ° 
Uiquiad-helium region ) 


was measured when the temperature was below 
14°K. Above this temperature the vapor pressure 
of the liquid in the gas thermometer chamber was 
observed 

To complete the calibration of the thermometer, 
an approximate functional relationship is used 
following CLEMENT’s procedure,"4) which defines 
temperature as a function of resistance: 

log R 


og 2 
m AlogR+B. (2) 


The constants A and B were evaluated by the 
method of least squares. To improve on the 
effectiveness of the equation, it is necessary to 
define a “‘correction curve” having an added para- 
meter « as suggested by CLEMENT.* The evaluation 
of « was done for each separate calibration. Fig. 


3(a) presents a plot showing the variation of « with 
log R (liquid-helium region) for various calibra- 


tions. Smooth curves have been drawn in the 


* Quartic equations rapidly evaluated by the IBM 650 
computer eliminate this correction curve and describe 
the data equally as well. 


and 
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Variation of « with log R of carbon resistor 


(liquid-hydrogen region). 


3(b). 


region of the A point, where some apparent dis- 
continuities are evident. Between each calibration 
there had been temperature cycling to room tem- 
perature and back to the low temperatures. The 
constants A and B used in each calibration were 
those evaluated from the data of the empty calori- 
meter run. Fig. 3(b) is a plot of « versus log R for 
the various calibration runs used in the final data 
in the liquid-hydrogen region. It is significant to 
note that where no cycling to room temperature 
occurs, there is no perceptible change in « (illust- 
rated by the data of 16 June—18 July 1955). 
These deviations of « correlated with tempera- 
ture cycling may be due to several factors such as 
(a) thermals in the leads due to cold work on hand- 
ling or extreme temperature differentials, (b) 
thermoelectric effects at lead junctions, (c) gas 
adsorption by carbon resistor, (d) variation in 
pressure contact between electrode pins and carbon 
composition of the resistor, (e) heating the calori- 
meter container to 150°C to facilitate the degassing 
of the sample, &c. The variation in « due to cycling 
and its effect on evaluating the exact temperature 
is significant. It is, therefore, necessary to carefully 
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1-20°K 


Table 1. Comparison of T;.~ and Van Dijk-Durieux temperature scales 


R(Q) P(mm Hg)* 


55E 


AT 


Cal 
2 ¥en Dijk and Durieux 





755-82 
612-03 
502-92 
500-20 





521-543 
569-340 
618-542 
620-151 
682-298 
758-918 
852-843 
967-886 
1139-17 
1335-77 
1594-40 
2012°15 
2611-39 
3064-65 
3814:35 
4459-19 
5266°-15 
7068 °88 
8824-25 
10316-2 


PRR RR BR NN ND dO | & & Ww Ww Ww 


* At O°C and standard gravity (980-665 cm/sec”); T;;, 


4-2105 
3-9949 
‘8070 
-8020 
‘6050 
4062 
-2085 
‘0153 3 
‘7946 
‘6049 
‘4187 
-2071 
‘0023 
‘8932 
‘7603 
‘6746 
5967 
‘5017 
+4342 
-4020 


+0-0015 
+Q-0004 
+0 -0006 
+-0-0007 
+0-0015 
+-0-0024 

0-0032 
+0 -0036 
t-0-0036 
+ 0-0031 
L0-0024 
-Q-0015 
+0-0008 

0-0010 

0-0028 
t0-0002 
0) -0004 
-0-0008 
+-0-0009 

0-0010 


4-2090 
3:9945 
3 -8064 
3-8013 
3-6035 
3-4038 
3-2053 
‘0117 
2:7910 
6018 
-4163 
-2056 
:0031 
*8942 
-7631 
‘6744 
5963 
-5009 
-4333 
-4010 


2 
2 
2 
2 
1 
1 
1 
1 
1 
1 
1 


values are based on 


these readings but corrected to 20°C and standard gravity. 


evaluate this correction factor in determining either 
T or AT. 

Table 1 presents a summary of a typical calibra- 
tion run for the carbon resistor showing resistance 
R(Q), vapor pressure (mm Hg) at standard gravity 
and 20°C based on the T;.;, scale, T obtained from 
the VAN Dijk and Durievx scale, and AT(= 7;.; 
Tyan 1 the difference between the 
two scales. 

Whenever secondary resistance thermometers 
are used in calorimetry for the temperature region 
discussed in this report, there is always an un- 
certainty in evaluating the thermodynamic tem- 
perature scale in the region 4-2°K to approximately 
9:5°K. The only reliable method of establishing 
this part of the scale, at the present time, is to set 
up a helium gas thermometer in the cryostat. Such 
an arrangement, however, is elaborate, expensive, 


ijk and I barian)> 


and time-consuming. For these reasons high- 
precision calorimetric investigations in this tem- 
perature region are few in number. We have at- 
tempted to circumvent this problem, at least ap- 
proximately, with a more careful analysis of the 
carbon resistor data obtained both in the liquid- 
helium and liquid-hydrogen temperature regions. 


The procedure is to evaluate the correction factor 
for the region 1-3-4-2°K and 9-5—20-4°K, first by 
using the constants A and B evaluated from the 
R-T data for the liquid-helium region (see Fig. 
4(a) illustrated by the calibration data obtained for 
the empty calorimeter) and secondly by using con- 
stants A and B evaluated from the R-T data for 
the liquid-hydrogen region (Fig. 4(b)). By a 
method of successive approximation, the two inter- 
polated segments of the curves shown in Figs. 4(a) 
and (b) were determined to give a minimum dis- 
). The results 
2. The ab- 


“~ 


crepancy inAT (Ty, formula -T; Le formula 
of this procedure are shown in Table 
solute value of T evaluated by using either formula 
is probably good to about 2 per cent or better, 
whereas the evaluation of AT is much better than 


this. 


3. THE SPECIFIC HEAT OF GRAPHITE 
(a) Experimental details 
Four different graphite specimens were studied 
in the region 1-3-4-:2°K. The studies on three of 
them were extended to the liquid-hydrogen region. 
The samples are listed as follows: 
(i) Specimen designated H-CS-II was a pile graphite 
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1e correction factor « for the carbon resistor in the temperature region 4:2—9°5°K. 


» (General Electric Company, analysis listed Fe “‘present’’, Si and B “‘slight trace’’. 
nission spectrographic identi- ‘Total ash content 0-05 per cent; gas content 100 
elements listed Al and Si ppm 

of Fe i, and Mg. Total ash (iii) Canadian Natural Graphite (CNG); spectro- 
graphic analysis: Al, Si ‘“‘present’’; Mg, Ni ‘“‘trace’’, B 


“slight trace’’. Total ash content < 0-05 per cent; gas 


yas conten 
spectrographic 
content 10 ppm 
nples (CNG and CNG-B) (iv) Canadian Natural Graphite Boronated (CNG-B) 
us by J. 4 30WMAN and is CNG specimen to which 4X10-! atom fraction of 
Carbon Company). They boron has been added substitutionally. (For details see 
graphite specimens pre- reference (15)) 
electronic and structural 
ndependently as possible. A detailed In the X-ray work (on specimens H-CS-II, 
nature of these specimens 1s published S§A-25. and Canadian Natural Graphite) the line 
Less extensive analysis carried out byour breadths of the (00-2) reflections were measured 
presented here. The spectrographic and ‘ : a: , ; . - 
+ with Cu K radiation. Faulting was investigated by 


has been done by L. Bronk, while the : 
een carried out by W. Rotu measuring the line contours in the region of the 


Table 2. Temperature T calculated from the ‘‘helium’’* and “hydrogen” + formulae 


AT 
x Le TCR) T(?K) (Ty 


(He formula) (H, formula) (He formula) Tu 


~ 


formula) 


0-000380 10-33944 10-33929 0-00015 
06228 0-00036 


0-00057 

0-00193 0-000835 06264 
03964 O3885 0-00079 
0-00570 0-002160 20141 20221 )-O0080 
0-002435 50641 50695 0-00054 
0-002310 5 -42503 42436 0-00067 
62285 62223 0-00062 
29521 0-00040 


> bho 
1 


0-00370 0-001650 


be 


QO -OUOSOU 


n 


= 


12272 
0-01333 


0-01909 0-001695 


S vi 
wn 


NM MK NO bo DO DO bo bY 


0-02205 0-001290 29561 


0-72151971 log R—1-1565455 
0-77288830 log R—1-2719382. 


termined to eight significant figures in order to facilitate the evaluation of T to at least four signi- 
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Table 3. Atomic heat of pile graphite (1-3—20-4°K) 
No. of g-atoms 20:249 


Mean Mean 
temp (°K) AT (°K) C ,(cal/g-atom deg) temp (°K) AT (°K) C ,(cal/g-atom deg) 


2-11 February, 1955 17 February—25 March, 195: 

0:12944 4:°509 x 10-4 20-114 0:-49895 

0-07997 4-483 19-052 0-51343 

0:10827 4-222 18-922 0-54131 

0-08527 4-175 18-347 0:37958 

0:08907 4-074 17-924 0:40352 

0-08863 4-029 17-443 0-43278 
‘000 0:09341 3-947 16°571 0-34223 
-960 0-:09411 ‘804 186 0-42314 
‘901 0-:09989 ‘627 130 0-50021 
‘863 0-10068 592 5-355 0:38718 -9047 
‘802 0-10689 -298 ‘951 0:-47364 ‘8609 
‘660 0-11149 182 -774 0-53799 ‘8481 
‘596 0:07971 ‘975 429 0-41206 ‘8037 
‘519 0:05832 ‘780 163 -59477 ‘7656 
-420 0-06323 516 3-602 38243 6658 
341 0:06515 500 3-147 *53205 5958 
‘066 0-16651 ‘990 595 *35296 5546 
-937 0:08595 ‘774 2-085 30098 -5190 
‘760 0:07323 477 -766 -32309 ‘4712 
688 0:07790 364 477 22 ‘4720 
+369 0:07331 ‘9616 ‘211 -26398 4235 
344 0-:09835 9648 -902 -28302 -4330 
-285 0-07789 ‘9005 577 ‘30515 -3827 
‘202 0:05583 ‘8200 +233 . *3605 
-200 0-05562 *8220 ‘959 . 8 +3318 
149 0-:05742 -8073 ‘719 . +3097 
‘074 0:06342 6512 753 ‘04077 -5246 
‘915 0-03491 6351 658 ‘04345 -4938 
-799 0-03927 0°5405 649 04440 -4596 
-580 ‘04901 
-495 ‘05246 
389 05895 
*308 ‘06348 
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‘177 
127 

3-590 0-11730 
037 0:06714 
‘288 0-06529 


(10-0) and (10-1) reflections. The following is a However, the relative values should be significant 
X-ray results by BowMAN and KruMHANs"®) show 
the crystal size of the SA-25 to be 125 A in the 
c-axis direction and 90 A in the a-axis direction. 
CNG crystals are approximately 100 microns in 


summary of these results: 


Carbon Sample L(A) Remarks 
H-CS-II 240 Slightly faulted 
SA-25 110 Highly faulted 
CNG 900 width. 

Each sample placed in the calorimeter consisted 
Since the carbon samples are faulted, the con- of granules ranging in size from +100, —20 mesh, 
cept of particle thickness hes limited validity. except for the SA-25 which consisted of smaller 
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Table 4. Atomic heat of graphitized lampblack (1-3-20-4°K) 


Mean 
AT (°K) C ,(cal/g-atom deg) temp (°K) AT (°K) C ,(cal/g-atom deg) 


28-31 May, 1955 19-20 March, 1956 

of g-atoms 19-425 No. of g-atoms 20-005 
0:12252 7-462 x 10-4 0-04073 6-878 x 10-4 
0-03758 6-318 0-04633 6:132 
0-14193 6-279 ‘06120 4-653 
0:15136 5-704 ‘08320 3-342 
0-:07736 5-516 ‘06227 ‘161 
0-08509 5-074 ‘04548 455 
0-08915 ‘891 ‘04735 +383 
0-09428 4-708 ‘04938 +314 

‘05526 145 

‘05676 ‘119 

‘06015 ‘033 

04781 ‘9762 

‘04623 ‘8535 

04865 ‘7955 

04953 ‘7876 

05144 -7357 

-03869 7485 

‘04037 

‘04288 

‘03302 

‘03410 

02990 

0249 


0255 
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0-08070 ‘060 
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0-03938 


0-03999 
0-04135 
0) 04322 


0-03594 9632 


0-03767 9122 


0-03111 7860 
0-02395 6401 


20-30 June, 1955 

No. of g-atoms 
26370 ‘9140 x 10-? 
65996 ‘8859 
43049 7826 
32677 ‘7283 
46691 6928 

960 ‘71215 ‘6701 

882 50874 6587 

744 30017 6494 

129 -25890 -5928 

029 49517 ‘5640 
‘61201 5630 
29978 5125 
71228 0:4946 
-39500 0-4054 
-45087 0-3416 


221 x 10-2 


—= ee PD DO Wh hO 


0-48016 
0-28077 
0-28690 
0-26103 
0-48963 
0-32333 
0-56667 
0-58002 


0-10880 
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Table 5. Atomic heat of Canadian natural graphite 1-3-20-4°K) 
No. of g-atoms = 22-552 


Mean Mean 
temp (°K) AT (°K) C ,(cal/g-atom deg) temp (°K) AT (°K) 


C ,(cal/g-atom deg) 


9-10 August, 1955 26-27 September, 1955 
0-12060 3-692 x 10-4 3-534 0:05323 343 x 10-4 
0-14062 3-094 3-052 0-07109 -549 
0-11753 2°803 2-860 0-:08211 308 
0:13465 2:42 2:657 0:09507 128 
0:13591 38 2-454 0-05732 -9012 
0-14821 : 2:254 0:05056 ‘7326 
0-14880 ‘061 0:06089 -5870 
0-16324 849 0:04845 4227 
0:-10237 -788 0-05117 -3903 
0-:08308 -735 0-05209 -3978 

11468 ‘677 0:04253 0-3707 
‘08913 603 0:04628 -3107 
-12009 553 0-04845 -2918 
‘12848 -500 0-:05189 -2432 
12872 -481 0:05138 ‘2707 
15738 -421 0-05565 -2260 
‘05045 ‘7800 +347 0-06019 ‘1910 
‘05098 ‘7511 

‘05573 ‘6621 19-21 October, 1955 
-11299 ‘6364 0:12121 
‘05893 -6088 0-08151 
06232 +5728 0-07197 
-12476 5649 0-08083 
‘06640 5173 0-09131 
‘05061 4248 0-07010 
‘04418 +3324 0:05559 
‘04525 +3266 0:07639 
‘04695 0-04170 
‘04907 0-04362 
‘05209 0-04636 

0-04890 

0-05220 

0-05571 

0:04635 

0-04902 

0-05456 

0-03865 
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29 August-14 September, 
0:29186 | 
0-38041 
38623 
-31780 
*35194 
43024 
-38040 35 6 December, 1955 
35163 . 0-04511 6094 x 10-4 
‘43716 233 0-04675 -5930 
38629 ‘2 0-04973 5295 
-39000 ‘ ° 0-05154 5236 
-40087 ‘028 . 0-05677 ‘4470 
45243 ‘0: . 0-05001 4197 
42748 ‘9788 735 0:05313 3758 
-57197 ‘8890 . 0-05073 +3479 
-39649 ‘8971 ‘ 0:05496 -2876 
-50408 00-8545 . 0:05811 -2769 
-42623 0:7761 . 0-:06230 +2423 
19112 0:-7540 0-05073 ‘1999 
0:38458 0:6778 
0-38832 0-6261 
12-866 0-40810 0-6125 
12-384 0-41175 0:5476 
11-922 0-43801 0-4781 
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Table 6 


a 
a 
‘ 
_ 
. 
2 
. 
l 


particles 


Atomic 


natural graphite (1-3 
No. of 


heat 


g-atoms 


AT (-K) 


February, 


0-07587 
0-07610 
0-O8083 
0-08766 
0-09314 
0-06795 
0-04893 
0-05131 
0-05520 


0-05905 


0-06278 
0-07248 
0-07733 
0-08138 
0-04416 

— 


O0-O04825 


0-05227 
0-05575 
0-05910 
0-06309 
0-06723 
6) 

0-05167 
0-05436 
0-05267 
0-05777 
0-04207 
0-04351 
0-04678 
0-04981 
0-04919 
0-05257 
0-05340 
0-03679 
0-05643 
0-04353 
0-04576 
0-04075 


0-03147 


W. 


1956 


DESORBO 


of boronated Canadian 
4-:2°K) 


22-452 


C,,(cal/g-atom 


deg) 


0-6292 
0-5873 
0-5178 
0-4559 
0-4211 
0-3942 


0-3705 


0-2410 
0-2285 
0-2095 
0-1727 


0-1593 


In each experiment approximately 20 


g-atoms or more of samples were placed in the 


calorimete 


in VACUO 


r. All weights were reduced to weights 


After each filling of the calorimeter the 


sample was exhausted for several days at 150°C 


and G. E. 


NICHOLS 


under a high vacuum and sealed under this high 
vacuum at room temperature as described earlierg 


(b) Results and discussion 

Tabulation of the specific-heat results obtained 
from the four graphite samples are presented in 
Tables 3-6. In the temperature region 1-5-4-2°K, 
the errors amount to about 0-5 per cent. In the 
liquid-hydrogen region the errors may be as large 
as 0-8 per cent. The use of the large addenda, the 
copper calorimeter, definitely enhances the errors 
especially in the lowest temperature where the 
total heat capacity of a graphite sample such as 
CNG amounts to less than 20 per cent of the total. 

The specific-heat values as a function of tem- 
perature for the liquid-helium region are re- 


presented in Fig. 5, where comparisons are made 


ATOMIC GRAPHITE 
GRAPHITIZED LAMPBLACK (SA-25) 
CANADIAN NATURAL GRAPHITE(CNG) 
BORONATED CANADIAN NATURAL GRAPHITE (CNG-B) j 
PILE GRAPHITE (H-CS-I } 


KEESOM AND PEARLMAN 


HEAT OF 


/ 


G6 )7' x104 


(g. ATOM DE 


CAL 


C, 


0 30 40 50 
TEMP. °K 
T for various samples of graphite 
(1:3-4-2°K). 


versus 


with earlier investigations. Only the results ob- 
tained for the pile graphite (H-CS-II), representa- 
tive of the commercially available graphites, are in 
agreement with the work of BERGENLID et al.,) 
KEESOM and PEARLMAN, and WEBB and WILKks.®) 
The specific-heat values of the largest-crystallite- 
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REGION 1-20°K 


Table 7. Values of n in liquid-hydrogen and liquid-helium ranges 


Graphite specimen 


(Total) 


9-0-20-4°K 
n 


(Lattice) (Total) 


Canadian natural 
Canadian natural boronated 
Pile 


Graphitized lampblack 


size graphite (CNG) are the smallest and those of 
SA-25, smallest crystallite size, significantly higher. 
Fig. 6 presents the data in a way generally used to 


& vs.T? FOR GRAPHITE 


ad 


© SA-25 

© CNG 

* CNG-BORONATED 
* H-CS-I 


: « « nC 
rT? (°K)? 


Fic. 6. Plots of C/T versus T? for the graphite specimens 


evaluate graphically the lattice and electronic con- 
tribution to the specific heat. The data of natural 
graphite (CNG) can be expressed as a sum of two 
terms, aT and y7. The application of the simple 
three-dimensional Debye continuum model to 
these data gives a 6,, = 460-+5°C. The coefficient 
of the linear term (~ 0-6 x 10-5 cal mole! deg-?) 
is in agreement with an electronic-specific-heat 
term reported by KEESOM and PEARLMAN“) for a 
larger-crystallite graphite. This value is reported 
by BowMaN and KruMHANs"®) to be a reasonable 


one to expect within the arbitrariness possible in 
current electronic theory. Within experimental 
errors the substitutional addition of 4 10-4 mole 
fraction of boron to the CNG lattice does not 
change perceptibly either y or @,,. It is also signi- 
ficant to point out that the extrapolation of the 
C/T versus T? curve for SA-25 also seems to lead 
to the same value of intercept as that for CNG. It 
is probable that this intercept value is the same for 
each of the three samples, although the larger 
spread of the data points of H-CS-II, makes this 
inconclusive for this specimen. 

Plots of log C,, versus log T in the temperature 
regions 1-4—4-2°K and 9-0—20-4°K are linear in- 
dicating that data can be described by the equation, 
C,, = AT". These results are summarized in Table 
7. In the same table, the exponentials for the 
“lattice” specific heat C, are also tabulated. In 
evaluating C,, it has been assumed that y is the 
same for each of the three specimens. The lattice 
contribution to the specific heat of the Canadian 
National graphite has reached the 7% dependence 
at liquid-helium temperature. The lattice specific 
heat of the graphitized lamp-black shows no 
tendency towards a 7* dependence in the region 
studied, i.e. 7 has a constant value of 2-1. A plot of 
log(Cps,_»;—C rex) versus log T also describes a 
straight line, i.e. (Cp,, Corox,,.) = aT™, where 
n’ = 1°8, (see Fig. 7). 

A detailed discussion of other aspects of the 
samples and the interpretation of the experimental 
results is presented in a companion paper by 
BOWMAN and KRUMHANSL.“5) In addition to this, 
the author has received from Komatsu ®) an out- 
line of a theoretical calculation of the specific hea 
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Abstract—In a companion paper, a calorimeter especially suitable for the accurate low-temperature 
specific-heat measurement of polycrystalline materials was described and its use with graphite 
samples was reported. Using this apparatus, it was noted that there were significant differences in the 
heat capacity of various types of graphite. The present paper deals with further experiments and 
theoretical analysis undertaken to identify the cause of these differences. The experimental program 
was based on a set of graphite samples prepared in such a way as to control electronic and structural 
factors in nearly independent fashion. The results show that the major difference in heat capacity 
between various graphites, in the liquid-helium temperature range, is not due to electronic factors. 
The theoretical analysis leads to the conclusions that, first, both electronic and lattice-vibration 
theories are in good agreement with experiment, and, second, in lampblack graphite the random 
stacking of layer planes can account both qualitatively and quantitatively for the specfic heat in excess 
of that of natural graphite. Estimated values of the elastic constants of graphite are presented. 


1, INTRODUCTION electron concentration also varies monotonically in 


IN a previous paper“) it is shown that there are 
pronounced differences in the low-temperature 
heat capacity of various types of graphite. In the 
present paper we report experimental and theo- 


this series, due presumably to trapping effects at 
edges and other imperfections. It is possible, how- 
ever, by proper doping, to control the electron 
concentration somewhat independently of struc- 


retical work on the cause of these differences, tural variations. The unique feature of the present 


which might arise from several causes: chemical, 
electronic, or structural. The first of these, ad- 
sorbed gases, has been largely eliminated with the 
calorimeter design (as discussed in the previous 
paper) and by extreme care in sample preparation, 
including extensive precautions against chemical 
impurities. The experiments described were de- 
signed with the objective of distinguishing elec- 
tronic and structural contributions to the specific 
heat. 

Various types of graphite fall into three main 
classes: lampblack base, coke base, and natural 
flake base in order of improved structural perfec- 
tion (crystalline size, correctness of stacking, 
macrocrystalline orderliness, etc.). Representative 
samples are shown in Figs. 1 and 2. Unfortunately, 
trends in these structural factors cannot be related 
immediately to variations in specific heat, since the 


experimental series is that samples with large, well- 
developed crystalline structure were doped to 
electron concentrations characteristic of highly 
faulted lampblack graphite. This allows us to 
distinguish between electronic- and_structural- 


caused variations in heat capacity. It is concluded 
that the differences in heat capacity between 
graphite types are structural in origin. These place 
fairly definite restrictions on theoretical models. 
We conclude that both electronic and _ lattice- 
vibration theories are understood well enough to 
explain the results quantitatively. 


2. SAMPLE DESCRIPTION 
Several types of graphite were used in the measure- 
ments. The Canadian Natural Graphite (CNG) and the 
lampblack graphites (of which SA-25 is one experi- 
mental type) represent extremes which may be obtained 
in carbons with essentially graphitic structure. The 
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H¢ 


S-11 is typical of a pitch-bonded petroleum coke and has the same sensitivity to doping or radiation 

hit imilar to - = or 2 * The ° . . ‘ 4 ‘ . 

aphite similar to many commercial graphites.* The jn its electrical properties, so that the density of 
CNG contains densely packed, well-oriented flakes, in : : : 2 ‘ 

" lel - Mien yo states at a particular Fermi level is not expected to 
rge particles, and the SA-25 is fabricated from lamp- : awl wees : ‘ , 

a binder. From electrical and X-ray measure- _ be significantly different for any of these graphites. 

SA-25 exhibits graphitic properties, and the In order to characterize the material electronically, 

lifferences between CNG and SA-25 are only we used the room-temperature Hall constant as a 

ize and perfection. The SA-25 is a small- 


>} 


é : measure of electron (hole) concentration. Actually, 
ite and contains a large amount of faulting - 
plane. The HCS-II is intermediate in : igs ; 
has only a small number of stacking cient with magnetic field, we do find that for our 


in spite of the complicated variation of Hall coefh- 


present purposes values measured at about 10 kG 

£ 41 shape ve Xerz frac 10 (3) ’ 9) 4 a 
s of the shape of the X-ray diffraction lines are adequate to compare samples.'’) The potential 
measurements of the mean layer spacing indicates . . . ; 
: “age : complication is, of course, the dependence of re- 
in the SA-25 only one-third of the graphite layers : we ; 
neighboring lavers correctly oriented. It can be laxation time on differences in electron concentra- 
that next-nearest neighbors do not exhibit cor- tion [Fermi energy or structural differences (nature 
that ordered , » Hlene . _ : : ~ : 
hat ordered pairs of layer planes are distri- of scattering process)] between samples. Experi- 
the stack. As determined from the : oct . 
: es mental evidence indicating that the room-tempera- 
s, there is no observable strain within the oe : ; ; . 
ture Hall coefficient depends primarily on carrier 


agreement on the number of ordered 


1ined from the (00/) and the (hk) diffuse re- Concentration can be obtained from comparing the 
icates no buckling of the layers variation of the magnitude of this quantity for 


f the CNG shows it to be ex- widely different materials; to a first approximation 

with no significant strain broadening of : 
The CNG has optically visible 

ire thin plates and measure approximately 
The crystals in SA-25 are submicroscopic all be put on a single curve with proper adjustment 


ing the particle-size broadening from the of scales 


he X-ray reflections for SA-25 ah > ONTO: 310 
i y Bog span eager fn [he Hall constant of CNG is —0-06 cm3/C at 
| size of 120 A in the c-axis direc- 


data from radiation damage, boronation of lamp- 
black and natural graphite, and heat treatment can 


a-axis direction. Electron micro- 7m temperature and for the experimental SA 25 
the SA-25 particle show that the samples it is —0-007 cm?/C. Since this is a signi- 

an array of thin sheets which  ficant difference in Hall constant,‘ it is possible to 

th nn r f d ] | Dz - - : . : ~ . 
he appearance of wadded paper. By spot gemonstrate the effect of the location of the Fermi 


y electron-diffraction patterns of these micron- 


vel o » electronic specific he: ‘ boron dop- 
crystal size of approximately 80 A is le el on the lectr mic specific heat by boron dop 
ing the CNG. It is desirable to change electron 
lifferences in the properties of these concentration without disturbing the lattice vibra- 
in measurements of the low tem- tions of importance at low temperature. By sub- 

6) From the location of . 
1al conductivity of CNG, the 
1 as 60y, in good agreement with 
low-temperature thermal con- very nearly accomplished. The impurity-lattice 


stituting an atom with mass nearly that of carbon in 
the lattice but with different valence this can be 


dependence") and a__ yibratioa modes are expected to appear) at high 
+} econ of 600° RK : ; . ’ 
e region of 600°K. frequencies and therefore are not important at low 
300 A, somewhat . : 
temperatures. A general small change in elastic 
constants may result; however, we note (Section 3) 
Having chosen materials which are greatly that the very low-temperature “Debye tempera- 
I turally, we also required methods for ture is the same in natural and boron-doped CNG, 
so the elastic constants are apparently not affected 
significantly. Moreover, MeErrs") has shown that 
boron can be introduced substitutionally in the 


d controlling them electronically, 
electronic specific heat certainly will vary 
electron-concentration differences between 


s. We believe the lampblack graphite has lattice, acting as an electron trap, but does not 
essentially the crystalline graphite band structure, change the low-temperature lattice thermal con- 
ductivity. 

To obtain “isoelectronic” materials, the CNG 


KEESOM and 
sample was boron doped by adding 8 x 10-4 atom 





f 


Fic. 1. Photograph of samples of lampblack and natural graphite; the latter shows the characteristic 
metallic luster of large particle graphite. 
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Fic. 2. Electron micrograph of lampblack; SA-25. 85,200 
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fraction of boron to approximate the electronic state 
of SA-25. The addition is accomplished by mixing 
flocculant metallic boron with the small particle 
sample followed by several heat treatments to 
3000°C. Measurement of the Hall coefficient of 
several of the small particles of the CNG indicated 
that nearly all of the boron added was retained in 
the graphite crystals. These samples are called 
CNG-B. 

When dealing with the small differences in heat 
capacity which must be measured in this experi- 
ment, great care must be taken to eliminate im- 
purities. Both the CNG and the SA-25 were initi- 
ally subjected to a purification by passing chlorine 
gas through the samples while they were heated at 
3000°C. This method removes all but traces of a few 
of the impurities. The total ash content is reduced 
to approximately 1 ppm, and by flushing with argon 
until the samples were cool the gas content is 10 
ppm for CNG and no more than 100 ppm for 
SA-25. Moreover, the outgassing the samples re- 
ceive in the calorimeter removes much of this 
before the calorimeter is sealed. 

To summarize, these samples cover four per- 
mutations possible with the two variables of elec- 
tron concentration and crystal structure. 


3. SUMMARY OF EXPERIMENTAL RESULTS 

The specific-heat data are presented in the 
previous paper.* In this temperature range 
(1-5 K) one expects that the 7? variation of the 
specific heat should nearly hold, even with the 
pronounced anisotropy of graphite. Several fea- 
tures of the data are to be noted: 


(a) The CNG and CNG-B data are essentially 
identical. 

(6) The CNG and CNG-B show a well-defined 
T? variation with temperature; on the C/7 versus 
T? plot the slopes (‘‘Debye temperatures’’) are the 
same. 

(c) The CNG and H-CS-II plot of C/T versus 
T2, and to a good approximation even the SA-25 
data, extrapolate to nearly the same intercept y. 

(d) The highly imperfect lampblack graphite 
SA-25 has significantly higher specific heat. The 
difference Cg, 25-Ccoxg can be approximated by 





* Cf. Figs. 6 and 7 in preceding paper. 
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AT,,, n ~ 1-80 in the helium range. This differ- 
ence increases continuously with temperature, 
although not as rapidly in the hydrogen range as in 
the helium range. 

(e) In the liquid-helium range the excess specific 
heat of SA-25 over CNG could be accounted for 
by an extra 10-5 to 10-4 degrees of freedom per 
atom which could be excited at this temperature. 


4. EXPERIMENTAL CONCLUSIONS 
We believe the following conclusions can be 
drawn directly from the experimental results: 


(a) The specific heat of essentially perfect 
graphite has been measured on the CNG sample. 

(b) The electronic specific heat yT has been ob- 
tained and y ~0-6x10-5cal mole! deg-2, in 
agreement with a value reported by KEEsomM and 
PEARLMAN.) 

(c) The electronic changes induced by boron 
doping do not affect the lattice vibrational spectrum 
in the helium range; the low-temperature 6, ~ 
™ 460°-+5° does not vary greatly between CNG 
and CNG-B. 

(d) The pronounced difference between lamp- 
black graphite (SA-25) and highly perfect graphite 
(CNG) is therefore definitely not electronic in 
origin, but must be assigned to structural factors. 


In the following sections we will examine these 
results in the light of theories of electronic struc- 
ture and lattice vibrations, and then consider the 
role of structural defects. 


5. ELECTRON HEAT CAPACITY 
These experimental results test theories of the 
electronic band structure. At least two questions 
must be answered: 


(a) Is the magnitude of the observed electronic 
specific heat for pure natural graphite (CNG) in 
satisfactory agreement with theory? 

(5) Is the relative insensitivity of the specific 
heat to electron density change (CNG-B) also 
compatible with theory? 

The electron specific heat is directly propor- 
tional to the density of states at the Fermi level 
and the degree to which these questions can be 
answered quantitatively is limited by our under- 
standing of the band structure of graphite. Recent 
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progress on this subject has been considerable, and 


it appears that the above questions can be answered 
remarkably well.“ 

The electrons involved in transport and thermal 
processes are those in states arising from the so- 
called ‘‘z’’ electrons of the carbon atoms. Because 
of the widely spaced layer planes, the first approxi- 
mation is two-dimensional (WALLACE, “!) CouLSON 
and Tayior,“2) Lomer,“3) and Corsato"4)); un- 
fortunately, the two-dimensional approximation is 
not very useful except for pedagogical purposes. 
Several stages in the development of the three- 
dimensional theories have been summarized re- 
cently by McCrure.“°) The tight binding cal- 
culation of WaLLAcE"!) yields an expression for 
density of states, which can be used to determine 
the electronic specific heat 


] 1 ] 
(Cal. Mol. deg 


6-62 x 10-5—_f1+-a)x|+ 3x2]. 


In this expression, yo (estimated to be | to 3 eV) (10 
and +; (estimated to be ~ 0-1 eV) are as defined by 


KRUMHANSL 


WALLACE. x = (¢/2y;) = Fermi energy measured 
in units of 2y, from valence-conduction touching 
energy. For excess holes x is negative and posi- 


tive for electrons; x 0 for pure graphite. In 


Fic. 3. Density of states for electrons and holes in 


WALLACI 


asymmetry and overlap (b). 


graphite approximation (a), modified for 


this approximation the valence and conduction 
bands do not overlap, and are symmetric about the 
touching point. The density of states for the two 
bands is indicated in Fig. 3(a), which shows the 
densities for valence (hole) states and conduction 
(electron) states separately as well as the total. If 
this expression is used to fit the observed specific 
heat and it is assumed that x 0, then (y1/yo" 
~ 0-1) 

It is known that this simple theory is inadequate 
to explain the metallic behavior at low temperature, 
which requires that the valence and conduction 
bands overlap to some extent. For this reason more 
complicated models have been proposed (JOHN- 
son, 15) SLONCZEWSKI and WeElss,"6) CARTER and 
KRUMHANSL,"7) and McCLure”®)), McCLure has 
summarized all of these in a form similar to that 
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used by SLoONczEwskI—based on the k-p ex- 
pansion method for “in-layer”’ behavior and the 
tight binding approximation for interlayer inter- 
action. McC.ure obtains estimates of the addi- 
tional parameters from deHaas—van Alphen, cyclo- 
tron resonance, 8-19) and galvanomagnetic data. 29) 
The net effect on the density of states of these ad- 
ditions to the WALLACE theory is indicated in Fig. 
3(b). The overlap and asymmetry are shown to re- 
move the sharp shoulder (which might introduce 
rapid variations of electronic heat with change in 
Fermi level) indicated in Fig. 3(a) (WALLACE) for 
hole and electron state densities separately. Sur- 
prisingly enough, although this more refined treat- 
ment leads to important modifications in the dis- 
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about two for the doped or lampblack material 
Because of possible errors in extrapolation of ex- 
perimental curves to 7 = 0, it is not easy to say 
how quantitatively this prediction is realized, how- 
ever, it is apparent that no major disagreement 
exists. Neither from experiment (CNG versus 
CNG-B) nor theory is there any basis for associat- 
ing any major part of the difference between lamp- 
black and natural graphite specific heat with elec- 
tronic factors. 


6. LATTICE VIBRATIONS 
Since the major differences in low-temperature 
heat capacity between samples cannot be attributed 
to electronic factors, we turn to considerations of 
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Fic. 4. Total density of states, electrons, and holes (after McCLure). 


cussion of transport and magnetic properties, the 
total density of states is found to be quite well des- 
cribed by the simpler WALLACE expression with 
y; = 0:16 eV and yo = 2-0 eV (Fig. 4). The mag- 
nitude of electron specific heat computed with 
constants determined from magnetic data is 
y = 0-3 10-5 cal mole-! deg-?; considering the 
difficulties in both theory and experiment this 
agreement is exceedingly good. 

The question of the variation of y with doping 
remains. With the boron-doping procedure used 
it is estimated from Hall-constant calibration that 
approximately 8010-5 holes per atom are in- 
troduced. Using the same theory, this added con- 
centration of holes should increase y by a factor of 


lattice vibrations. The theory of the lattice specific 
heat in graphite has received considerable atten- 
tion. 1) The anisotropy and nature of the bonding 
are such as to accentuate the sensitivity of theo- 
retical mode calculations to the various assump- 
tions and approximations made. We would like to 
review the roles played by: 


(a) Anisotropy 

(6) Valence nature of binding forces 

(c) Discrete nature of real lattices versus elastic 
continuum viewpoint. 


The point of view taken incorporates several 
features of the work of NEWELL, 22) BaLpock, 2) 
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and Komatsu?4) and unpublished studies by 
W. P. Earuercy and J. A. KRUMHANSL. We discuss 
anisotropy first, in terms of continuum elasticity. 
Dispersion effects are of two kinds. Those due to 
the discrete nature of the lattice have been dis- 
cussed frequently. Directional bonding is im- 
portant in the bending vibrations of the layer planes 
and leads to special dispersion effects. The dis- 
cussion is limited to very low-temperature be- 
havior, so we will necessarily omit discussion of 
the 
it is assumed at first that we 


some interesting features of shorter-wave- 


length modes; are 
dealing with ideal, pure, single crystals. 

The problems of anisotropy and dispersion are 
separate and distinct. Anisotropy effects are 
studied for fixed wavelength and various propaga- 
tion directions, whereas dispersion effects are in- 
vestigated for fixed direction but varying wave- 
length. The former can be studied usefully at long 
wavelengths, in which case the approximation of 
continuum elasticity can be used. This is also 
useful in discussing an assumption common in one 
way or another to many previous calculations of the 
vibrational spectrum of graphite, namely, that it is 


possible to separate the modes into “‘in-plane”’ and 


Cu Cu O7u 
Cu——+ C66 +644 
- cy- C 


CX 


9 
ted 


26 2e a7 


U C~-7 Oo 
C11 ——F C44 
yo ( 


x O% 


) 





“out-of-plane”’ displacement types. Such a separa- 
tion is quite different from the usual “‘transverse”’ 
and labeling. ‘‘Out-of-plane”’ 
modes, for example, are “transverse”’ if the direc- 


“longitudinal”’ 


tion of propagation is along the layer planes and 

“longitudinal” for propagation along the c-axis. 
The equations relating stress to strain in an 

elastic medium are: '25 

(6.1) 


6 cE 


where o and « are column matrices in stresses and 
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+(c12+ 66) 


) C2u 
+ (cis+csa)| + 
COXCZ 


9 
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strains, respectively, and c is a square matrix in the 
moduli. For hexagonal materials the symmetric 


c matrix becomes 


3(C11—Ci2) (6. 
where 4(¢1; —ci2) = cgg. The zeros and other simpli- 
fications are a consequence of hexagonal symmetry; 
in fact, in this approximation there is full cylind- 
rical symmetry. 

If u, v, w are the cartesian elastic displacements 
in the medium, and pis the density, then 


O( Gzy) 


Ps (Oxrz ) 
pu 


+(cio+cé66) 


OXCY 


Cu 
+(c13+¢44) 


OXCY OVC 


a (6.4) 


CVC 


Consider propagating waves in an infinite medium, 


where here o = (27/A)sp, a wave number in the 
direction of the unit propagation vector so. Sub- 
stituting in equation (6.4) yields the real sym- 


metric eigenvalue problem 
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11022 + €666y" + 44622, (cie+066) ory 


9 . 9 
» 66602" +011 5y2-+ 04462", 


As a consequence of the “‘cylindrical’”’ symmetry 
of the c-matrix, it is always possible to separate out 
one “transverse”? mode for which the particle dis- 
placement is perpendicular to o and in the xy 
plane. This is easily seen, for example, if o lies in 
the xz plane, i.e. o 0. In this case equation 


(6.6) becomes 


y 


9 
11622 +044622, 0 ; 


9) 9 
» Ce60xr°+C4402", 
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, (cig+¢44)oxr6y, 
(cig+¢44)oy6z, 


» €44(6z°+ o,7)+ 033627, 


ictecn 
Pw? & C11 6q7+C446¢" 
E f=1 


pwe C446q7 + €336¢". 


(cig +¢44) 6x62, 


0 


, C4a(oz?-+¢33627), 


It is clear that the mode €=0, » = 1, (€=0 
(transverse to co and in the xy plane) is completely 
decoupled from the other modes € 4 0, » = 0, 
{ # 0. It is always possible to rotate co-ordinates 
about the c-axis so that o lies in the xz plane, thus 
separating this “‘in-plane’’ transverse mode. There- 
fore a useful notation is to let c,, be replaced by 
6q and o, bya,. The waves are then: 


1. “In-plane’”’ transverse denoted by |, for 


which 


C66 5a" + C4460" (6.7) 


pol 


(the axes have been rotated so that » refers to the 
“in-plane” direction | to oc). 
2. Two other waves, for which 7 O and €, ¢ 


and pw? are determined by 


$| 
(6.8) 
4) 


ee —— (é) ie 
ly all 
4 


9 9 
» €440q"+ C336", 


There is no difficulty in obtaining the exact 
eigenvalues and eigenvectors of this problem; how- 
ever, it is instructive to examine these in the light 
of simpler approximate solutions. In particular, if 
one ignores the off diagonal terms completely, the 
modes separate into “in-plane” and “‘out-of- 


plane” modes, thus: 


0 
0 in the language of ‘longitudinal’ and 
“‘transverse’’ polarizations. For cg = 0 the solution 
€=0, ¢ 1 is longitudinal. On the other hand, 
for oc, 1, 
¢ = 0 being longitudinal while é 1S 


For comparison consider the solutions for a, 


or o, 


0 the roles are interchanged, €& 
a 
transverse. 

Representative constant-frequency contours for 
the approximate solutions are shown in Fig. 5. 
Various behaviors are possible, depending on the 


"IN PLANE” 
LONGITUDINAL 


Fic. 5. Approximate contours of constant frequency in 
wave number for continuum 
approximation. Intercepts are indicated in units of wp4. 


space, low-frequency 
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relative magnitudes of the elastic constants; the 
curves shown are probable for graphite. In all cases 
the constant-frequency contours are ellipsoids of 
revolution in this continuum elastic limit. There 
are some important relations between modes. For 
example, the c semi-major axis for the “‘in-plane”’ 
l 
the 


modes 1 Same as 


the a semi-major axis for 


‘“‘out-of-plane”’ modes. This appears at first sight 


trange, but it is not when one considers 
waves of these polarizations and directions 
both correspond to xz shear for which the modulus 
the detailed theory and experimental data 

ific heat and compressibility, we have de- 

eral elastic constants for graphite (their 

accuracy is difficult to specify, but 20-50 per cent 
would be a reasonable guess) 


1-13 


spec ific heat) 


dyne-cm~? (benzene spectra, 


- - 
()-25c); (benzene spectra, specific heat) 
no estimate 


2-3 x 10!8 dyne-cm~? (specific heat) 


Cj?) 


1011 dyne-cm-? (compressibility) 


u2 (KOMATSU) 0-59 «10-4 cm? secm4 


(benzene spectra) 


~~ )-4 


10-4 cm? sec74 (specific heat) 


The exact continuum solutions differ from the 


“in-plane” and “‘out-of-plane’’ approximate solu- 


1 


tions. In all of the matrix eigenvalue equations 


above, it is possible to factor out the magnitude of 


the wave vector c. Using spherical polar co-ordin- 


ates 6, ys for the propagation direction, equation 


(6.8) can be rewritten: 


9 ' 
C11 COS* 6-+-c4481n- 6, 
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Instead of the approximate values of w? 
wae 
Ww? = we 
the exact solutions are 


Cig-+C44 C11— C44 


w* wo" l (6.13) 


NV €33— C44 - 


For cubic materials the second term in brackets can 
be comparable to the first; for bismuth it is only 15 
per cent and for graphite probably only a few per 
cent. Over most of o space the correction is much 
smaller. We conclude that the “in-plane” and “‘out- 
of-plane’’ approximation is very good in graphite. 
Examination of the exact eigen-vectors quickly 
shows that “longitudinal” or ‘‘transverse’’ term- 
inology is useless in anisotropic systems such as 
these 


In equation (6.10) it is apparent that in the 
| PI 


elastic limit w?«o?, regardless of the approxima- 


tions made. From this one can make a general 
statement about the effect of anisotropy on the 
very low-temperature specific heat. The relation 
woe is really all that is necessary for the volume 


(number of modes) in oa 


( space to vary as w® 
~ (KT? h) and give a cubic variation of C,, at low 
enough temperatures. Thus, anistropy per se can- 
not give an anomalous low-temperature behavior 
when the elastic continuum approximation is valid 
which, in good graphite, should be true in the 
helium range. We must therefore look for other 
causes of the temperature anomalies 

For higher frequency modes (intermediate tem- 
peratures) we must separate normal dispersion 
effects due to the discrete nature of the actual 
lattice from further anisotropy effects. The latter 


(c13+¢44) sin 6 cos 6 


(6.10) 


644 cos? 6+ c33 sin? 0 


The 


occurs along a direction in o 


breakdown of diagonal approximation 


space given by: 


(6.11) 


can be discussed on the assumption that the con- 
tinuum equations (6.7) and (6.9) are still approxi- 
mately valid for higher frequencies. KRUMHANSL 
Brooks’6) postulated that for sufficiently 
high frequencies the ellipsoidal constant frequency 


and 
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contours in o space approached the Brillouin-zone 
boundaries (Debye cutoff), but that in anisotropic 
materials such as graphite some of the Brillouin 
boundaries were much closer to the origin in o 
space than others. These closer boundaries trun- 
cate the ellipsoids so thereafter the mode density 
can only grow as 72. This geometric truncation is 
distinct from other dispersion effects near zone 
NEWELL, 22) BALpock, 23? 
Komatsu 24) have pointed out, there is more to the 


boundaries. As and 
problem than this truncation effect. In short, be- 
cause of symmetry requirements on the elastic 
certain 


there relations 


between the contours of constant frequency as we 


constants, are necessary 


pointed out before (Fig. 5). If two of these corres- 


ponding to “in-plane” displacements are cigar- 


shaped about the c-axis, the third corresponding to 
“out-of-plane” displacements must be disc- 
shaped. ‘The former would be truncated by the 
tops of the shallow BZ at relatively low tempera- 
ture, giving a transition from 7° to T°. However, 
the major contribution to the specific heat of 


‘out-of-plane”’ 


‘ 


graphite arises from the modes, 
and our continuum calculations now indicate that 
this branch would have disc rather than cigar- 
shaped constant frequency ellipsoids of revolution 
about the c-axis. The truncation would occur on 
the sides rather than the top of the zone, yielding 
a transition from T*to 7! variation of heat capacity, 
whereas, between 10° and 50° there is a very well- 
defined 7? variation. Besides, the transition would 
occur at much higher temperature. Thus, we con- 
clude with NEWELL and Komatsu that, while geo- 
metric truncation can in principle give anomalous 
temperature dependence of heat capacity, the ex- 
planation for graphite must lie elsewhere. 

It now appears that KoMATsU’s approximation 
of treating the “out-of-plane”? modes as a plate 
bending or bond bending problem is a good ap- 
proximation for T7 10°K. NeEwe Lt, 2?) 
BaLpock,°) Komatsu,?4) and YOsHIMORI and 
KiTaNo’?) have shown that for the ‘‘out-of-plane”’ 
modes (6.9) should be replaced by 


644697 + bog) +¢336;". 


In the approximation of central forces the term ¢q4q 


(6.14) 


9 
pw* 


arises entirely from interactions between different 
layers; in graphite these are much smaller relative 
to the second term than in isotropic materials. ‘The 
second term comes from bending of bonds in the 
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layer plane as the atoms vibrate out of the plane 
While dispersive in nature, this variation of w with 
c is not merely the familiar manifestation of the 
discrete lattice nature of the crystal which is 
known to become important for large o (e.g. when 
1— cos ¢:a™aa?/2 is no longer a good ap- 
proximation). In particular, the importance of the 
second term relative to the first is determined by 
the relative physical resistance of a layer to bend- 
ing as compared to reactions between layers—in 
contrast to mathematical relations between coeff- 
cients in a series expansion. 

The critical nature of second-nearest-neighbor 
forces, particularly those which are derived from a 
bond bending potential function which is invariant 
under infinitesimal rigid rotation, can be graphic- 
ally illustrated with a one dimensional model (for a 
complete discussion see NEWELL?) and BAL- 
pock 23)), Bond bending forces can be represented 
as follows: consider the line joining the n+1 and 
n—1 particle; if the mth particle lies on this line, 
the bonds on the nth particle (connecting the mth 
particle to its neighbors) have the same mutual 
orientation as before displacement. If this is not so, 
a “bond bending”’ strain energy is developed. 
Thus, an appropriate potential function is 
LY (Unsitun-1 2 


V — Uy 
: 


This potential is invariant to infinitesimal rigid 
rotation of the chain about an axis perpendicular 
to the chain axis and is “‘critical’’ in the sense used 
by Batpock. The equation of motion for this force 


becomes 
MU yp 


Un-2 


x}-— +Un—1—Un tun — 


It is readily seen that ‘‘next-nearest-neighbor’”’ 
interactions are involved. If w,, et (noa—-ul) sub- 
stitution gives 


mw? = 


/ 
B(ca)*+ higher terms. 


Thus, the leading term is not the familiar (ca)? 
term encountered in chain-stretching vibrations. 
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This startling result indicates that such a system is 
“dispersive” even at infinite wavelength. It is 
obvious that such constants as 6 cannot be deduced 
from elastic constants which are determined in 


experiments with w? oo?. In a real physical 
system there will be both central force and other 
interactions between chains of atoms or layer 
planes only some of which determine the shear 
elastic constants in the infinite wavelength limit. 
At sufficiently low frequencies cqqoq2 > bog’ and 
the elastic continuum analysis is appropriate. At 
higher frequencies the layer bond bending forces 
the spectrum. The 
when ¢44gq" = bcqg?. Komatsu, 24) and KRUMHANSL 
and EATHERLY, 28 


stants found by CRAWFORD and MILLER,®9) have 


determine transition occurs 


using the benzene force con- 
estimated 6 and c44, and estimate that the equality 


holds for T >= 


T? variation of C 


10°K. Below this temperature the 
is expected, in agreement with 
the present experiment. Above this temperature, 
the number of states excited no longer increases as 
as in the elastic limit; accordingly, as 
NEWELL, the 
frequency contours are far from the BZ bound- 
aries, the number of goes as 
w- «(KT h)? the 


served 7? variation of heat capacity is therefore due 


rapidly 


shown by although constant- 


excited 
50°K, 


modes 


Jetween 10 and ob- 


to the nature of the valence-type bonding forces, 
and its observation is made possible by the greatly 
diminished role of the forces which usually deter- 
mine elastic shear constants. To summarize: 

It is possible to use continuum elasticity theory 
to clarify the separation of “in-plane” and “‘out- 
of-plane” modes 

In the limit of continuum elasticity it is shown 
that the KRUMHANSI 
Brooks model cannot explain the observed tem- 


anisotropy per se as in 
perature anomalies in the specific heat of good 
graphite 

In the 


10-50°K the ob- 


served 7° dependence of C,, is due to the “‘bond 


temperature range 
bending”’ character of “out-of-plane” vibrations of 
the layer planes. The major heat content is in these 
modes. Below 10°K one should start to see a transi- 
tion to 7% predicted by elasticity theory, and the 
data on CNG in the helium range show this. 

The “in-plane” modes for low frequencies corre- 
spond mostly to layer planes sliding like cards over 
each other; they can be shown to make a minor 
contribution to heat capacity at low temperatures. 
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The transition temperature from T* to T? de- 
pendence of the “out-of-plane” modes is pro- 
portional to ./(c44/b). The smaller the shear inter- 
action between planes, the lower the temperature 
at which the 7? dependence of C,, should begin. 
The transition temperature to 7? dependence of 
the “in-plane” modes is also lowered as ¢qq 1s re- 
duced. 


7. THE SPECIFIC HEAT OF IMPERFECT 
GRAPHITE 


As discussed in Section 2, the lampblack graphite 
differs structurally from perfect crystalline graphite 
in several respects: 

(a) The crystallite size is small in lampblacks, 
c~ 120,a ~ 100A. 

(b) The average c-axis lattice constant is larger 
(3-40 A) than CNG (3:35 A). This can be attri- 
buted to stacking faults. 

(c) In lampblack it is believed (Section 2) that 
two-thirds of the adjacent layer planes are ran- 
domly rotated with respect to each other in stack- 


ing. 


Several factors responsible for the excess specific 
heat of faulted, small-crystal graphite can be sus- 


pected: chemisorbed gas, stacking faults, effects of 
finite crystal size, surface vibrational states, etc. 
The problem of chemisorbed gases has already 
been discussed from an experimental point of view 
in Part 1. Theoretical estimates of the magnitude 
of the possible contributions of such residual 


chemisorbed gases indicate that the heat contribu- 
tion would be completely negligible. 

We believe that the 
lampblack graphite can definitely be identified 


anomalous behavior of 


with stacking-fault effects. The randomness of 
stacking will effect all of the elastic constants to 
some extent, but in most instances the change of 
layer spacing from 3-35 to 3-40 A will have only a 
minor effect. However, the random rotation of 
layer planes which is believed to characterize 
lampblack will have a profound effect on the inter- 
layer shear modulus c44. This effect will be strong 
enough to appreciably decrease ¢44; if this occurs, 
then at sufficiently low temperature the faulted 
lattice will have extra excitation of ‘‘out-of-plane”’ 
modes. 

A very much reduced “‘effective” shear modulus 
‘in-plane”’ 


‘ 


c44 will produce two effects. First, the 
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modes involving mutual sliding of layers will be 
excited more easily. Second, the temperature at 
which the number of ‘‘out-of-plane’’ modes 
excited goes from 7? to T? variation (from normal 
elastic to bond bending) will be lowered (Section 
6). 

We can estimate how much “excess” specific 
heat can be expected from these sources, which in 
either case varies as 72, as is observed. To set an 
upper limit on the difference between SA-25 and 
CNG, assume that c4g4—™0 in SA-25 and caq 
2-3 x 1019 dyne-cm~? in CNG. 

For “in-plane” modes, we can closely approxi- 
mate the number of “‘excess’”’ modes by all modes 
(independent of c, since c44—> 0) which are con- 
tained in cylinders about the o, axis and radius og 
such that 


P 9 9 
€119a~ C66 Ca~ 


p 


The atom fractional number of such modes is 
am» Where o 1-42 A. The 
total atom fraction of both types of modes is 


Gq"/6 am Oz77/a, where a 


a? pK?T? / 1 l 
hve = + 

C66 
Using values of elastic constants quoted in the 
previous section, this fraction at 4K is F ~ 10-8. 
The observed excess of 10-5 cal mole! deg-? is an 
order of magnitude larger than this. 

Consider next the “out-of-plane”? medcs. Here 
the “excess” number of modes is approximately 
the number of modes enclosed in a cylindrical pill 
box of height c, and radius oq given by 


KT 


i 


\( 33) * 


The atom fractional number of modes is 


BcGa" 
F 7 

SemFain™ 

Using appropriate values, we calculate F 
410-5. The excess number of degrees of free- 
dom required by experiment—10-5 to 10-4 per 


377 


atom—is in good agreement with this number. 
Thus, the increased excitation of the layer bending 
modes allowed by relaxing the “out-of-plane” 
shear modulus c4q in randomly stacked lampblack 
can well be the major contribution to the excess 
specific heat. The excess should vary as T2 on the 
basis of this model; experimentally the difference 
varies approximately as 71:8. 

This behavior can also be illustrated graphically 
as in Fig. 6, which shows contours of constant 


Fic. 6. ‘‘Out-of-plane’’ mode contours of constant 
frequency in wave number space for perfect and faulted 
graphite. In the latter it is assumed that cy, — 0, so that 
only bending of layer planes determines vibrational fre- 
quencies. The shaded areas between the curves indicate 


the locus of extra modes in faulted graphite. 


frequency in space for (i) good graphite (ii) highly 
faulted graphite. If in the equation 


pw” = ¢440q"+ bag) +¢335¢" 


the effective c4q is greatly decreased, the limiting 
value of o is determined by the bag* term. As Fig. 6 
shows, the latter contour encloses a larger volume 
of o space with excitation of more vibrational 
modes, and correspondingly higher heat content. 
Thus, the contribution to the specific heat due to 
“out-of-plane” bending of layers can be greatly 
increased if the shear constant c44 between layers is 
reduced. Since the ‘‘out-of-plane”’ modes make the 
major contribution to the specific heat, the effect 
of random layer rotation stacking faults is easily 
observed. 

Finally, consider crystal-size effects. Because of 
the small crystal size of SA-25, consideration must 
also be given to effects discussed by MoNnTROLL®®) 
and Jura and Pitzer. ®!) The continuum treatment 
of normal modes given above does not properly 
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ely strong edge constraints; 
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k-base material. In view of 
resistance of lampblack to 
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( mnclude 
a dominant role in the ‘“‘excess”’ 
ly do not play a 
ributions to 

es; these arise from 
of the particles as a 
likely that the crystallites 
1 to each 

1S an move 

nit. For the lampblack “‘particle”’ size 
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1 cal mol 


motion were ““excess’ 


10-3 


ependent of temp 


> 


-1 deg", 
The 


ide is acceptable only in the helium range, 
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rature 
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do not be- 
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at 7 ~ 10K, so we 


gross motion affects 


particle 
present experime! t 
ies discussed by MONTROLL'?9 


lification of the low-frequency 
j j 


spectrum due to “‘surface’’ and “‘edge’’ modes (a 


particular example discussed above was the sliding 


layer planes). These correspot 


to one or 


like 


ot 1010 


two components co being zero, and are 


I 
lat 1} 
plate- o bending modes of 


f I 
whole. The frequency spectrum which BoLTt and 


MAA 


the particle as a 


Phillie 


have found under these circumstances 1s 


1Vw + BSw?+CLwot+ se 


N(w) is modes with fre- 
quency less than Ww 

A, B, and C are constants 

V, S, 


eage 


number of 


where 


and J, are the volume, surface, and 


dimensions of the crystal 


The first term gives the usual 7? variation for large 


crystals, the second term gives a 7° variation. The 


t 
smaller the crystal the more important the surface 


term becomes relatively. MONTROLL estimates that 


J. A 


KRUMHANSL 


] 


lume to surface contribution is 


weight and N is 


the ratio R of vo 
rN 


I~ 76 
Ral s!\u 


where VV is the gram-molecular 


Avogadro’s number. For particles about 10-® cm 


on edge, we get R ~ 2 « 102(7 6); for the surface 


modes to predominate we would require 7 < 5 
10-86. If 4 ~ 460 , 
measured for CNG in the 7 “‘surface”’ 


modes would not predominate over the volume 


we take the temperature 


} range, the 
modes unless 7’ were below about 2°K. To sum- 
marize, the particle size is still too large to see the 
“surface” and “edge” modes in the present range 
of measurement temperatures 

Finally, there is the additional point that for 
small crystals the mode indexing 1n o space cannot 
be done on a continuous basis. The discreteness of 
the spectrum is found to be of concern only for 
100 A and at 


sufficiently low temperatures contributes a specific 


‘in-plane’? modes and for small / ~ 
heat like that of Einstein oscillators. In the present 
measurements on graphite, quantitative estimates 
show that the discreteness of the spectrum does not 
affect es 


principle contributions are trom 


for 7 greater than about 1-K, where the 
“out-of-plane” 


mode Ss 


8. GENERAL CONCLUSIONS 
The discussions of electronic and lattice con- 
tributions to specific heat lead us to conc lude :* 
(1) The magnitude of the electronic specific heat 
and its variation with doping are compatible with 
electron band calculations 
(2) The normal lattice vibration specific heat for 
10K T 


can be 


50° K is due to “out-of-plane”’ modes 
which described as the bond bending 
vibrations of the layer planes in the manner 
postulated by Komatsu and NAGAMIYA 

(3) Below T ~ 10°K in good graphite, a T? de- 
pendence of C,, is observed and this agrees with 
theoretical models. Estimates of several of the 
elastic constants are given. 

(4) For lampblack graphite the random stacking 

* After this was in preparation, Our attention 
was brought by W 
from K. Komatst 
We are indebted to Professor Komatsu for a preview of 


paper 
DESORBO to a private communication 
His conclusions are similar to ours. 


his paper. '** 
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of adjacent layer planes is expected to strongly de- 
crease the interplanar shear modulus c44. This 
allows bond bending vibrations of the layer planes 
to be excited at much lower temperatures. We 
believe this is the source of the “excess’’ specific 
heat in lampblack material. The magnitude and 
temperature variation (as 7°) of the excess are 
correctly given by this model. 
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Abstract 


The particle-size effect of the specific heat of graphite at low temperatures observed by 


DrSorso and NICHOLS is explained on the basis of the theory of KoMATsu and NAGAMIyA. Smaller 
values of the elastic constants cy, and cz, are assumed for specimens of smaller sizes. With suitable 


choices of their values, particularly that of cy,, it is shown that the calculated specific-heat curves fit 
satisfactorily with the observed points. It is concluded that significant differences in the specific heat 


of various graphite specimens at low temperatures are due mostly to different values of cy. 


1. INTRODUCTION 
In 1951 the author and NaGamriya") developed a 
theory of the specific heat of graphite to explain the 
characteristic 


especially the 7? law at low temperatures. In that 


feature of the specific-heat curve, 


paper (quoted as paper I) the graphite crystal was 
considered as a system of elastically coupled thin 
elastic plates spaced at a constant distance, and the 
vibrations of this system were assumed to be com- 
pletely separable into two kinds of mode, the 
coupled bending vibrations of the plates and the 
1 


extensional and shearing vibrations within in- 


dividual plates. The elastic constants of the plates 
corresponding to the latter vibrations were derived 
from the force constants of the benzene molecule, 
while the value of the bending modulus of the plate 
was determined by fitting the calculated specific- 
heat curve with the observed one. Between neigh- 
boring layers, only forces normal to the layers were 
assumed, and the corresponding force constant 
was derived from the measured compressibility. 
Further, the electronic specific heat was estimated 
by using WALLACE’s band model. 

After this paper was published, the first elaborate 
DESORBO TYLER? 
appeared in 1953 and a number of other experi- 


experimental work by and 
mental works®-®) followed. In some of these the 
temperature range was extended down to 1:5 or 
1°K, where a remarkable deviation from the 7? law 


was observed. Further, KEESom and PEARLMAN‘) 
discussed the electronic specific heat from their 
data. During this period a number of theoretical 
papers also appeared (see references given in the 
article by BOWMAN and KRUMHANSL"!)). 
In one of them, KRUMHANSL and 
criticized our paper I as being physically without 


BROOKS 


basis, particularly noting that the specific heat on 
the basis of our model followed the 72 law down to 
NAGAMIYA and Kom- 


absolute however, 


aTsu'?) suggested that a small shearing elastic con- 


Zero; 


stant between neighboring layers should play an 
important role at low temperatures and gradually 
change the proportionality of the specific heat from 
T? to that of 73. 

Thus, in 1955 the present author) (paper IT) 
improved the theory of paper I by introducing the 
shearing elastic constant, c44, and estimated it 
theoretically and also by fitting theoretical formula 
with the observed curve. This theory proved to be 
very successful. Both paper I and paper II made 
use of the semicontinuum model mentioned at the 
beginning of this paragraph and so, strictly speak- 
ing, their applicability was to be restricted to the 
low-temperature region. YOSHIMORI and KITANO"? 
then developed an atomistic theory of the lattice 
vibrations of graphite. Using the same numerical 
values of the force constants as ours (neglecting 
c44), they could obtain a calculated specific-heat 


380 
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curve which explained remarkably well the ob- 
served curve by DeSorso"™) from 45 to 300°K.* 
NEwELL"9) treated the same problem under 
broader assumptions and showed that the most 
essential of the lattice of 
graphite are those described by the above papers 
by Japanese authors. 

In 1955 DeSorBo®) reported a curious observa- 
tion that the specific heat of graphite at low tem- 
peratures depends significantly on the crystallite 


features vibrations 


size of the specimen. A detailed account is pre- 
sented in this issue.“*) The aim of the present 
paper is to analyse the results of his observations on 
the basis of the theory of paper II. ‘The underlying 
idea is that graphite specimens with different 
crystallite sizes may have different average inter- 
layer spacings due to various kinds of faults, parti- 
cularly stacking faults, and since c44 should be very 


OF GRAPHITE AT 


LOW TEMPERATURES 381 


different crystallite sizes. It will actually be shown 
that the particle-size effect of the specific heat of 
graphite at low temperatures is largely explained in 
terms of different values of cy4. The same idea is 
suggested independently by Bowman and Krum- 
HANSL, ‘!1) 


2. FREQUENCY-DISTRIBUTION FUNCTIONS AND 
THE NUMERICAL VALUES OF THE CONSTANTS 
USED 

For convenience, we shall first summarize the 
formulae and numerical values which are necessary 
for the present calculation. 

In paper II, it was shown that, if the shearing 
elastic constant is very small, the lattice vibrations 
approximately separate into three parts, with fre- 
quencies given by: 


sin? 762, 


sin? 762, 


4112 K2( 62+ oy7)?+(u?/n?) sin? reoz+ (672+ cy”). 


sensitive to a change in interlayer spacing or 
stacking fault, significant changes in the specific 
heat at low temperatures are to be expected for 





* The specific heat of BN can also be explained quanti- 
tatively, by using another set of reasonable values of the 
constants. The details will be published elsewhere. 


Here the suffixes 1 and 2 refer to transverse and 
longitudinal intra-layer vibrations, respectively, 
while 3 refers to perpendicular, or out-of-plane, 
vibrations. The last term in each formula comes 
from the shearing interactions. From (1) we 
obtain the 
functions: 


following frequency-distribution 


Table 1. Numerical values of the constants 


interlayer distance 
atomic volume 


velocity of the transverse wave in the 


2:10 x 10®cm/sec 
0-611 
cx? (volume density) 
1-18 « 101%/sec 

np” (volume density) 

0-344 = 10!°cm?/sec? 
¢ (volume density) 


10-*cm?/sec? 


plane of a layer 


velocity of the longitudinal wave in 


the plane of a layer 


bending elastic constant of a layer 





K. 


A) | 


= 


With the 


corresponding contributions, Cj, C2, and C3, to the 


aid of these formulae, one obtains the 


total lattice specific heat 

Numerical values of the constants used in the 
present calculations are listed in Table 1, which re- 
produces those in paper I] 

The electronic specific heat C; ie T is cal- 


culated with the use of the value of the constant 


()-22 x 10-5cal g atom deg given in paper I 


3. LOW-TEMPERATURE SPECIFIC HEAT OF 


VARIOUS KINDS OF GRAPHITE 
DeESorso and NicHois"2) studied three different 
specimens at low temperatures. The specific-heat 
values of the largest crystallite size graphite (CNG) 
were the smallest, while the graphite of the smallest 
size (SA-25) gave significantly higher values. We 


sk 


former and a smaller value for the latter. After 


iall assume a larger value of (, or c44, for the 
trial, it was found that the following values gave 
a good fit of the theoretical formula with the ob- 


served points 


= 
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& | 
- oy 
SIn* @ 
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dd 
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(a) Canadian natural graphite (CNG) 

For this specimen we assume ¢ 5-209, where 
fo is given in Table 1, or the corresponding value 
of C44, 


C44 4-05 x 1019 dynes/cm?. 


The calculated values of the specific heat are listed 
in Table 2 and represented in two curves in Fig. 1 


oe. 


and Fig. 2, along with the corresponding observed 


values. 

(b) Pile graphite (H-CS-II) 
take (= 3 
101° dynes/cm?. See Table 3, Fig. 1 and Fig. 2. 


For this, we ‘759 or c4q = 2-92 


(c) Graphitized lampblack (SA-25) 

For this specimen, it was not possible to obtain a 
good fit over the whole temperature range covered 
by the experiment, with any choice of the value of 
¢ or c44, if the other constants were left unchanged. 
(0), the calculated specific heat 
at higher temperatures would lie below the ob- 


Even if we put € 


served values. However, one would expect that the 
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Fic. 1. Comparison of the results of calculations (full 
lines) with the observations by DESorBo and NICHOLS 
in the region 1:3-4°K. heat of graphite: 
graphitized lampblack (SA-25), A—pile graphite 
(H-CS-IT), natural (CNG). 


Atomic 


Canadian graphite 
faults, which reduced the value of c44, would also 
reduce the value of cg3 or px (see Table 1) to some 
extent. Reducing the value of » by 10 per cent and 
using the value € = 0:9%, or c4q = 0-702 x 101° 
dynes/cm?, we obtain Table 4, which gives good 


agreement with experiment. 


4. DISCUSSION 
Our theory thus seems capable of explaining the 
size effect of the specific heat of graphite. KEESOM 
and PEARLMAN and also DeSorBo and NICHOLS 
estimated the electronic specific heat of graphite 
from the observed specific-heat values at very low 


temperatures, assigning somewhat arbitrarily a T° 
law to the lattice specific heat; their values were 


10-57 cal/g atom (KEESOM and PEARLMAN) 
0-6 x 10-5T (DeSorBo = and 


0-74 


and cal/g atom 


GRAPHITE AT 


LOW TEMPERATURES 





cal/g at. DEG 


C, 





Fic. 2. Comparison of the results of calculations (full 
lines) with the observations by DESorBo and NICHOLS 
in the region 10-20°K. Atomic heat of graphite: 
[ |—graphitized lampblack (SA-25), A—pile graphite 
(H-CS-IT), Canadian natural graphite (CNG). 


NicHo Ls). However, if we represent our theoretical 
lattice specific heat as C; = a7”, m increases 
gradually with fall in temperature, and it does not 
reach three even at the lowest temperatures ob- 
served (~ 1°K). Our calculated values of C; for 
the specimen CNG can be fitted approximately 
by C, = «T?:8 in the lowest temperature range of 
observation by DESorBo and NicHoLs. We may 
conclude, therefore, that KEESoM and PEARLMAN 
and also DESorBOo and NICHOLS assigned too large 
values to C,,. Our previous electronic specific heat, 
which is also used in the present paper, should be 
more acceptable. 

The particle-size effect pertaining to the surface 
waves or to the correction of the number of normal 
modes has been discussed by MOnTROLL. 2) We do 
not know whether it is really important or not, but 
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Table 2. Atomic heat of Canadian natural graphite. Results of the numerical 
calculations in 10-4 cal/g atom deg 


CL Ci 


) 


146 0-154 ‘029 
179 0-189 ‘031 
-218 -230 033 
-484 . 044 
‘667 ‘7 ‘050 
‘885 . “055 
-139 21: ‘060 
424 “ ‘066 
130 : ‘077 
‘992 3° ‘O88 


NNN N SS 


it seems likely that it plays a minor role in the sincere thanks to Professor T. NAGAMIYA of Osaka 
University for his valuable discussions and to Mrs. S. 
present treatment HarabDA for her help in numerical calculations. Thanks 

: are also due to Dr. W. DESorso of the General Electric 


Company, who sent his experimental results to the 


effect of graphite, considering the success of 
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3. Atomic heat of pile graphite. Results of the numerical calculations in 
10-4 cal g atom deg 


La | 


0-031 
0-033 
0-044 
0-050 
0-055 
0-060 
0-066 
0-077 
0-088 


AwWwWwWNN NWN NHN — — 


Wald Oo 


wo — — 





SPECIFIC HEAT OF GRAPHITE AT LOW TEMPERATURES 


Table 4. Atomic heat of graphitized lampblack. Results of the numerical calculations 
in 10-4 cal/g atom deg 


1+C, Cy ‘EL CE Cfeale.) 


0-018 0-456 , 0-029 -503 
0-023 0-031 596 
0-028 635 0-663 0-033 696 
0-068 1-305 0-044 349 
0-137 2°157 0-055 ‘212 
0-247 3-239 0-066 3-305 
0-424 4-611 0-077 688 
0-638 6:191 0-088 -279 
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Energieleitung sind 
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another process must take place in 


Kristallgebiete eine wichtige Rolle 


1958) 


\nregungs- 
In letzter Zeit 


\usbre itung der 


istallen festgestellt, dass neben der sich nur liber kurze Entfernungen 


Prozess stattfinden muss 


liber relativ grosse Entfernungen ausbreitet 
dass alle bisher erzielten Untersuchungsergebnisse zu 
dass der Prozess mit grosser Diffusionslange durch Streuung und 


fallenden Strahlung bzw. des im Kristall erzeugten Lumineszenzlichtes erfolgt 


Exzitonen lasst sich nach 


nicht aufrechterhalten 


die das eigene Lumineszenzlicht nicht mehr absorbieren, bei denen 


lasst sich der Energie- 


Ichen gut untersuchen. Aus der nichtlinearen Spannungsabhiangigkeit 


itig angeregten inrisStalies Konnte geroigert werden, aass aie eTent- 
t rten | talles | t folgert 1 1 lie Defekt 


Die Diffusionslange liegt in der 


einen positiven ‘Temperaturkoeffizienten 
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The diffusior abou 


1. EINLEITUNG 


Frage nach dem Mechanismus der Energie- 


Dit 


wanderung in Kristallen hat schon von jeher bie 


der Deutung der Ejigenschaften von Photo- 
halbleitern und Leuchtstoffen stark interessiert. 


| 
3ei1 den Sulfidphosphoren, zu deren wichtigsten 
) die Zink-Kadmiumsulfide zahlen, nahm 
dass die Ubertragung der An- 


Vertreter: 


man bisher an, 


radiation 
gy conduction by excitons is not supported by a more precise analysis 


charged particles may be 
luminescent radiation, 1.¢ 
liminated. From the non-linear voltage dependence 


concluded that holes are 
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uw and has 


large diffusion length results from the scattering and reabsorption 


generated in the crystal. The repeatedl; 


investigated using high purity 
ht 


the photo-current of a 


in which the process of li 
ot 
the determining factor for this 
coefficient 


a positive temperature 


regurgsernergie von den Absorptions- zu den 


Emissionszentren im wesentlichen durch eine 
ambipolare Diffusion von freien Ladungstragern 
erfolgt und dass demgegeniiber andere Prozesse, 
wie B. 
iibertragung, °° 


Zahlreiche 


unter anderem die Verschiebung der Farbe von 


Exzitonenwanderung oder Resonanz- 
Bedeutung haben. 
Substanzen 


Z 
kaum_ eine 


Eigenschaften dieser 
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Zweibandenphosphoren mit der Temperatur,®) 
die hohe Lichtausbeute bei Anregung mit energie- 
reichen Korpuskularteilchen, 4:5) das Auftreten von 
strahlungslosen Prozessen bei hohen 'Tempera- 
turen oder zusatzlicher Ultrarotbestrahlung®) 
sowie das Vorhandensein einer grossen Photo- 
leitfahigkeit?) — konnten mit der Annahme einer 
gemeinsamen Ausbreitung von Elektronen und 
Defektelektronen zwanglos gedeutet werden. Ein 
unmittelbarer Nachweis fiir die Existenz einer 
derartigen ambipolaren Diffusion wurde jedoch 
bisher nicht gebracht, und es war bis vor kurzem 
auch nicht bekannt, iiber welche Entfernungen die 
Anregungsenergie hierbei transportiert werden 
kann. Aus Messungen des Halleffektes und aus der 
Tatsache, dass die Zink/ Kadmiumsulfid- 
Phosphore bei Anregung mit einzelnen «-Teilchen 
noch eine sehr gute Lichtausbeute besitzen, liess 
sich lediglich eine obere und eine untere Grenze 
fiir die Diffusionslange angeben. 

Die obere Grenze ergibt sich unter der Vor- 
aussetzung, dass nur die Diffusion der Majoritats- 
trager im Falle von Zink- und Kadmiumsulfid 
also die Diffusion Elektronen Aus- 
breitungsbereich bestimmt. Man kann dann die 
Diffusionskonstante D, der Elektronen mit Hilfe 
der Ensteinschen Beziehung Dy, = (e kT). 
der Hallbeweglichkeit 4», berechnen ; man kann 
ferner aus Abklingmessungen oder aus dem Ab- 
solutwert der Photoleitfahigkeit die Lebensdauer 
Tn ermitteln und erhalt so gemiass der Definitions- 
formel Ly VDn° 
sionslange der Elektronen L,. Im Falle des Kad- 
miumsulfids findet man hier mit den bekannten 
Werten pn ~ 200 cm? Volt. sec8) und Tp 
0,001-1 sec") einen Ausbreitungsbereich der Elek- 
tronen iiber Entfernungen bis zu mehreren Milli- 
metern. Da die Defektelektronen notwendigerweise 
eine weit geringere Lebensdauer und vermutlich 
(vgl. die Messungen an Kadmiumtellurid™®?) auch 
eine kleinere Hallbeweglichkeit haben, muss 
jedoch der wahre Wert der ambipolaren Diffu- 
sionskonstante, der durch die Ausbreitung der 
Grossen- 


der den 


[in aus 


Tn einen Wert fiir die Diffu- 


Minoritatstrager bestimmt wird, um 
ordnungen unter dem so errechneten Maximal- 
wert liegen. 

Die untere Grenze fiir die 
Energieiibertragung durch Elektronen und Defek- 
telektronen findet man aus der Beobachtung, dass 
Teil der an das Kristallgitter 


Reichweite der 


ein erheblicher 


abgegebenen Anregungsenergie einzelner «-Teil- 
chen zu den Aktivatoratomen wandern kann. ‘4:5 
Bedenkt man, dass ein «-Teilchen primar nur 
einen Anregungskanal sehr geringer Ausdehnung 
verursacht, so lasst sich eine gute Lichtausbeute 
nur dann erklaren, wenn die Trager des Energie- 
transportes mindestens iiber Entfernungen diffun- 
dieren, die den mittleren Abstanden der Aktivator- 
atome entsprechen. Dies ist bei einer Aktivator- 
konzentration von 10-4°% eine Strecke von einigen 
10-6 cm, iiber die sich die Anregungsenergie aus- 
breiten muss, bevor eine merkliche Lumineszenz- 
erzeugung einsetzen kann. Die ‘Tatsache, dass 
derartige Reichweiten aus der Analyse des zeit- 
lichen Verlaufes einzelner durch «-Teilchen er- 
zeugter Lichtblitze auch ermittelt werden konn- 
ten"1), spricht sehr dafiir, dass der so gefundene 
Wert fiir die untere Grenze der ambipolaren 
Diffusion in Wirklichkeit nicht allzusehr itiber- 
schritten wird, der wahre Wert also voraussichtlich 
eher nahe der unteren als nahe der oberen Grenze 


zu suchen ist. 
Eine Stiitze dieser Annahme folgt auch aus 
optischen Messungen an Zinksulfid- und Kad- 


miumsulfid-Einkristallen, die nur zum ‘Teil einer 
Strahlung ausgesetzt waren. Bei 


Eignung 


anregenden 
Untersuchungen iiber die 
Kristalle als Bildschirme hohen Auflésungsver- 
mégens beobachteten AREND ef al.,4?) dass die 
Auflésurgsgrenze bei Anregung mit Elektronen 
einer kinetischen Energie von 5 keV lediglich durch 
die Diffusion der auffallenden Strahlung bestimmt 
wurde und etwa bei 5u lag. Dies besagt, dass eine 
Diffusion der Anregungsenergie von Gebieten 
hoher Strahlstromdichte zu weniger stark be- 
lichteten Stellen sicher nur iiber Strecken erfolgt, 
die kleiner als einige » sind. Hierdurch wird der 
Bereich, in dem eine Diffusion der Anregungs- 
energie erfolgen kann, auf das Gebiet zwischen 
etwa 10-4 und 10-6 cm beschrankt. Eine weitere 


derartiger 


Verfolgung dieser optischen Methode erscheint 
aber wenig erfolgversprechend, da derart geringe 
Abstiande mit Lichtstrahlen nicht mehr analysiert 
werden kénnen. 

Eine andere Methode, quantitative Angaben 
iiber die Energiewanderung in Kristallphosphoren 
zu erhalten, besteht in der Untersuchung der Aus- 
breitung der Photoleitung von angeregten zu un- 
angeregten Bereichen der Kristalle. Messungen 


verschiedener Autoren"8-15) haben iiberraschen- 
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derweise gezeigt, dass Photoleitung auch noch in 
relativ grossem Abstand vom Ort der Anregung 
zu beobachten ist. Die hierbei gefundenen Diffu- 
sionslangen lagen zwischen 107% und 10-1 cm und 
waren damit um mehrere Zehnerpotenzen grésser 
Werte, die sich aus den oben erwahnten 
Lumineszenzmessungen Als 
\usbreitung der Photoleitung 


als die 
abschatzen liessen. 
Deutung fiir die 
wurde meist eine Diffusion von Defektelektronen 
angenommen 

Zur Klarung der beobachteten Diskrepanzen 
zwischen den von optischen und den von elek- 
herriihrenden Werten der 
BALKANSKI 
Mechanismus der 
Die 
bei verschiedenen An- 
regungsarten Wirkung elektrischer 


Felder und bei Anregung der Kristalle mit kurz- 


trischen Messungen 


Diffusionslange verfolgten und einer 
der Verfasser (BROSER) "6 


Ausbreitung der Photoleitung 


den 
eingehend. 
Diffusionslange wurde 


unter det 


zeitigen Lichtblitzen bestimmt. Es ergab sich 


jedenfalls bei Anregung mit Licht im Grund- 


gittergebiet und mit R6ntgenstrahlen —, dass ein 
Teil der Photoleitung tiber grosse Strecken diffun- 
dieren kann (an grésseren Kristallen wurden 
Werte bis zu L 
Hauptteil auf das Anregungsgebiet beschrankt 


10-3 cm, 


1 cm gefunden), wahrend der 


bleibt und mit einer Diffusionslange 
die unterhalb der Genauigkeit der verwendeten 
Messmethode liegt, abnimmt. Da _ elektrische 
Felder keinerlei Einfluss auf den Ausbreitungs- 
mechanismus mit grosser Diffusionslange haben, 
konnte gefolgert werden, dass es sich hierbe1 nicht 
um die Diffusion Teilchen handelt 


Messungen mit kurzzeitigen Anregungslichtblitzen 


geladener 


erharteten dieses Ergebnis insofern, als die hieraus 
ermittelten Werte der Diffusionskonstante — unter 
der Annahme, dass Defektelektronen Trager des 
Energiestromes sind — zu einer Locherbeweglich- 
keit von yx» = 4000 cm? Volt.sec gefiihrt hatten ; 
dies ist ein wenig sinnvoller Wert. Zur Deutung der 
Untersuchungsergebnisse verblieben somit nur 
zwei Moglichkeiten: Entweder besteht der Ener- 
gietransport in einer Fortleitung und Reabsorp- 
tion des erzeugten Lumineszenzlichtes oder es 
handelt sich um den vor allem bei organischen 
Leuchtstoffen diskutierten Prozess der Ex- 


zitonenwanderung. Fiir beide Mechanismen konn- 


viel 


ten Argumente angefiihrt werden, jedoch war an 
Hand eine end- 
giltige Klarung des Problems noch nicht méglich. 


der vorliegenden Messungen 
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DieEMER und HooGENsTRAATEN"”) haben den 
Gedanken der Exzitonenwanderung aufgegriffen 
und eine Theorie der gemischten ambipolaren und 
Exzitonen-Diffusion entwickelt. Ihre Messungen 
stehen in guter Ubereinstimmung mit den Ergeb- 
nissen von BALKANSKI und Broser,"®) stellen 
jedoch unserer Meinung nach keinen eindeutigen 
Beweis fiir eine Exzitonenwanderung dar. Sehr 
aufschlussreich ist Arbeit durch- 
gefiihrte Messung der Diffusionslange geladener 
Teilchen mit Hilfe des photoelektromagnetischen 
Effektes. Fiir die untersuchten Kadmiumsulfid- 
Kristalle werden hier Diffusionslingen zwischen 
0,1 und 1p gefunden, was gut mit den schon er- 
wahnten Untersuchungen an CdS- und ZnS- 
Enkristallbildschirmen iibereinstimmt. Es ergibt 
sich also auch hierbei, dass zwei verschiedenartige 
Kristall- 


die in dieser 


Prozesse der Energiewanderung in 


phosphoren vom Typ Zink-Kadmiumsulfid eine 


Rolle spielen. 
Wir haben nun 
zu klaren versucht, ob in Kadmiumsul fid- 
Kristallen wirklich eine Exzitonenleitung zu 
beobachten ist oder ob die Diffusion der Photo- 
leitung lediglich durch eine Streuung des Lumines- 
zenzlichtes bzw. der auffallenden Strahlungsin- 
Wir sind dabei zu 


wie im folgenden beschrie ben 


wir 


tensitat hervorgerufen wird. 
dem Ergebnis gekommen, dass sich alle beobach- 
teten Effekte zwanglos durch die Annahme einer 
Lichtstreuung erklaren Dies bedeutet 
allerdings nicht, dass eine Exzitonenleitfahigkeit 


lassen. 


nicht trotzdem vorhanden sein kénnte. Wenn es 
sie wirklich gibt, so beobachtet man sie nicht, 
weil sie durch den Streueffekt véllig iiberdeckt 
wird 

Wir haben ferner nach einer Methode gesucht, 
mit der man auch iiber die Diffusionserschei- 
nungen mit kurzer Reichweite Aufschluss erhalt. 
Dazu wurden geeignete Kristalle hergestellt, die 
das eigene Lumineszenzlicht nicht absorbieren, so 
dass die Méglichkeit Energietransportes 
durch Lumineszenzlicht im Kristal! fortfallt. An 
solchen Kristallen konnte gezeigt werden, dass der 
noch verbleibende Ausbreitungsmechanismus, wie 
erwartet, durch Locher getragen wird. An wenig 
aktivierten Kristallen wurden in Ubereinstimmung 
mit den magnetischen Messungen von DIEMER 
HOOGENSTRAATEN"!7) Diffusionslangen von 


eines 


und 
etwa lu gefunden. 
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2. ENERGIETRANSPORT MIT GROSSER DIFFU- 
SIONSLANGE 

(a) Messungen 

Den Messungen zur Klarung der Frage des 
Energietransportes iiber gréssere Entfernungen 
liegt die Annahme zugrunde, dass ein eindeutiger 
Zusammenhang zwischen dem am Ort der Leit- 
fahigkeitsmessung austretenden Licht und der 
Photoleitung bestehen muss, wenn 
Licht die Ursache fiir das Auftreten von Photo- 
leitung im unbelichteten Gebiet ist, gleichgiiltig, 
ob das gestreute Licht durch Lumineszenz er- 
zeugt oder von aussen eingestrahlt wird. Umge- 
kehrt kann dann das Fehlen eines derartigen 
Zusammenhanges als indirekter Beweis fiir einen 
Energietransport durch Exzitonen gewertet wer- 
den. 

Die von uns gewahlte Anordnung zur Messung 
des am Ort der Leitfahigkeitsmessung durch den 
Kristall fliessenden Lichtstromes ist in Abb. 1 


gestreutes 


Abdeckung 


Elektroden 
Krista 


Ass. 1. Anordnung zur Messung von Photostrom und 
Lichtstrom in einem nicht direkt bestrahlten Kristall- 
gebiet. 
schematisch wiedergegeben. Das _ eingestrahlte 
Licht trifft nur auf einen kleinen Teil des Kristalles 
und ruft dort Photoleitung und Lumineszenz 
hervor. Im abgedeckten Kristallgebiet kann eine 
Anregung entweder durch Diffusion von An- 
regungszustanden (freie Ladungstrager, Exzitonen 
usw.) oder durch Absorption von gestreutem 
Lumineszenzlicht und einfallendem Licht erfolgen, 
letzteres allerdings nur bei Einstrahlung von 
schwach absorbiertem langwelligem Licht im Aus- 
laufergebiet. Die Messung des am Ort der Leit- 
fahigkeitsmessung vorhandenen Lichtstromes er- 
folgt nun derart, dass nur das Gebiet zwischen den 
Elektroden dem Photomultiplier gegeniiber un- 
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abgedeckt ist, so dass lediglich das hier austre- 
tende Licht wird. Hierbei kann 
angenommen werden, dass der Zusammenhang 
zwischen Lichtstrom im Kristall und der in die 
Photozelle fallenden Lichtintensitat unabhangig 
davon ist, ob das Licht im Kristall erzeugt oder von 
vor- 


untersucht 


aussen eingestrahIlt wird, da der zunichst 
handene Unterschied in der Richtungsverteilung 
durch die Vielzahl der Reflexionen im Kristall- 
innern ausgeglichen ist. 

Das Ergebnis einer derartigen Messung fiir ver- 
schiedene Intensititen und Wellenlingen der 
auffallenden Strahlung ist in Abb. 2 wiedergege- 
ben. Als Abszisse ist der Photostrom, als Ordinate 





Lichtstrom, Skt 


App. 2. Zusammenhang zwischen Photostrom und 
Lichtstrom bei Bestrahlung des unabgedeckten Kristall- 
gebietes mit rotem Licht (A 720 mp), blauem Licht 


(A = 435 mz) und Ro6ntgenstrahlen (Ey,ax 50 keV). 


die Intensitaét des durch das blaue Licht und die 
Réntgenstrahlen erzeugten Lumineszenzlichtes 
(Amax & 720 mp) bzw. des mono- 
chromatischen roten Lichtes aufgetragen. Man 
erkennt, dass zu gleichen Intensitaten des Licht- 
stromes stets der gleiche Photostrom gehért, ganz 
gleich, ob die Energie durch Umwandlung der 
auffallenden Strahlung in Lumineszenzlicht oder 
nur durch Streuung zum Ort der Leitfahigkeits- 
messung gelangt ist. Wichtig ist die Feststellung, 
dass eine solche Ubereinstimmung nur dann auf- 
tritt, wenn die Wellenlange des roten Lichtes etwa 
mit dem Schwerpunkt der Emissionsbande iiber- 
einstimmt. Dieses Ergebnis zeigt recht deutlich, 
dass ein enger Zusammenhang zwischen der aus 
dem Kristall austretenden Lichtintensitat und dem 


gestreuten 
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Photostrom im abgedunkelten Teil des Kristalles 
besteht und dass die gesamte Photoleitfahigkeit im 
Falle des stark absorbierten blauen Lichtes bzw 


der Réntgenstrahlen durch eine Reabsorption des 


gestruteen Lumineszenzlichtes entstanden ist. 


Man kénnte demgegeniiber einwenden, dass es 


sich bei dem gemessenen Lumineszenzlicht nicht 
um gestreutes, sondern um erst am Ort der Leit- 
Licht handelt 
tliche Energietransport von einem 


also Z B 


erzeugtes und 


higkeitsmessung 
5S 1¢] 1vel 
\lechanismus, durch 

un- 
pel de1 
ff 


urch Zerfall von 


“4 ] ] 4 

eiltianigkeltsmessung 
Ach ‘ freics Elektron 
hen kann, wahrend bei der Anregung eines 
olge 


Elektrons durch rotes Licht aber inf 


en Absorptionskoeffizienten — sicher eine 
Anzahl! von Lichtquanten nOtig ist 


nt, be1 dem d 


ae! 
Ene rei wande - 

11e 

ort der An- 

senergie vom rt r Anre g zum Ort 


=4 e-4) 


Viessung bendétiet. Im Falle von rotem Licht 


folot die Ausbreitung mit Lichtgeschwindigkeit, 
einem Weg von 1 cm Lange also in etwa 
wahrend Exzitonen fiir ihre Wanderung 

angere Zeit benétigen diirften. Die 
hung der Laufzeit erfolgte in der gleichen 
wie zuvor (Abb. 1). Anstatt mit zeitlich 
Lichtblitz 
Verlauf 


Hilfe eines 


1O-l1se< 


ing 
mstantem Licht wurde jetzt mit einem 

gearbeitet und der zeitliche 
tostrom und Lichtstrom mit 
hloszillographen verfolgt. Abb. 3 zeigt 
zwei derartige Messungen bei Anregung mut 
blauem Licht (Grundgittergebiet) und mit rotem 


Licht Zuniachst sich 


wieder, wie im Gleichstromfall, dass zu gleichen 


(Auslaufergebiet). ergibt 
Lichtstromwerten auch gleiche Photostréme ge- 
Ausserdem erkennt man aber deutlich, dass 
und 


horen 


ein Unterschied in der Laufzeit bei roter 


blauer Anregung nicht besteht. In beiden Fallen 
gung 

setzt der Anstieg des Photostromes gleichzeitig mit 

dem Beginn des Lichtblitzes ein, und auch der 

Zeitpunkt ¢,,,,,, an dem das Maximum des Photo- 

stromes erreicht wird, ist etwa der gleiche. Der 

noch verbleibende geringe Unterschied in den 


Werten von ¢,,,, (rot) und ¢,,,,(blau) erklart sich 
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dadurch, dass bei Anregung mit blauem Licht das 
Anklingen der Lumineszenz nicht véllig trag- 
heitslos erfolgt, wodurch eine gewisse Verlange- 
rung des Lichtblitzes eintritt. Um den Einwand, 
dass auch bei Exzitonenwanderung Lichtstrom und 
Leitfahigkeit zur gleichen Zeit beginnen kénnten 
(namlich dann, wenn die Erzeugung des Lichtes 
erst am Ort der Leitfahigkeitsmessung durch Zer- 
fall der Exzitonen erfolgt), zu entkraften, haben 
wir auch noch — wie hier nicht wiedergegeben 

Photo- 


den durch blaue Anregung erzeugten 
stromimpuls zusammen mit dem direkten blauen 
Lichtblitz aufgenommen. Man erhalt dann, eben- 
falls zur gleichen Zeit beginnend, den kurz- 
zeitigen Lichtimpuls des Blitzgerates wie in Abb. 3 
unten und den langzeitigen Photostromimpuls wie 


in Abb 


Unterschied in 


Dies zeigt wiederum, dass ein 
und 


3 oben 
den Laufzeiten bei roter 
blauer Anregung nicht nachweisbar ist und dass 
die nichtstationadren Messungen nichts zugunsten 
Mit Hilfe der 
dass bei Anregung im Grundgitter die 
durch 


der Exzitonenhypothese aussagen 
Annahme, 
Photoleitung 
Streuung des Lumineszenzlichtes zustande kommt, 


in abgedunkelten Gebieten 


lassen sich dagegen alle Beobachtungen ohne 


Widerspruch deuten 

Wenn 
Exzitonen bei 
nicht festgestellt werden kann, 


bew lesen, d 


somit eine Energiewanderung durch 


Anregung im Grundgittergebiet 
so ist damit noch 
nicht ass im langwelligen Auslaufer- 
gebiet in der Nahe der Absorptionskante, wo die 
Exzitonenspektren normalerweise zu finden sind, 
nicht doch ein merklicher Anteil der diffundieren- 
den Photoleitung durch Exzitonen getragen wird 
Die friiheren Diffusionsmessungen"®) liessen einen 
derartigen Prozess vermuten, da hier neue Leit- 
fahigkeitsmaxima auftraten, die bei direkter 
Bestrahlung der Elektroden nicht zu beobachten 
waren. Zur Priifung dieser Frage haben wir an 
einem Kadmiumsulfid-Kristall, dessen Anordnung 
ebenfalls der von Abb. 1 entsprach, den Photo- 
strom und den Lichtstrom als Funktion der 
Wellenlange des auffallenden Lichtes gemessen 
(Abb. 4). Wir haben dabei den Lichtstrom genau 
analysiert und gefunden, dass er sich im Gebiet der 
Grundgitterabsorption véllig aus rotem Lumines- 
zenzlicht zusammensetzt, wahrend bei Anregung 
im Auslaufergebiet mehr und mehr direktes mono- 
chromatisches Licht durch den Kristall gestreut 
Filteranordnungen konnten wir 


wird. Durch 





Anregung ' 
mit blauem Licht ¥& Photostrom 
: Lichtstrom 


Anregung 
mit rotem Licht Photostrom 


. Lichtstrom 


Ass. 3. Zeitlicher Verlauf des Photostromes und des Lichtstromes bei kurzzeitiger 
Bestrahlung des unabgedeckten Kristallgebietes mit rotem (A = 720 my) und blauem 
(A 435 my) Licht. 


[facing p. 390 
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beide Anteile trennen und so — nach Korrektion 
mit der Empfindlichkeit der verwendeten Photo- 
zelle — beide Anteile darstellen (die 
korrigierte Kurve ist im Verhiltnis 10:1 ver- 
gréssert gezeichnet). Die Abb. 4 bestatigt zunachst 


fiir sich 


We! enlange, mye 


Ass. 4+. Abhingigkeit des Photostromes und des Licht- 
stromes von der Wellenlainge des auffallenden Lichtes. 
noch einmal das Ergebnis der vorherigen Mes- 
sungen: Setzt man Photostrom und Lichtstrom im 
Grundgittergebiet einander gleich, so schneiden 
sich die beiden Kurven genau dort, wo das mono- 
chromatische Licht etwa die gleiche Wellenlange 
hat wie der Schwerpunkt des Lumineszenzlichtes. 
Dariiberhinaus erkennt man aber jetzt deutlich die 
Ursache fiir das schon friiher beobachtete Auf- 
treten eines zweiten Maximums der Photoleitung 
Wahrend das erste Maximum 


bei etwa 575 my : 
der Lumineszenz 


zweite 


genau mit dem Maximum 
zusammenfallt, entsteht 
dadurch, dass mit wachsender Wellenlange der 
Lichtstrom zunimmt, das Absorptionsvermégen 
jedoch geringer wird. Den Zusammenhang zwi- 
monochro- 


das Maximum 


schen Photostrom und 
matischen Licht erkennt man besonders gut daran, 
dass der Photostrom bei etwa 530 mp genau dann 
wieder anzusteigen beginnt, wenn der Kristall fiir 
das auffallende Licht durchsichtig wird. Wie emp- 
findlich die angegebene Methode selbst kleinere 
Einzelheiten des Anregungsmechanismus erkennen 
lasst, geht aus folgendem hervor : Beobachtet man 
bei gleicher Lumineszenz den Photostrom un- 
mittelbar rechts und links des ersten Maximums 
(etwa bei 490 und 525 my), also in einem Gebiet, 


gestreutem 


in dem der Photostrom nur durch das Lumines- 
zenzlicht angeregt wird, so ergibt sich ein merk- 
licher Unterschied. Die Nachpriifung 
zunachst unverstandlichen Effektes 
schwache Verschiebung des Emissionsspektrums 


dieses 
ergab eine 
mit langwelligerer Anregung ins ultrarote Gebiet, 
was eine Abnahme der Photoempfindlichkeit zur 
Folge hatte. Zusammenfassend kénnen wir also 
sagen, dass auch das Auftreten neuer Maxima im 
Anregungsspektrum der durch Diffusion erzeugten 
Photoleitfahigkeit zwanglos durch die Annahme 
der Lichtstreuung gedeutet werden kann und dass 
auch hierbei der Einfluss einer Exzitonenwande- 
rung—jedenfalls im Rahmen der Messgenauigkeit 
und bei den von uns verwendeten Kristallen 


nicht beobachtet werden konnte. 


(b) Diskussion der Ergebnisse 

Die vorliegenden Messungen zeigen ziemlich 
eindeutig, dass die Diffusion der Photoleitung 
iiber gréssere Bereiche nicht durch Wanderung 
von Exzitonen, sondern durch Streuung des 
auffallenden bzw. des Lumineszenz-Lichtes ver- 
ursacht wird. Demgegeniiber erscheint es ver- 
wunderlich, dass zur Deutung der Messungen von 
BALKANSKI und Broser"!®) sowie der von DIEMER 
HOOGENSTRAATEN"!?) die Vorstellung 
wahrscheinlichere 


und der 
Exzitonenwanderung als der 
Prozess verwendet wurde. Die Idee, dass auch das 
gestreute Lumineszenzlicht zur Erzeugung von 
Photoleitung in nicht direkt bestrahlten Kristall- 
gebieten eine Rolle spielen kénnte, ist ja zu nahe- 
liegend, als dass sie nicht in Erwagung gezogen 
worden wire. So lassen BALKANSKI und BROsER"®) 
die Deutung der Versuche mit Hilfe der Licht- 
streuung als zweite gleichberechtigte Méglichkeit 
offen, und DIiEMER und HOOGENSTRAATEN"™?? er- 
wahnen, dass sie den Einfluss von rotem und ultra- 
rotem Licht auf die Photoleitung gepriift haben, 
dass diese Untersuchungen allerdings keinen 
Hinweis auf einen derartigen Streu-Mechanismus 
lieferten. Um hier Klarheit zu schaffen, wollen wir 
im folgenden die Messungen, die als Argumente 
fiir die Exzitonenwanderung und gegen die 
Lichtstreuung angefiihrt wurden, noch einmal 
zusammenstellen und priifen, inwieweit sich diese 
Ergebnisse auch mit Hilfe der Annahme einer 
Energieleitung durch Licht erklaren lassen. 

(1) Die Abnahme der Photoleitung mit dem 
Abstand vom Anregungszentrum x erfolgt nach 
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einem Exponentialgesetz o Go ° L wie es bei 


Diffusionsvorgang zu erwarten 


einem reinen 


117 
sot 16 
iSt 


(2) Die erste, mit geringer Diffusionslange statt- 
findende Abnahme des Photostromes ist sehr ver- 
nachdem ob mit Licht im 


schieden stark, je 


und im Auslaufergebiet oder 


Grundgittergebiet 
mit Réntgenstrahlen angeregt wird. 6 

Kristalloberflache 
en dem Anregungsort und der Messstelle 
Diffusion er- 


(3) Durch Zerst6ren der 


lie Intensitat des durch 


Photostromes stark ab, was durch eine 


ing der Rekombinationswahrscheinlichkeit 
Exzitonen gedeutet worden ist. ‘6 


iC] 


treten bei der durch 


Maxima 


Im Auslaufergebiet 
Diffusion Leitfahigkeit 
auf, die sich zum Teil sogar in ein wasserstoffahn- 
Dieses Spek- 


allerdings nicht mit den aus Absorp- 


erzeugten neue 

liches Spektrum einordnen lassen 

rum stimmt 
nd Emissionsmessungen gefundenen Ex- 
spektren iiberein. 16.18 

Die ‘Temperaturabhangigkeiten der durch 

und der durch direkte Bestrah- 
I 


Diffusion erzeugten 


: 
lung hervorgerufenen Leitfahigkeit unterscheiden 


sich erheblich. Im ersten Fall ist eine sehr viel 
Zunahme der 


lemperatur zu beobachten als im zweiten 


Leitfahigkeit mit abneh- 


Starkere 


(6) Der zeitliche Verlauf des durch einen kurzen 
Lichtblitz hervorgerufenen Stromimpulses im ab- 
gedeckten Gebiet verandert sich mit grésser wer- 

*m Abstand vom Anregungsgebiet. Er ge- 

‘cht dabei naherungsweise einem Gesetz co 

x), das sich fiir einen Diffusionsvorgang mit 
Lebensdauer der diffundierenden Teil- 


endlicher 
chen errechnen lasst. Die Analyse des Stromim- 
pulses mit Hilfe dieser Gleichung liefert Werte fiir 
den Diffusionskoefhzienten von etwa Dy, ~ 100 


cm? sec und fiir eine Lebensdauer von 7 x 1 
16 
ISC(4 7 


) Es handelt sich bei den Tragern der An- 


um elektrisch neutrale Gebilde, 
Nichtbeeinflussbarkeit durch elek- 


und magnetische Felder hervorgeht."6-17) 


regungsenergie¢ 
was aus der 
trische 

(8) Direkte Bestrahlung eines Kristallgebietes 
Licht gleicher Wellenlange und In- 


wie das 


mit rotem 
aus dem Kristall austretende, 
Grundgittergebiet erzeugte 


schwacheren 


tensitat, 
durch Anregung im 
Lumineszenzlicht, ergibt einen 


Photostrom als die Diffusion von Anregungstra- 
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gern aus einem im Grundgittergebiet angeregten 
Kristallteil (nach eigenen unverOffeutlichten Mess- 
ungen). 

(9) Zwei mit einem Stoff hohen Brechungs- 
index’ aufeinander oder gekittete 
Kristalle geben nur dann im abgedeckten Teil 
einen merklichen Photostrom, wenn der Kristall, 
Ein 


aneinander 


an dem gemessen wird, auch angeregt ist. 
Ubertritt der Anregungszustande von Kristall zu 
Kristall ist also sehr erschwert"9). 

(10) An gesinterten polykristallinen Schichten, 
die bei Wellenlangen 600 my vollig undurch- 
sichtig erscheinen, tritt noch im Abstand von 
mehreren Millimetern eine durch Diffusion von 
Anregungsenergie hervorgerufene Leitfahigkeit im 
langwelligen Gebiet auf. 

(11) Bei Untersuchungen mit einer ahnlichen 
Abb. 1 gezeigte wird 

Temperaturen keine 
zwischen Photostrom und 
2) bei blauer und roter 


Anordnung wie die in 


insbesondere bei tiefen 
Ubereinstimmung 
Lichtstrom (wie in Abb 
Anregung gefunden. °° 

Eine sorgfaltige Analyse dieser Messergebnisse 
im Zusammenhang mit unseren oben beschrie- 
benen Untersuchungen zeigt nun, dass keiner der 
elf Punkte gegen unsere Annahme einer durch 
Lichtstreuung erzeugten Photoleitung spricht und 
der Exzitonenwande- 
kann. Im 


als Beweis fiir die Existenz 
rung herangezogen werden einzelnen 
kann dazu gesagt werden 

Zu 1: Die Abnahme Licht 
innerhalb des Kristalles erfolgt durch Absorption 
und der Totalreflexion der 
Strahlen an Oberflachenfehlern. Fiir beide Effekte 
gilt in erster Naherung die Differentialgleichung 
dN ‘dx (a+ 8)N, wenn wir mit N die Zahl der 
am Ort x vorhandenen Lichtquanten, mit « den 
Koeffi- 


von gestreutem 


durch Verluste bei 


) 


Absorptionskoeffizienten urd mit f 
zienten fiir das Entweichen aus der Oberflache 


Dies fiihrt sofort zu dem gefundenen 


den 


bezeichnen 
Exponentialgesetz und erklart auch die Beobach- 
,,Diffusionslange‘‘ umso 
Kristall ist, da 


tung, dass die grosser 
wird, je dicker und breiter der 
B~1/L umso kleiner wird, je weniger Reflexions- 
akte stattfinden. 

Zu 2: Der Wert der unmittelbar an der An- 
regungsgrenze eintretenden Abnahme der Leit- 
fahigkeit hangt davon ab, wie stark die direkte 


Strahlung im Verhiltnis zur 


Wirkung der 
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Erzeugung von Lumineszenzlicht bzw. Seitwarts- 
streuung des auffallenden Lichtes ist, was bei 
unterschiedlichen Anregungsarten ganz verschie- 
den sein kann. Der Beweis, dass hierbei nur der am 
Ort der Leitfahigkeitsmessurg fliessende Licht- 
strom massgebend ist, wird durch die Messung, 
Abb. 2, geliefert. 

Zu 3: Durch Zerstéren der Kristalloberflache 
erhoht sich die Wahrscheinlichkeit fiir das Ent- 
weichen von Lichtquanten bei der Totalreflexion. 
Die Konstante $8 wird grésser, die ,,Diffusions- 
lange“ also kleiner. 

Zu 4: Das Auftreten neuer Maxima ist durch 
unsere Messungen, Abb. 4, hinreichend erklart. 
Bei tiefen ‘Temperaturen treten ausser der roten 
Emissionsbande noch weitere kurzwelligere Ban- 
den auf, die zu weiteren Leitfahigkeitsmaxima 
fiihren kénnen. Man misst mit der Leitfahigkeit 
dann unmittelbar das Anregungsspektrum der 
verschiedenen Banden. 

Zu 5: Die starke Zunahme der durch ,,Diffu- 
sion’ erzeugten Leitfahigkeit mit abnehmender 
Temperatur ergibt sich unserer Meinung nach aus 
der Zunahme der roten Lumineszenz und dem 
Auftreten neuer kurzwelliger Banden, fiir die der 
Absorptionskoeffizient « gross ist. 

Zu 6 : Die Verainderung des zeitlichen Verlaufes 
des Stromimpulses mit dem Abstand vom Ort der 
Anregung ergibt sich dadurch, dass die Photo- 
leitung umso langsamer anklingt, je schwacher die 
Anregung ist. Der Lichtstrom nimmt aber mit 
wachsendem Abstand exponentiell ab, so dass das 
Strommaximum immer spater erreicht wird. Der 
friiher gefundene zeitliche Unterschied bei Im- 
pulsen gleicher Maximalhéhe zwischen blauer und 
roter Anregung ergibt sich— wie Abb. 2 zeigt —aus 
der ebenfalls vorhandenen Anklingzeit der Lumi- 
neszenz. Die errechneten Werte einer Diffusions- 
konstante und der Lebensdauer verlieren unter 
diesen Umstianden jeden Sinn. 

Zu 7: Die Tatsache, dass neutrale Gebilde 
Trager der Energieleitung sind, gilt fiir beide in 
Frage stehenden Mechar.ismen in gleicher Weise, 
spricht also weder gegen Exzitonen noch gegen 
Lichtleitung. 

Zu 8: Das beobachtete schwache 
zenzlicht cines Kristalles tauscht infolge des ge- 
ringen in unser Auge fallenden Anteiles einen viel 
zu kleinen Lichtstrom im Innern des Kristalles 
vor. Ein genauer Vergleich der Wirkungen von 


Lumines- 


Lumineszenzlicht und direktem. Licht kann nur 
durch gleichzeitiges Messen von Photostrom und 
Lichtstrom (entsprechend Abb. 1) gezogen wer- 
den. Dabei zeigt sich, dass beide Strahlenarten 
die gleiche Wirksamkeit haben (Abb. 2, 3 und 4). 

Zu 9 : Die hier geschilderten Versuche zeigen 
lediglich, dass ein Ubertritt von Licht aus einem 
Kristall in den anderen mit erheblichen Schwierig- 
keiten verbunden ist. Da Kadmiumsulfid einen 
Brechungsindex von etwa 2,7 hat, ist es schwierig, 
geeignete Kittmaterialien zu finden. Als Beweis 
fiir die Existenz von Exzitonenwanderung kénnen 
solche Experimente nur dann dienen, wenn gezeigt 
werden kénnte, dass zwar Lichtintensitat, aber 
keine Photoleitung iiber die Kittstellen diffun- 
dieren kann. 

Zu 10 : Gesinterte polykristalline Schichten sind 
zwar dusserlich undurchsichtig, da sie ein ge- 
geniiber Einkristallen extrem hohes Reflexionsver- 
mogen haben, kénnen aber Strahlung, die einmal 
ins Innere gelangt ist oder im Innern erzeugt wird, 
iiber relativ grosse Strecken weiterleiten. Auch 
hier miissten zur eindeutigen Klarung gleich- 
zeitig optische Messungen entsprechend den Abb. 
2 und 4 durchgefiihrt werden. 

Zu 11 : An einem schwach fluoreszierenden und 
im Emissionsgebiet sehr wenig photoempfind- 
lichen Kristall fanden Diemer und Mitarbeiter, 
dass Lichtanteil diffundierten Photo- 
stromes nur einige Prozent betragt.°) Eine 
Wiederholung dieser Messung mit einem Bruch- 
stiick desselben Kristalls wurde von Diemer und 
uns gemeinsam in einer den Abb. 1 und 4 ent- 
sprechenden Anordnung durchgefiihrt. Im Gegen- 
satz zu den oben erwahnten Messungen ergab sich 
hierbei ein Lichtanteil von nahezu 100 % 
Diemer) sieht die Hauptursache dieser Dis- 
krepanz in einer Verschiebung des Emissionsspek- 
trums nach kiirzeren Wellenlangen hin infolge der 
sehr starken Anregung, die nétig war, um das 
schwache Emissionsspektrum aufnehmen zu k6n- 
nen. Weiterhin schlagt Diemer vor, als Nachah- 
mungsspektrum nicht monochromatisches Licht 
zu verwenden, weil der Photostrom sich nicht 


der des 


gemiass den verschiedenen Wellenlangenbereichen 
des Emissionsspektrums mit gleichem Gewicht 
additiv zusammensetzt. Die Moéglichkeit, dass in 
diesem speziellen Kristall ein Exzitonenbeitrag 
eine Rolle spielte, kann also vorlaufig nicht ganz 


ausgeschlossen werden. Ebenfalls noch nicht 
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endgiiltig geklart ist, ob bei tiefen ‘Temperaturen 
andere Ergebnisse auftreten, jedoch ist zu ver- 
muten, dass ein scheinbar fiir Exzitonenleit- 
fahigkeit sprechender Effekt durch das Auftreten 
von neuen kurzwelligeren Emissionspanden (u. a. 
Die 


Luminesz- 


Kantenemission) vorgetauscht wird. 


des gelben oder griinen 


von direkt gestreutem kurzwelligem 


mlich mit erheblichen Schwierigkeiten 


T + 
Licht ist na 


verbunden, 


so dass derart eindeutige Resultate, 


Abb 


ten sind 


4 entnommen werden kOnnen, 
erhal 


wir unsere noch einmal 


sich, dass praktisch alle 


Existenz 
Wande- 
wahrscheinlich erscheinen 
einem Nach- 


lerung nicht gesprochen 


Vie ssungen dle 
Achtstreuung verursachten 
leitung 


emgegenuber von 


Effekt iberhaupt 
iedenfalls durch die 
Lichtes weitgehend iiber- 

ei extrem tiefen T'emperaturen die 
hte Exzitonenleitung wird be- 
erscheint zumindest sehr frag- 


lann das Auf 


absorbierten 


treten der von 


Kai tennahen 
erheblichen Einfluss auf die 


Photoleitung haben diirfte 


Eindruck e1 ht, als ob die 


g in Kristallphosphoren iiber 


Kristallbereiche einfach ein trivialer und 
yretischen Standpunkt aus uninteressanter 
t, so darf doch nicht unerwahnt bleiben, 

der Deutung vieler Eigenschaften der 
Alle Mes- 


und es gibt 


ing peachtct werden muss 


sungen mit inhomogener Anregung 


h 
kaum eine Moglichkeit, 
| 


homogen durchzuerregen 


einen Kristalil vollig 


wiirden ohne den Ein- 
Lumineszenzlicht zu 


bsorption 


fluss der Re von 


oft vollkommen anderen Ergebnissen fiihren 
Ganz besonders gilt dies fiir Messungen, bei denen 
diinnen Oberflachen- 
schicht (Grundgitteranregung, 
weiche Réntgen- und £-Strahlen, x-Teilchen usw.) 


Elektroden an 


die Strahlung in einer 


absorbiert wird 
zwel 
Hier wiir- 


und bei denen die gegen- 
iiberliegenden Seiten angebracht sind 
den ohne den Einfluss der reabsorbierten Lumines- 
zenz um Groéssenordnungen kleinere Stréme be- 


obachtet werden, da unangeregte Teile der Strom- 
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bahn praktisch als extrem hohe Vorwiderstande 
wirken. Diese Betrachtung wirft iibrigens auch ein 
neues Licht auf den oft beobachteten Zusammen- 
hang zwischen Lumineszenz und Photoleitung, da 
in den erwahnten Fallen der durch Energiewande- 
rung erzeugte Strom einen umso héheren Wert 
annimmt, je besser die Lichtausbeute der Lumi- 
neszenz ist 


3. ENERGIETRANSPORT MIT KLEINER DIFFU- 
SIONSLANGE 


(a) Messungen 


Die Tatsache, dass ein Energietransport tber 
grossere Entfernungen nur durch Streuung und 
Reabsorption des langwelligen Lumineszenzlichtes 
erfolgen kann, legt den Gedanken nahe, die Diftu- 


Kristallen zu unter- 


sion der Photoleitung in 
suchen, die im Gebiet der Emissionsbande kein 


Absorptionsvermégen besitzen. Wenn andere 


Mechanismen (z. B. Exzitonenwanderung) keine 


Rolle spielen, sollte bei diesen Kristallen eine 
Weiterleitung von Anregungsenergie nur in un- 
mittelbarer Nahe des angeregten Gebietes durch 
freie Elektronen und Defektelektronen erfolgen. 
Eine entsprechende Beobachtung kann dann einer- 
seits als weiterer Hinweis fiir das Fehlen einer 
Diffusion von Exzitonen gewertet werden und gibt 
uns andererseits die Méglichkeit, die Ausbreitung 
der freien Ladungstrager ohne st6rende Neben- 
effekte zu verfolgen 

In der Tat findet man bei derartigen Kristallen 
Be- 
Grundgittergebiet 


La- 


ander 


im unbeleuchteten Gebiet stark isolierende 


reiche, wenn man Licht im 
einstrahlt. Aus der 


dungstraigerkonzentration 


Beobachtung, dass die 
unmittelbar 
Grenze zwischen dem angeregten und dem un- 
angeregten Gebiet auf sehr kleine Werte absinkt, 
elektrischer Felder aber 
kann, ergibt sich 


Anlegen hoher 
merklich erhdht 


mittelbar, dass der Transport von Anregungs- 


durch 
un- 


werden 
energie hierbei durch geladene Teilchen getragen 
wird. Verfolgt man die Abhangigkeit des Photo- 
stromes von der Richtung und der Starke des 
elektrischen Feldes in diinnen Kristallen, die auf 
den beiden gegeniiberliegenden Seiten mit fiir 
Licht halbdurchliassigen Elektroden versehen sind 
und einseitig mit kurzwelligem, stark absorbiertem 
Licht bestrahlt werden, so lassen sich sowohl das 
Vorzeichen als auch die Diffusionslainge der freien 
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Ladungstrager zumindest niherungsweise  er- 
rechnen. 

Die elektrischen Eigenschaften eines derartigen 
,wenig aktivierten‘’ Kristalles sind in Abb. 5 


wiedergegeben. Aufgetragen ist der Photostrom 


am 


IDO \ 
+100 \ 


elektrode 


—_ 


A 
Ve 


Ass. 5. Abhangigkeit des Photostromes eines einseitig 


angeregten Kristalles von der Wellenlinge des auffal- 


lenden Lichtes 


als Funktion der Wellenlinge der unter Konstant- 
haltung der Intensitat einseitig auf den Kristall 
fallenden anregenden Strahlung, und zwar sowohl 
fiir den Fall, dass die bestrahlte Elektrode Kathode, 
als auch fiir den Fall, dass sie Anode ist. Man er- 


pa 


kennt zunichst, dass der Photostrom bereits bei 
550 mp unmessbar klein ist, durch die Eigen- 
lumineszenz (Am ~ 720 my) also keinesfalls mehr 
angeregt werden kann. Sehr ausgepragt ist der 
Einfluss der Polaritat des angelegten Feldes im 
Grundgittergebiet : Liegt an der bestrahlten Elek- 
trode eine Spannung, so tritt kein 
nennenswerter Photostrom auf ; im umgekehrten 
Fall besitzt der Kristall dagegen einen viel gerin- 
geren, aber stark spannungsabhaingigen Wider- 


negative 


stand. 
Faktor 10 tritt eine Zunahme des Photostromes um 
etwa den Faktor 30 auf, und an Stelle eines aus- 


Bei einer Spannungsdanderung um den 
. > 


gepragten Strommaximums in der Nahe der Ab- 
sorptionskante bei kleinen Spannungen beobachtet 
man bei grossen Spannungen nur noch einen 
flachen Extremwert. 

Die Gleichrichtereigenschaften eines derartigen 
inhomogen angeregten Kadmiumsulfid-Kristalles 
erkennt man gut aus Abb. 6. Hier ist bei einem 
Licht bestrahlten, etwas dickeren 
96) die Kennlinie (Strom / als 


mit blauem 
Kristall (d 
Funktion der angelegten Spannung L 
tragen. Es ergibt sich wieder eine starke Sperr- 


lie bestrahlte 


aulfge- 


wirkung der Anordnung, wenn 
Elektrode Kathode ist — diese Sperrwirkung ist 
iibrigens bis zu Spannungen von mehreren hun- 
dert Volt zu beobachten —, und ein mit wach- 


sender Spannung stark zunehmender Photostrom 





innung, V 


Ass. 6. Abhiangigkeit des Photostromes eines einseitig mit 


blauem Licht (A 


435 my) angeregten Kristalles von der 


angelegten Spannung. 
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bei umgekehrter Polaritat. Bei etwa 80 Volt findet 
man an dem untersuchten Kristall einen Gleich- 
richtungsfaktor von mehr als 10 000. Die Kennlinie 
wird allerdings von einem angelegten Wechselfeld 
nicht trigheitslos durchlaufen, es dauert vielmehr 
nach dem Umpolen eine gewisse Zeit, bis sich der 
Endwert einstellt. Bei sehr hohen positiven Span- 
nungen beobachtet man, insbesondere bei diinnen 
Photo- 
zu ruhren scheint, dass eine 


Kristallen, haufig eine Sattigunge des 


stromes, die daher 


gleichmassige Durcherregung der unbelichteten 


Stellen erreicht ist 


haben schlie sslich auch noch die ‘Tempera- 


der Kennlinien aufgenommen 


Sowohl in Durchlass- als auch in Sperr- 


findet man eine starke Abnahme des 


Abhiangigkeit des Photostromes eines einseitig 
Licht (A 


Wert der 


ABB. 7 


mit blauem 435 my) angeregten Kristalles 


angelegten Spannung. 


vom re ziproken 


Stromwertes mit der Temperatur ; der Sperrstrom 
nimmt aber bei sehr tiefen Temperaturen wieder 
zu, da infolge des Auftretens kurzwelliger Lumi- 
neszenz eine indirekte Anregung einsetzt. Tragt 
man den Logarithmus des Photostroms als Funk- 
tion des reziproken Wertes der am Kristall lie- 
genden Spannung U auf — was aus spater zu dis- 
kutierenden Griinden angebracht erscheint —, so 
ergeben sich bei héheren Spannungswerten an- 
genahert Geraden, deren Steigung mit wachsender 
Temperatur abnimmt. Der Photostrom folgt also 
gewissen Gebiet einer Beziehung 
K/U_ wobei K eine noch von der Tem- 


in einem 
] 10° e 
peratur abhangige Stoffkonstante ist. 
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(b) Diskussion der Ergebnisse 

Die Messungen an Kristallen, die das eigene 
Lumineszenzlicht nicht absorbieren, geben uns die 
Moglichkeit, die Diffusionseigenschaften der freien 
Ladungstrager allein zu studieren. Die quantita- 
tive Behandlung des Problems stésst aber ge- 
geniiber vergleichbaren Untersuchungen an den 
iiblichen Stérstellenhalbleitern auf erhebliche 
Schwierigkeiten. Vom experimentellen Gesichts- 
punkt aus betrachtet, machen die ausserordentlich 
kleinen Diffusionswege der diffundierenden Teil- 
chen in der Gréssenordnung von lp eine direkte 
Bestimmung der gesuchten Konstanten (Diftu- 
sionslange, Lebensdauer und Diffusionskonstante 
der Minoritatstrager) praktisch unméglich. Die 
Berechnung dieser Werte indirekten Mes- 
sungen, z. B. aus den oben beschriebenen, ist aber 
deshalb nicht ganz einfach, weil die Kristalle im 
unbelichteten Zustand Isolatoren sind und die 
Photoleitfahigkeit daher nicht klein, sondern sehr 
gross gegen die Dunkelleitung ist. Die Annahmen 
liber den Verlauf der Feldstirke im Kristallinnern, 
die bei den normalen Halbeitern sehr einfach sind, 
werden hier recht unsicher und gefahrden die 
Giiltigkeit der aufzustellenden theoretischen Uber- 
legungen. Wenn wir trotzdem versucht haben, 


aus 


eine quantitative Beschreibung unserer Messer- 


gebnisse zu geben, so vor allem deswegen, weil 
eine relativ gute Ubereinstimmung zwischen den 
nur ndherungsweise giiltigen theoretischen An- 
sitzen und den experimentell gefundenen Gesetz- 
massigkeiten erzielt werden konnte. 

Zur Vereinfachung der Uberlegungen wollen 
wir annehmen, dass die einseitige Anregung des 
Kristalles mit blauem Licht derart erfolgt, dass das 
Gebiet zwischen den Elektroden in eine kleinere, 
homogen angeregte und eine gréssere, iiberhaupt 
nicht von Strahlung getroffene Zone aufgeteilt 
wird. Die in dem angeregten Gebiet erzeugten 
Ladungstrager werden sich dann unter dem Ein- 
fluss der thermischen Diffusion und der im Kristall 
herrschenden Felder auch in das unbeleuchtete 
Gebiet begeben und dort eine gewisse, mit wach- 
sendem Abstand vom Anregungsgebiet abneh- 
mende Leitfahigkeit erzeugen. Hierbei sind 
zweckmiassigerweise Grenzfalle zu 
Das angelegte aussere Feld kann ent- 
weder so klein gehalten werden, 
thermische Diffusion der Elektronen und Lécher 
nicht beeinflusst, oder so hohe Werte erreichen, 


ZWel unter- 
scheiden : 
dass es die 
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dass die Bewegung der Ladungstriager iiber- 
wiegend durch die im Kristall auftretende Feld- 
starke bestimmt wird. 

Aus Griinden der elektrischen Neutralitat wird 
man im ersten Fall erwarten kénnen, dass die durch 
die Zusammenstésse mit dem Gitter verursachte 
Ausbreitung der Ladungstrager paarweise erfolgt 
(ambipolare Diffusion). Die Ausbreitungsge- 
schwindigkeit wird dann durch die Trager gegeben 
sein, die die kleinere Diffusionskonstante und die 
kiirzere Lebensdauer besitzen. Dies sind im Falle 
des Kadmiumsulfids die Defektelektronen. Durch 
die ambipolare Diffusion stellt sich im _ un- 
belichteten Gebiet eine gewisse Konzentration von 
Ladungstragern ein, die auch hier zum Auftreten 
einer Photoleitfahigkeit fiihrt. Da an jedem Punkte 
des Kristalles sehr viel mehr frei bewegliche Elek- 
tronen als Defektelektronen vorhanden sind (die 
Elektroneutralitat wird durch die in Haftstellen 
und Aktivatorzentren lokalisierten Ladungstriger 
aufrechterhalten), wird der bei Anlegen einer 
kleinen Spannung fliessende Strom — wie im 
belichteten Kristall— durch die Elektronen ge- 


tragen. Ein Umpolen der Spannung sollte in diesem 
Falle zu keiner Anderung des Stromes fiihren, 
jedenfalls solange keine Kontaktschwierigkeiten 


oder sonstigen Raumladungen auftreten. 

Ganz anders verhalt sich der Kristall beim 
Anlegen einer hohen Spannung. Hier werden die 
beiden verschiedenen Ladungstrager unter der 
Einwirkung des elektrischen Feldes in entgegenge- 
setzte Richtungen getrieben, und man wird sicher 
mit dem Vorhandensein von Raumladungen 
rechnen miissen. Infolge der ganzlich verschie- 
denen Lebensdauern und Diffusionskonstanten der 
beiden Ladungstragerarten werden Gleichrichter- 
effekte auftreten, was von uns ja auch beobachtet 
wurde. Eigenartig erscheint hierbei zunachst aber 
die gefundene Polaritaét von Sperr- bzw. Dunkel- 
strom. Wahrend man auf den ersten Blick anneh- 
men méchte, dass gerade dann, wenn die be- 
strahlte Elektrode negativ ist, die Elektronen in- 
folge ihrer grossen Beweglichkeit leicht durch den 
Kristall zur Anode gezogen werden ké6nnen, 
beobachtet man in Wirklichkeit gerade ein entge- 
gengesetztes Verhalten (Abb. 5). Eine Deutung 
dieses Befundes ergibt sich aber, wenn man die 
im vorliegenden Fall herrschenden Verhiltnisse 
naher diskutiert. 

Wenn die bestrahlte Elektrode negativ ist, wer- 
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den die Elektronen zwar zunichst in das Kristall- 
innere wandern, doch wird dies infolge des Fehlens 
von positiven Defektelektronen, die sich ja in 
entgegengesetzter Richtung bewegen, sehr bald zur 
Bildung einer negativen Raumladung fiihren. Die 
in das unbelichtete Gebiet diffundierenden Elek- 
tronen fiillen somit zunachst die dort vorhandenen 
Haftstellen und verhindern dadurch ein weiteres 
Fliessen des Elektronenstromes. Es herrschen in 
dem unangeregten Gebiet also sehr ahnliche Ver- 
haltnisse wie im Falle eines unbelichteten, mit 
sperrfreien Elektroden versehenen Kristalles, in 
dem die auftretenden Raumladungen eine Begren- 
zung des Dunkelstromes erzwingen. @!:22) 

Wenn die bestrahlte Elektrode positiv ist, miisste 
zwar im Prinzip auch eine Raumladung im Innern 
des unbelichteten Kristalles auftreten, die diesmal 
infolge der Diffusion von Defektelektronen positiv 
wire, jedoch wird eine solche Raumladung sich 
nicht bilden, wenn der Kristall sperrfreie Elek- 
troden besitzt. Die positiven Lécher werden dann 
namlich im wesentlichen dazu dienen, die bereits 
im unbelichteten Zustand vorhandene negative, 
von Elektronen aus der Kathode herriihrende 
Raumladung teilweise zu kompensieren und das 
Fliessen eines Elektronenstromes von der un- 
belichteten Kathode in das belichtete Kristall- 
gebiet zu erméglichen. Solange diese negative 
Raumladung gross genug ist, kénnen die Defekt- 
elektronen im herrschenden Feld beschleunigt 
werden, zum Teil das Gebiet in der Nahe der 
Kathode erreichen damit das Eintreten 
weiterer Elektronen in den Kristall bewirken. Da 
in einem Uberschussleiter eine geringe Anzahl von 
freien Defektelektronen eine sehr viel gréssere 
Anzahl von freien Elektronen kompensieren kann, 
lésen die wenigen an der Kathode ankommenden 
Locher daher selbst in geringer Dichte relativ 
grosse Elektronenstréme aus. Die Grésse dieser 
Stréme wird dabei im wesentlichen der Defekt- 
elektronenkonzentration proportional sein, und es 
wird also wichtig sein, diese Konzentration als 
Funktion des Abstandes vom beleuchteten Kristall- 
gebiet zu berechnen. Hierzu ist es nétig, den Feld- 
verlauf in Kristallinnern zu ermitteln, was aber mit 
ziemlichen Schwierigkeiten verbunden ist. Nach 
Rose!) herrscht in einem nicht bestrahlten, mit 
sperrschichtfreien Elektroden versehenen Kristall 
eine Feldstirke, die mit dem Abstand von der 
Kathode x nach einem Gesetz E ~ x)? bis E ~ x 


und 





398 BROSER und R. 


zunimmt. Andererseits haben die Defektelektronen 
gerade in der Nahe der Kathode ihre geringste 
Dichte, so dass — wire sonst nichts im Spiel — die 
Feldstarke hier besonders hoch ware. Dem Defekt- 
el ektronen strom tiberlagert sich nun aber noch der 
entgegengesetzt fliessende, viel gréssere Elektronen- 
strom, der das Bild noch komplizierter erscheinen 
lasst. Fiir eine erste Uberschlagsrechnung wird es 
allzu falsch sein, wenn man annimmt, 
Feldstarke im 
mit 


aber nicht 
sich die elektrische un- 
Gebiet Ort 
daher bei allen rechnerischen Opera- 


dass 


beleuchteten nur wenig dem 
andert und 
tionen als Konstante behandelt werden darf. Im 
beleuchteten Gebiet wird die Feldstarke dagegen 
so klein sein, dass man sie praktisch gleich Null 
setzen kann 
Bevor wir die quantitative Behandlung des 
Problems besprechen, seikurz auf eine ganz anders- 
artige Deutungsmoglichkeit fiir unsere Versuche 
eingegangen, die sich anbieten kénnte, wenn man 


Abb. 6 


sowohl in 


die Form der Gleichrichterkurven be- 


trachtet. Diese Kurven 4hneln ihrer 


Form als auch in ihrer Polaritéat von Sperr- und 
iiblichen 


Durchlassstrom sehr stark den Kenn- 


Halbleiterdioden aus _ n-leitendem 


Man kénnte also versucht sein, auch in 


linien von 
Material 
unserem Fall das typische Gleichrichterverhalten 
die Wir- 
kung von Sperrschichten im angeregten Teil des 


f 
Kristalles zuriickzufiihren. Bei einer kritischen 


der einseitig beleuchteten Kristalle auf 


| 
Betrachtung der vorliegenden Verhialtnisse sieht 


man aber leicht ein, dass ein derartiger Vergleich 
zwischen einem normalen Gleichrichter und un- 
Belichtung leitenden Kristallen 
Zunachst ist 


unwahrscheinlich, dass sich gerade dort, wo 


seren nur bei 


nicht gerechtfertigt ist namlich 


vollig 
der Kristall angeregt wird, eine Verarmungsrand- 
schicht bilden sollte, da viele Versuche an Photo- 
leitern immer wieder gezeigt haben, dass Sperr- 


durch Belichtung bescitigt werden 
kénnen. Zum anderen besteht 


Merkmal eines Metall-Halbleiterkontaktes ja ge- 


schichten 
das wesentliche 
rade darin, dass das Kristallinnere eine viel gréssere 
Ladungstragerdichte besitzt als die Randschicht, 
wahrend in unserem Falle im unbelichteten Teil 
zuniachst praktisch keine Ladungstrager vorhanden 
sind. Erst die Diffusionsvorgange kénnen dort zum 
Auftreten einer gewissen Konzentration von La- 
dungstragern und damit von Photoleitung fiihren, 


und es scheint sicher zu sein, dass der Mecha- 
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nismus des Ladungstragertransportes in dem re- 
lativ grossen unbeleuchteten Kristallgebiet und 
nicht in einer diinnen Randschicht fiir die Grésse 
des Photostromes verantwortlich sein wird. 

Wir kénnen nunmehr darangehen, die sowohl 
bei schwachen als auch bei starken Feldern fiir den 
fliessenden Strom massgebende Dichteverteilung 
der Defektelektronen p = p(x) im unbelichteten 
Gebiet zu berechnen. Dazu bedenken wir, dass die 
Stromdichte j, der Locher sich zusammensetzt aus 
dem Feld- und dem Diffusionsstrom wie 

Ip =C*Hp*p: E—eDp: grad p (1) 
Zahl 


renden Ladungstrager im stationaren Gleichge- 


und dass die der sekundlich rekombinie- 
wicht gleich der Divergenz der Teilchenstrom- 
dichte Ip é ist 
l 
div jp. (2) 
€ 
Hier bedeuten jp die Beweglichkeit, 7, die Lebens- 
dauer und D, die Diffusionskonstante der Defekt- 
elektronen, e die Elementarladung und EF die im 
Kristall herrschende, im allgemeinen Fall von x 
abhangige Feldstarke 
Fiir kleine Feldstarken kann man in Gleichung 
(1) den Feldstrom gegeniiber dem Diffusionsstrom 
vernachlassigen; man erhalt dann mit Gleichung 
(2) eine Differentialgleichung fiir p: 


mit der Lésung fiir den eindimensionalen Fall : 


po exp| -- - +) (4) 


V (Dp7p) “p 


p = po exp( — 


tp) die Diffusionslange und 
der 


V (Dp ° 
Defektelektronenkonzentration an 
0), der Grenze zwischen belichtetem und 


worin Ly 
po die 
Stelle x 
unbelichtetem Gebiet, bedeuten. 

Der bei Anlegen einer Spannung durch den 
fliessende Strom wird nun aber nicht 
durch die Defektelektronen getragen, 


durch die in viel grésserer Dichte vorhandenen 


Kristall 
sondern 
freien Elektronen. Nimmt man vereinfachend an, 
dass die Elektronenkonzentration der Lécherkon- 
zentration stets proportional ist, setzt man also : 


P\*) 
no Po 


nx) 
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und bedenkt man, dass die angelegte Spannung 
sich aus dem Ohmschen Gesetz ergibt zu 


ad 
. j 

E dx 

. * En « 
0 0 


(6) 


dann wird die gesuchte Stromdichte fiir den bei 


unseren Kristallen stets realisierten Fall, dass die 
Kristalldicke d gross gegen die Diffusionslinge Lp 


ist 


en * No -e D/L, 
“p 
Hierbei bedeutet jo = 2 + euy + no(U/d) die Strom- 
dichte, die auftreten wiirde, wenn die Elektronen- 
dichte im gesamten Kristall gleichmiassig den Wert 
2 no besasse. 

Die direkte Bestimmung der gesuchten Diffu- 
sionslinge Ly nach Gleichung (7) stésst bei Wer- 
ten von Ly in der Gréssenordnung einiger » auf 
erhebliche Schwierigkeiten, selbst, wenn es gelingt, 
die Elektronendichte 2 mp im belichteten Gebiet zu 
ermitteln. Bei den tiblichen Kristallen mit Schicht- 
dicken von etwa 100, wird die Stromdichte naém- 
lich ausserst gering und kann von kleinen Dunkel- 
und Isolationsstrémen nicht mehr getrennt wer- 
Rechnet mit 


30, pn 


man _beispielsweise einem 


200 cm2/Volt sec, einer 


den. 
dL 
recht hohen Elektronenkonzentration von 
1016 cm-3 im belichteten Gebiet und einer 
nung von Ll 1 Volt (héhere Spannungen 
den reinen Diffusionseffekt), so ergibt sich eine 
Stromdichte von nur ca. 10-19 A/cm?. 


schon 
2no 

Span- 
storen 


Ganz anders liegen aber die Verhaltnisse, wenn 
hohe Spannungen an die Kristalle gelegt werden. 
Dann kann man den Diffusionsstrom gegen den 
Feldstrom vernachlassigen und erhalt aus den 
Gleichungen (1) und (2) im linearen Fall : 


dp p l 
dx 


, (3) 
Lp . Tp E 
allerdings nur unter der oben diskutierten Vor- 
aussetzung, dass FE annahernd unabhangig von x, 
also gleich U/d ist. Die Lésung der Gleichung (8) 
ergibt dann 


p = po exp 
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wobei auf Grund der Ernsternschen Gleichung 
bp = (e/RT) - Dp gesetzt ist. 

Nach Gleichung (9) werden schon bei relativ 
niedriger Feldstarke ziemlich hohe Defektelek- 
tronenkonzeatrationen im unbelichteten Gebiet er- 
zielt. Mit den Werten obigen Beispiels 
(d/L = 30) und 20 Volt Gesamtspannung erhilt 
man bei Zimmertemperatur bereits eine Kon- 
zentration p/po = an der Kathode, 
wahrend im Falle reiner Diffusion nur noch der 
Bruchteil p/po - 

Einer exakten Berechnung des durch Anlegen 
einer hohen Spannung ausgelésten Elektronen- 
stromes stellen sich ziemliche Schwierigkeiten 


des 


von e7] 


e-30 dort vorhanden ist. 


entgegen, da weder die genaue Feldstarkenvertei- 
lung noch der Zusammenhang zwischen n und p 
bekannt sind. Die Bestimmung der Diffusions- 
lange ist aber méglich, wenn man entsprechend 
den obigen Uberlegungen lediglich voraussetzt, 
Stromdichte der Defektelektronenkon- 
d proportional ist. Dann kann 


dass die 
zentration bei x 
man nach Gleichung (9) die gesuchte Grésse Ly 
durch Variation der angelegten Spannung gemass 


kT d 


}~exp| — ° 
ies we ae 


(10) 


allein aus dem Exponenten entnehmen. ‘Tragt man 
den Logarithmus des Photostromes als Funktion 
von 1/U auf, so sollten sich bei héheren Span- 
nungen Geraden ergeben, deren Steigung ein Mass 
fiir Diffusionslange darstellt. solche 
Gesetzmissigkeit ist nun in der Tat gut erfiillt 
(Abb. 7). Aus den bei verschiedenen ‘Tempera- 
turen gemessenen Strom-Spannungskurven haben 


die Eine 


wir fiir den 96 dicken Kadmiumsulfid-Kristall die 
Diffusionslange der Defektelektronen ermittelt und 
in Abb. 8 als Funktion der Temperatur wieder- 
gegeben. Die gefundenen Werte von etwa |p ent- 
sprechen recht gut unseren Erwartungen und 
stehen auch mit den Messungen von DIEMER und 
HOOGENSTRAATEN!”) in bester Ubereinstimmung. 
Auch der Temperaturgang — eine stetige Zunahme 
von Ly = 1/(Dp* Tp) mit T 
niinftig, da die Lebensdauer der freien Lécher 


erscheint recht ver- 


umso grésser ist, je grésser der Abstand zwischen 
dem Grundband und der Quasi-Fermi-Grenze 2 
der Defektelektronen ist, und da demgegeniiber 
die zu erwartende Abnahme von D», mit der ‘Tem- 
peratur nur wenig ins Gewicht fallen diirfte. Der 
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Ass. 8. ‘Temperaturabhiangigkeit der Diffusionslange der Defektelektronen 


gefundene Wert der Diffusionslange gestattet auch 
eine ungefahre Abschatzung von ty. Rechnet man 
mit einer Beweglichkeit der Locher, die um etwa 
den Faktor 10 geringer ist als die der Elektronen, “) 
so ergibt sich bei 7 = 293° K mit Hilfe der 
ErnsTetNschen Beziehung und einem py 200 
cm*/Volt.sec eine Diffusionskonstante von Dy = 
~ 0,5 cm? sec. Dies fiihrt zu einer Lebensdauer 


Tp von etwa 10-8 sec, was mit unseren derzeitigen 


Kenntnissen iiber die Physik der Kristallphos- 
phore recht gut ibereinstimmt. Bei einem 
tn w 107% sec ist dann z. B. die Konzentration der 
Lécher um den Faktor 10° geringer als die der 
freien Elektronen. 

Die vorliegenden Untersuchungen haben somit 
gezeigt, dass auch mit Hilfe rein elektrischer Mes- 
sungen eine relativ einfache Bestimmung der 
Diffusionseigenschaften der Minoritatstrager in 
Kadmiumsulfid-Kristallen méglich ist. Wenn auch 
die Voraussetzungen, unter denen die theoreti- 
schen Uberlegungen durchgefiihrt wurden, in den 
Kristallen sicher nur recht unvollkommen ver- 
wirklicht sind, so diirften die gefundenen Ab- 
solutwerte der Diffusionslangen doch nicht allzu 
falsch herauskommen. Eine weitere Vcrbesserung 
der Experimente und der theoretischen Ansatze 
erscheint wiinschenswert, da der aufgezeigte Weg 
nicht nur die Ermittlung der Diffusionslainge 
L = \/(Dprt»p) gestattet, sondern auch eine Bestim- 
mung der fiir alle Probleme der Kristallphosphore 
wichtigen Lebensdauern 7, und Diffusionskon- 
stanten D, der Defektelektronen im e¢inzelnen in 
den Bereich der Moglichkeit riickt. 
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LETTERS 


Sur le mecanisme du transport d’energie 
(Received 21 May 1958) 


Dans son article (Sur le mécanisme du transport 
d’énergie)), I. BROSER et R. BROSER-WARMINSKY 
résument les données expérimentales en 11 points, 
a la lecture desquelles on est conduit a admettre 
l’hypothése de transfert d’énergie a longue distance 
par l’intermédiaire de l’exciton. Les auteurs re- 
prennent ensuite ces points un a un et cherchent a 
démontrer que l’effet observé est dd a la trans- 
mission de la lumiére. Ce qui suit est un com- 
mentaire a la discussion des auteurs, donc a la 
partie ou les points sont repris avec les indications : 
Zu 1, Zu 2. 

(1) Pour se rendre compte de l’effet de la trans- 
mission de la lumiére par réflexion comme le 
supposent I. BROsER et R. BROSER-WARMINSKY, il 








Fic. 1. 


suffirait d’un calcul trés simple qui nous donnerait 
l’intensité de la lumiére dans le cristal en fonction 
de la distance. 

Considérons par exemple un faisceau lumineux 
(I.R.) ayant un angle d’incidence 7; avec une dist- 
ance focale de 100 mm (Fig. 1). Aprés une 
lentille convergente de rayon 20 mm, il fait un 
angle de réfraction dans le cristal 72 : 


La distance d a laquelle serait réfléchie l’ex- 
trémité du faisceau est : 
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d = esin tz = 0,08 


(nz = 2,5; e= 1mm). 


L’angle i2 est frop petit pour que l’on puisse en- 
visager la reflexion totale. 

Il y a donc environ 12 réflexions par mm. 
L’intensité de la lumiére transmise par réflexion a 
une distance de 3 mm est 


no—n \ 2** 
lea for 
No+n] 


(0,6)*2. 


Les expériences montrent que, a une distance 
de 3 mm, leffet photoélectrique est diminué de 
50 pour-cent de ce qu’il est sous l’irradiation 
directe. Pour que l’effet soit produit par la lumiére 
apres réflexion, il faut donc que |’on ait la condi- 
tion : 


(0,6) > 50 pour-cent. 


C’est loin d’étre le cas. 

Des expériences ont été faites avec un 
plongé dans un milieu d’indice de refraction proche 
de celui du cristal sans que ceci modifie l’effet a 
distance,“) alors que, suivant l’hypothése de la 
lumiere réfléchie, l’on devrait s’attendre a ce que 
l’effet soit beaucoup plus faible. Nous avons refait 
l’expérience en baignant le cristal dans du diiodo- 
méthane ayant mp, = 1,76, ce qui diminue la ré- 
flectivité normale de 18,6 a 3,1 pour-cent sans ob- 
server de diminution sur l’effet produit a distance. 

(2) Fig. 2 nous apprend seulement que la méme 
intensité de lumiere rouge produit toujours le 
méme effet photoélectrique indépendamment de 
la fagon dont cette lumiére rouge est produite. Il 
eut été beaucoup plus intéressant si l’on nous don- 
nait l’énergie incidente du rayonnement a l’origine 
ou bien l’énergie du rayonnement absorbé. 
L’annihilation de l’exciton pouvant avoir pour 
résultat aussi bien la production de porteurs libres 
qu’une émission par recombinaison, il n’est pas 
étonnant que l’on observe une émission 4 une 
grande distance du lieu d’irradiation. 

(3) Ce point est en contradiction avec ce qui 
était dit en (1), car l’augmentation de la surface 
réfléchissante ayant des orientations désordonnées 
devrait donner lieu a des réflexions totales sous un 
angle beaucoup plus grand qu’une surface plane, 


cristal 
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ce qui permettrait au rayon d’atteindre des dist- 
ances beaucoup plus grandes sans subir de nou- 
velles pertes, donc, l’effet dans l’hypothese de la 
Jumiére devrait étre beaucoup plus grand. L’ex- 
périence montre le contraire, ce qui est en accord 
avec l’hypothése que I’anihilation des excitons se 
fait de préférence sur des états de surface. 
(4) Le maximum 535 
c’est-a-dire au minimum de luminescence. D’autre 


indirect est vers mp, 
part, l’apparition de plusieurs maxima d’émission 
est attribuée a la recombinaison des excitons (Voir 
Grillot, Gross, Nikitine, etc.). 

(5) Il s’agit ici de transitions interdites qui ne 
sidentifient pas avec la notion classique de lumin- 
escence. Pour une luminescence a proprement 
parler, c’est l’effet de la température sur le nombre 
de porteurs libres qui est le facteur important; 
on devrait donc s’attendre a une diminution. I] 
s’agit, dans les cas d’exciton, d’un transfert d’éner- 
gie et il serait normal qu’au moins pour des tem- 
peratures raisonnables l’effet a distance augmente 
quand la température diminue. 

(6) Ce n’est encore qu’une considération qualita- 
tive, alors que quantitativement le temps de trans- 
port ne dépend pas de I|’énergie incidente, pour 
vc, (vg correspond al’énergie de la bande 
interdite); d’autre part pour on 
obtient le méme temps de transport alors que pour 
uc; le temps est plus long, parce que dans 


des v 
tout v UG 


des v 
ce cas seulement on doit inclure des phénomenes 
de luminescence et de porteurs libres. 

(7) C’est évident. 

(8) A condition de considérer le couplage de 
l’onde d’excitation avec le champ de rayonnement, 
on arrive a formuler un transfert d’énergie qui 
garde les criteres de l’exciton et qui permet de 
prévoir les caractéristiques de |’émission. C’est 
dans ce cadre qu’une étude simultanée de |’émiss- 
ion et l’effet photoélectrique serait fructueuse. 

(9) Des résultats quantitatifs clairs a ce sujet 
sont donnés dans le Technica! Report 123 (p. 22), 
MIT Laboratory for Insulation Research qui 
montrent qu’il ne peut pas s’agir de transmission 
simple de lumiere. 

(10) Les poudres compactes sur lesquelles les 
expériences ont été faites sont également opaques 
dans toutes les directions. La transmission d’un 
échantillon épais de 50 y est au-dessous de 10-4 
pour toutes fréquences comprises entre 12.000 
et 25.000 cm}. 
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(11) L’émission et l’effet photoélectrique dus 
aux excitons peuvent avoir des_probabilités 
analogues en fonction de la température. Encore 
faut-il qu’une étude sérieuse soit faite a ce sujet. 
Le désaccord entre la luminescence et l’effet 
attribuable aux excitons dont il est question ici 
vient du fait que la luminescence est un processus 
relié aux porteurs libres, alors que le transport 
d’énergie n’en dépend pas. II est normal qu’avec 
la température ces deux effets se trouvent ne pas 
étre paralléles, ce qui confirme encore une fois 
qu’une hypothése basée seulement sur les effets 
de la lumiére n’est pas suffisante. 


M. BALKANSKI 


Laboratoire de Physique de 
l’Ecole Normale Supérieure, 


Paris, France 
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Anion diffusion in doped crystals of potassium* 
chloride 


(Received 5 May 1958) 


DIFFUSION parameters for the chloride ion in 
sodium chloride crystals have recently been deter- 
mined in both the intrinsic and ‘‘structure sen- 
sitive” ranges using an isotopic exchange tech- 
nique.) To account for the observed activation 
energy in the low temperature region, it appeared 
necessary to assume that aliovalent anion im- 
purities were in excess and that the concentration of 
free anion vacancies available for diffusion was 
being controlled by the dissociation of complexes 
between the impurities and anion vacancies. An 
objection to this view has been raised by LIDIARD ?) 
He has pointed out that in crystals of normal 


purity it is perhaps more likely for aliovalent 
cation impurities to be in excess; if the crystals 
were in thermal equilibrium, the concentration of 
anion vacancies would tend to be depressed. As 
an alternative interpretation he has proposed that 
the diffusion of the chloride ion at lower tempera- 
tures takes place by a vacancy-pair mechanism and 
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has shown that the observed activation energy can 
be accounted for on this basis. 

An important consequence of the vacancy-pair 
mechanism is that the low temperature anion 
diffusion should be independent of the impurity 
content of the crystals.?) With the free vacancy 
mechanism, on the other hand, the diffusion should 
be very sensitive to the concentration of aliovalent 
impurity ions in the lattice. 

In connection with a detailed investigation of 
anion diffusion in potassium chloride, we have 
performed several experiments with both pure 
crystals and crystals doped with cation or anion 
impurity in the temperature range 330-545°C. We 
report the results briefly here since they support 
the view that the diffusion is proceeding via 
vacancy-pairs. A full account of all the experiments 
will be published at a later date. 

The measurements were performed by the 
method described previously.) Crystals were pre- 
pared by the slow cooling, in a platinum crucible, 
of melts of Johnson Matthey “Specpure’’ potas- 
sium chloride to which sufficient 36C] labelled salt 
had been added to give an activity of 2-6 wC/g. 
The analysis provided with the “Specpure”’ salt 
showed a total impurity content of some 8 p.p.m., 
the principal impurity being calcium. To make 
doped crystals, known amounts of either potassium 


Table 1 


Activa- 
tion Probable 
energy error 


E (eV) | in E (eV) 


log; )D 
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0:06 


average— 
average 
deviation— 


average— 
average deviation— 
0-10 


A—‘‘Specpure’’ KCl 

B—‘‘Specpure’’ KCL +0:1 mole per cent K,SO, 
C—‘‘Specpure’’ KCI+0-01 mole per cent CdCl, 
D—‘‘Specpure’’ KCI+0-1 mole per cent CdCl, 
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sulphate or cadmium chloride were added to the 
potassium chloride prior to fusion. The specimens 
for the experiments consisted of 0-26 g of crystals 
of average size about 0-24 mm. 

The experimental results are summarized in 
Table 1. The activation energies and their errors 
were calculated by the method of least squares from 
diffusion coefficients which were measured, for 
each specimen, at a minimum of five different tem- 
peratures. The last column shows calculated values 
of the logarithm of the diffusion coefficient at 
440°C for all of the experiments. At temperatures 
below 484°C, graphs of the square of the counting 
rate against time (see reference 1) for specimen D 
(0-1 mole per cent cadmium chloride) were curved 
rather than linear for times as long as 10 hr. 
Specimen B (0-1 mole per cent potassium sulphate) 
showed a similar behavior only at temperatures 
below 300°C. Ultimately, however, the curved 
graphs became linear and the slopes of the linear 
portions were used to compute the diffusion coeffi- 
cients. We believe this occurrence of curved plots 
to be due to the limited solubility of the impurities 
in potassium chloride; the effect will be discussed 
at greater length later. 

It is evident from Table 1 that there are no 
systematic variations of EF and logioD with im- 
purity content. The diffusion coefficients at 440°C 
for all of the specimens lie within a factor 2-4 of 
one another, while the average deviation from the 
mean value is a factor of 1-3. The major uncertainty 
in the diffusion coefficients is in the surface areas 
taken for the specimens. The maximum possible 
variation in surface area from one specimen to 
another was estimated by microscopic examination 
of the crystals, and was found to be 30 per cent. 
This would amount to a factor of 1-6 in the diffu- 
sion coefficient (DxA?). We therefore conclude 
that, within the possible experimental error, the 
anion diffusion is independent of the impurity 
content of the crystals. Although this result meets 
one important requirement of the vacancy-pair 
mechanism, it should be pointed out that the 
agreement between the observed activation energy 
and that based on theoretical estimates is hardly 
satisfactory. This is in marked contrast to the 
apparent agreement in the case of sodium 
chloride.) The relevant data are summarized in 
Table 2. 

We should like to thank Dr. A. B. Lipiarp for 
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Table 2 


(i) Heat of formation of a vacancy-pair() 


KC] 


1:46 eV 


Activation energy for mobility of a vacancy- 


pair\” 


Calculated activation energy [(1) 


(11)] 


Observed activation energy 
* We assume the same value as for KCl. 


sending us a copy of his manuscript prior to its 
publication. 
J. A. Morrison 
R. RupHAM* 
Division of Pure Chemistry 
National Research Laboratories 
Ottawa, Canada 
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Influence of soluble impurities on strength of 
perfect crystals 


(Received 29 April 1958; in revised form 4 June 1958) 


Tue theoretical shear strength®) of a perfect 
crystal first calculated by FRENKEL. He 
assumed that the force to bodily move a crystal 


was 


plane parallel to its adjacent plane was a sinusoidal 
function of the displacement of periodicity ), 
where 6 was the spacing of rows of atoms per- 
pendicular to the slip direction. The theoretical 
shear strength was estimated as 0-15 G from this 
model where G is the shear Mac- 
KENZIE? refined Frenkel’s calculations and showed 
that theoretical shear strength might be as low as 
0-035 G 


modulus. 


Research Laboratories Postdoctorate Re- 


1958 


* National 
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0°38 


‘84 


24-40-06 1:61 40-04 


BeckER™) pointed out that the limiting strength 
of a crystal will be determined by the nucleation of 
stable slipped regions as opposed to the slippage 
of rigid planes past one another. When the 
nucleation rate becomes appreciable, the limiting 
shear stress will be reached. Since his proposal pre- 
ceded dislocation theory, he was unable to analyze 
his model in closed form. 

It remained for CoTrre_L™) to formulate the 
nucleation mechanism of slip in terms of disloca- 
tion theory. He has used the elastic continuum 
theory for dislocation energetics and has estimated 
that an appreciable slip rate will not be attained 
until the shear stress exceeds 0-01 G. 

The critical radius for slip, 7¢, is given by 

p= (1) 


ob—y’ 


where o is the applied shear stress, 6 is unit 
Burger’s vector, y is the free energy per unit 
length of dislocation line, and y’ is the derivative of 
y with respect to radius of the slipped area. The 
free energy barrier, Af* is given by 


my*(ob—2y') (2) 


Af* 

(ob—y’)? 

Whiskers of several substances) have been 
elastically deformed in tension to shear stresses of 
0-03 G. An iron whisker®) has been deformed 
elastically to a strain of 4-9 per cent and an esti- 
mated stress of 0-04 G. It is noted that this stress 
level exceeds MACKENzIkE’s®) estimated lower 
limit. Independently of whether the whiskers were 
strong because of the absence of dislocations or 
from pinning of the dislocations present, it follows 
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that the perfect crystal regions were able to with- 
stand the applied shear stresses. According to 
CoTTRELL’s") calculations, the radius of a critical 
sized slip nucleus should be about 15 A for these 
experimental shear stresses. Since the whisker 
radii were about 10,000 A, it seems reasonable that 
the mechanical behavior of perfect crystal volumes 
in a whisker was characteristic of the behavior of 
large perfect crystal volumes. It appears, then, 
that whiskers are a suitable subject for the study 
of the theoretical strength of crystals. 

It is the purpose of the present note to suggest 
that slip can be nucleated in perfect crystal regions 
at a somewhat lower stress in the presence of 
specific soluble impurities than in a pure crystal 
region. 

In CoTTRELL’s treatment, the critical free energy 
for the nucleation of slip is a function of the line 
energy of the dislocation bounding the slipped 
region. If a solute was present in the perfect 
crystal region, which solute was preferentially ad- 
sorbed at dislocations, the free energy barrier to 
slip nucleation could be reduced by adsorption of 
solute at the bounding dislocation. The effect of a 
specific solute would depend upon its adsorption 
kinetics, concentration in solid solution, diffusion 
rate through the lattice as well as along the dis- 
location loop. 

A slip nucleus stabilized by solute adsorption 


could expand only as fast as active solute could 
follow the dislocation loop in the size region where 
the slipped area was super-critical in the presence 
of adsorbent and sub-critical in the absence of 
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adsorption. Once the radius of a nucleus had ex- 
ceeded the critical radius of a clean nucleus, the 
dislocation might outrun its adsorbents under some 
conditions of stress. This effect might reveal itself 
through an incubation time for slip. 

For a fixed nucleation rate of slip, the per- 
centage reduction in stress in the presence of im- 
purities is double the percentage reduction in dis- 
location energy associated with impurity adsorp- 
tion. Adsorption of impurities at a dislocation 
would only be expected to reduce the strain energy 
associated with the core of a dislocation. For higher 
stresses and smaller critical radii the core energy 
contribution becomes a larger fraction of the total 
strain energy associated with the dislocation loop. 
For example, at a stress of ~ 10-% G and a critical 
radius of 10-5cm, the core energy) contributes 
50 per cent to the strain energy associated with a 
slip nucleus. 

GERALD W. SEARS 


General Electric Research Laboratory 
Schenectady 
New York 
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BOOK REVIEW 


The Science of Engineering Materials. Editor: 
Wiley & Sons, Inc., New York: 


J. E. GOLDMAN 
London, 1957. 528 pp. $12.00 


Johr 
Chapman & Hall, Ltd., 


volume is a collection of individual papers 


[HIS 
which form the proceedings of the Carnegie Con- 
ference on the Impact of Solid State Science on 
Engineering Education in June 1954. From the 
two introductions and the Editor’s preface, this 
Conference was planned at a meeting of the 
American Society of Engineering Education at the 
University of Illinois for the purpose of defining 
those aspects of solid state physics which might be 


haere j 
tegrated 


in into an engineering education, a ques- 
tion which was raised two years before by the 
ASEE’s Committee on the Evaluation of Engineer- 
ing Education 


The 


volume is to introduce engineerin 


of the 
educators and 


Editor states that “the purpose 
Oo 


students alike to at least some of the intricacies 
of .. . materials and the concepts involved in solid 
state science”. The authors of the individual papers 


are an impressive array of authoritative physicists, 


physical chemists, and physical metallurgists 
writing on their specialties. For example, H. 
Brooks, J. BARDEEN, W. BITLER and J. E. GoLp- 
MAN write on Structure of Matter; R 


SMOLUCHOWSKI, H. Jones, H. W. Paxton, E. R. 
READ on Metals and Alloys; 
GOLDMAN 


PARKER and JT. A 


R. GOMER on Surfaces; J. E and 


R. M. BozortH on Magnetism and Magnetic 
Properties; K. LArRK-Horovitz, V. A. JOHNSON, 
E. M. Conwei_t and W. J. Leivo on Sem- 
conductors and Dielectrics; S$. BRUNAUER on 


Cement; T. ALrrey, Jr. on High Polymers 
and T. H. Davies on Glass. 

[he articles are primarily independent non- 
mathematical scientific reviews. Thus, they are 


organized primarily for reference rather than for 
teaching purposes. The continuity is by subject 
title rather than by detailed content. Furthermore, 
these papers are either an introduction to those 
concepts which the scientist believes to be im- 
portant to the engineer or simply the current status 
of the subjects treated historically. Except for a 
case-history-type introduction, there is little effort 
to orient the engineer except in a most general way. 
He needs a more engineering “‘handle”’ in the form 
of illustrations or examples to which he can relate 
his existing knowledge and which will convince 
him that understanding dislocations and domain 
walls will help him. 

The physicist, physical chemist, or physical 
metallurgist may find the book useful as a brief 
non-mathematical review of the individual sub- 
jects. However, the engineer may find that this 
collection of papers does not provide the answers 
to the questions he might seek from the title; 
namely, what scientific information can he apply 
either to solve his engineering materials problem or 
to help him apply existing engineering knowledge 
to his problem? Possibly the engineer should pre- 
pare a paper entitled ‘Why the Engineer Wants to 
Know About the Engineering 
Materials’ as an introduction to guide the scientist 


Science of 


in his presentation of the subject. 

In summary, this volume is a source of reviews 
of somewhat variable quality and scientific level 
which may be useful to the scientist as a ready 
survey of the field. However, as far as the engineer 
is concerned, while it may contain some of the 
intricacies of materials and the concepts of solid 
state science, it does not appear to answer the 
question raised in the first paragraph of this article 
in a manner which is useful to the engineer. 


W. R. Hrsparp, Jr. 
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Karl Lark—Horovitz 


Kart Lark—Horovitz, head of the Department of Physics at 
Purdue University, Lafayette, Indiana, died of heart attack on 
April 14 in his office at the University. He was born in Vienna, 
received his Ph.D. at the University of Vienna in 1912, and worked 
there until 1925. He received an International Research Council 
fellowship in 1925 and came to work successively at the Univer- 
sity of ‘Toronto, University of Chicago, the Rockefeller Institute 
for Medical Research, and Stanford University. In 1928, he 
joined the staff at Purdue University as Professor of Physics, and 
was appointed director of the Physical Laboratory in 1929 and 
head of the department in 1932. 

Professor LarK—Horovitz had an unusually active career. He 
was a vigorous leader and worked hard for the growth and well 
being of the department. Deeply interested in the training of 
young men, he spent much time for the advancement of the 
teaching of science. It was his enthusiasm and devotion that 


spurred him to conduct research intensively, in addition to the 


other activities. Uninterrupted during a life span, his research 
covered many areas, including structure study with X-rays, 
nuclear physics, as well as problems in physical chemistry and 
biophysics. His major contributions were in the field of solid 
state physics. He started the semiconductor research program at 
Purdue in 1942 and directed the work until his death. He 
pioneered in the development of germanium rectifiers and the 
study of the fundamental properties of germanium as a semi- 
conductor. He also opened up the field of study of semiconductors 
irradiated by energetic particles. He was a fellow of the American 
Physical Society and a member of the American Association of 
Physics Teachers. He was also general secretary of AAAS from 
1947 to 1949, and a member of AAAS Editorial Board since 1949. 


H. Y. Fan 
Purdue University 
Lafayette, Indiana 
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